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PROCEEDINGS 


THE  LONDON  MATHEMATICAL  SOCIETY. 


VOL.  XXXI. 


THIRTY-FIFTH  SESSION,  1898-99 
(since  the  Formafcion  of  the  Society,  January  16th,  1865). 

Thursday,  April  IZth,  1899. 

Lt.-Col.  A.  J.  C.  CUNNINGHAM,  R.E.,  Vice-President, 
in  the  Chair. 

Ten  members  present. 

The  following  were  elected  members  of  the  Society: — Prof. 
Benjamin  F.  Finkel,  Drury  College,  Springfield,  Missouri,  U.S.A. ; 
Henry  Thomas  Kelsey,  M.A.  Camb.,  The  Grammar  School,  Leeds ; 
Prof.  Edgar  Odell  Lovett,  M.A.,  Ph.D.,  University  of  Vii'ginia, 
U.S.A. ;  Arthur  Lionel  Pedder,  M.A.,  Fellow  and  Tutor,  Magdalen 
College,  Oxford;  and  Arthur  John  Wade-Gery,  B.A.,  Assistant 
Lecturer  in  Mathematics,  University  College,  Cardiff. 

The  Chairman  briefly  alluded  to  the  recent  decease  of  Prof.  Sophus 
Lie,  who  was  elected  an  honorary  member  of  the  Society,  May  9th, 
1878. 

Mr.  Kempe  having  taken  the  Chair,  Lt.-Col.  Cunningham  read  a 
note  on  "  Conformal  Division."  The  Chairman,  Major  MacMahon, 
and  Messrs.  Lawrence  and  Western  took  part  in  a  discussion  of  the 
Note. 

The  following  papers  were  communicated  in  abstract : — 

Note  on  the  Characteristic  Invariants  of  an  Asymmetiic  Optical 
System  :  T.  J.  I' A.  Bromwich. 

VOL.  XXXI. — NO.  679.  B 


Proceedings, 
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Concerning  the  Four  Klnown  Simple  Linear  Gi-oups  of  Order 
25920,  with  an  Intixxiuction  to  the  Hyper-Abelian  Linear 
Groups  :  Dr.  L.  E.  Dickson. 

(1)  On  the  Direct  Determination  of  Stress  in  an  Elastic  Solid, 
with  application  to  the  Theory  of  Plates  ;  (2)  On  the  Stress  in 
a  Rotating  Lamind  ;    (3)  The  Uniform  Torsion  and  Flexure  of 
Incomplete  Tores,  with  application  co  Helical  Springs    Mr. 
J.  H.  Michell. 

The  Theorem    of   Residuation,    Noether's    Theorem,    and    the 
Riemann-Roch  Theorem :  Dr.  F.  S.  Macaulay. 
Impromptu    communications  were  made  by  Messi*s.  Hargreaves, 
Heppel,  Roseveare,  Western,  and  Lt.-Col.  Cunningham. 

The  following  is  Mr.  Roseveare's  communication  : — 
Notes  on  an  Elementary  Proposition  in  Oeometrical  Conies, 

1.  The  following  proposition  is  an  easy  deduction  from  Taylor's 
proof  of  the  diameter  property  of  a  general  conic : — If  0  is  the  middle 
point  of  a  chord  of  any  conic,  and  OG  is  drawn  at  right  angles  to  the 
chord,  meeting  the  axis  at  0,  and  if  01  is  perpendicular  to  the 
directrix,  then  SG  =  e' .  Oir 

2.  Hence,  if  N  is  the  projection  of  0  on  the  axis,  and  if  the  suffixes 
1,  2  refer  to  two  chords,  G^  G^  =  e* .  -^i^j-  Now,  if  the  direction  of 
the  axis  is  known,  N^N^  is  known ;  and,  if  three  points  on  the  conic 
are  given,  the  relation  6r,(?,  :  G^G^  ::  .^^i^,  :  iV.A",,  i.e.,  in  a  constant 
ratio,  enables  us  to  di*aw  the  axis. 

3.  Hence,  if  1,  2,  3,  4,  5  are  points  on  a  conic,  and  a,  6,  c  are  the 
centres  of  the  circles  123,  124?,  125,  it  can  be  proved  that  ah  :  he  in 
the  ratio  of  the  projections  of  the  chords  34,  45  on  the  line  which  is 
inclined  to  the  axis  at  the  same  angle  as  the  line  ahc. 

4.  Hence,  when  five  points  are  given,  the  direction  of  the  axis  of 
the  conic  through  them  can  be  found  by  an  easy  geometrical  con- 
struction ;  and  the  axis,  focus,  &c.,  follow  without  difficulty. 

The  following  presents  were  made  to  the  Library  : — 

Heusch,  F.  de.— **Cour8  d' Analyse,*'  **  Calcul  DifPerentiel,"  8vo ;  Bruxelles, 
1898. 

"The  Nautical  Almanac  for  1902,*'  8vo  ;  Edinburgh,  1899. 

**  Gomptes  Kendus  et  Memoires  de  la  Society  des  Xaturalistes  k  rUniversite 
Imperiale  de  Varsoyie  "  [(Russian.)  Biology,  1897  ;  Physics  and  Chemistry,  1898]  ; 
Warsaw,  1898. 
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Frolov,  M. — "La  Th^orie  des  Farall^es  d^montr^  rigonrenBement,"  8yo; 
Paris,  &o.,  1S99. 

*'  Mittheilungen  der  Kathematifichen  Gksellschaft/'  Bd.  nx.,  Heft  9 ;  Hamburg. 

**  Periodioo  di  Matematica/'  Serie  2,  Vol.  i.,  Fasc.  5  ;  **  Supplemento  al  Periodioo 
di  Matematica,"  Aimo.2,  Faec.  5,  6  ;  Livomo,  1899. 

**Wiadomosci  Matematyczne,"  Tom  m.,  Zeszyt  1,  2 ;  Warsaw,  1899. 

"Memoriaa  de  la  Eeal  Academia  de  Ciencias,"  '*  Sobre  o  Desenvolvimento  das 
Funofdes  en  Serie,"  F.  GtomeR  Teixeira,  Tomo  xvm.,  P.  1 ;  Madrid. 

'*  Memoirs  of  the  National  Academy  of  Sciences,"  Vol.  Tni. ;  Washington,  1898. 

Queen's  College,  Galway,  "Calendar,  1898-1899,"  8vo ;  Dublin,  1899. 

♦*  Educational  Times,"  April,  1899. 

**  Indian  Engineering,"  Vol.  xxv.,  Nos.  7-11,  Feb*  18— March  18,  1899. 

The  following  off-prints  have  been  presented  to  the  Library  by 
Dr.  L.  E.  Dickson : — 

**  On  the  Inscription  of  Regular  Polygons  "  {Annals  of  Mathematics  ^  1894). 
*'  A  Quadratic  Cremona  Transformation  defined  by  a  Conic "  {BendiamH  del 
Cireolo  Matematieo  di  FaleiinOf  July,   1895  ;   the  American  Mathematical  Monthly ^ 
1896). 

'*  Analytic  Fimctions  suitable  to  represent  Substitutions  "  (American  Journal  of 
Mathematics,  Vol.  xvra.,  3  ;  1895). 
From  the  Bulletin  of  the  American  Mathematical  Society  : — 

**  Systems  of  Continuous    and  Discontinuous  Simple  Groups  "  (Vol.  nz., 
pp.  265-273). 

**  Higher  Irreducible  Congruences  "  (Vol.  in.,  pp.  381-389). 
•*  Orthogonal  Group  in  a  Galois  Field  "  (Vol.  iv.,  pp.  196-200). 
**  Systems  of  Simple  Groups  derived  from  the  Orthogonal  Group  "  (Vol.  iv., 
pp.  382-389). 

**  The  Structure  of  the  Hypo-Abelian  Groups  "  (Vol.  iv.,  pp.  495-510). 
*'  Concerning  a  Linear  Homogeneous  Group  in  Cm,  9  Variables  Isomorphic 
to    the  General   Linear   Homogeneous    Group    in   m  Variables"   (Vol.  v., 
pp.  120-135). 
**  A  Triply  Infinite  System  of  Simple  Groups  "  {Quarterly  Journal  of  Mathematics^ 
No.  114,  pp.  169-178). 

**The  First  Hypo-Abelian  Group  Generalized"  {Quarterly  Journal  of  Mathe^ 
maties,  No.  117,  pp.  1-16). 

**  The  Analytic  Representation  of  Substitutions  on  a  Power  of  a  Prime  Number 
of  Letters,  with  a  Discussion  of  the  Linear  Group,"  with  corrections  {Annals  of 
Mathematics,  1897,  pp.  65-143). 

**  The  Quadratic  Cremona  Transformation  "  {Proceedings  of  California  Academy  of 
Sciences,  February,  1898 — with  this  are  stitched  up  **  On  Rational  Quadratic  Trans- 
formations," and  **  On  Curvilinear  Asymptotes,"  M.  W.  Haskell). 

**  Systems  of  Simple  Groups  derived  from  the  Orthogonal  Group  "  {Proceedings 
of  Calif ornia  Academy  of  Sciences,  March,  1898). 

The  following  exchanges  were  received  : — 
"Proceedings  of  the  Royal  Society,"  Vol.  lxiv.,  Nos.  409,  410  :  1899. 
"Beiblatter  zu  den  Annalen  der   Physik  und   Chemie,"    Bd.  xxm.,    St.  3; 
Leipzig,  1899. 
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^'Bendiconti  del  Ciroolo  Matematico  di  Palermo,"  Tomo  xin.,  Fasc.  1,  2  ;  1899. 

**  Bulletiii  of  the  American  Mathematical  Society/'  2nd  Series,  Vol.  v.,  No.  6  ; 
New  York,  March,  1899. 

**Monat8hefte  fiir  Mathematik  und  Physik,"  Jahrgang  x.,  Pt.  2  ;  Wien,  1898. 

**  Bulletin  des  Sciences  Mathcmatiques,*'  Tome  xxni.,  F6vrier,  1899  ;  Paris. 

**Rendiconto  dell*  Accademia  delle  Scienze  Fisiche  e  Matematiche,"  Serie  3, 
Vol.  v.,  Fasc.  2,  3  ;  Napoli,  1899. 

**  Atti  dclla  reale  Accademia  dei  Lincei — Rendiconti,"  Sem.  1,  Vol.  vin.,  Fasc. 
4,  5;  Roma,  1899. 

'^Berichte  uber  die  Verhandlungen  der  Konigl.  Siichs.  Gescllschaft  der  Wissen- 
schaften  zu  Leipzig,"  i.,  1899. 

**  Nyt  Tidsskrift  for  Matematik,"  A,  Aargang  ix.,  Nr.  6-8  ;  Copenhagen,  1898. 

**  Jahrbuch  iiber  die  Fortschritte  der  Mathematik,"  Bd.  xxvn.,  Jahrgang,  1896, 
Heft  3  ;  Berlin,  1899. 


Note  on  the  Characteristic  Invariants  of  an  Asymmetric  Optical 
System.  By  T.  J.  PA.  Bromwich.  Received  March  15tli, 
1899.  Communicated  April  ISth,  1899.  Received,  in  re- 
vised form,  May  17th,  1899. 

1.  The  object  of  this  note  is  to  apj)ly  the  method  of  tlie  chni'actcr- 
istic  function,  as  treated  by  Maxwell  and  Lai'mor,*  to  deduce  the 
invaiiants  of  an  asymmetnc  optical  system.  These  have  been  very 
fully  worked  out  by  Prof.  Sampson  in  a  recent  communication  to  the 
Society, t  using  a  continuation  of  methods  due  to  Grauss. 

The  direct  application  of  the  usual  form  for  the  reduced  path 
from  one  jwint  to  another  leads  to  very  complicated  algebi'a  in 
calculating  the  invariants,  and  it  appears  advantageous  to  use  a 
modified  form.  The  form  I  adopt  is  found  by  applying  the 
Hamiltonian  method  of  reciprocation,  as  employed  in  the  general 
equations  of  dynamics;  or,  i*athcr,  Routh's  modified  foim  of  the 
transformation,  in  which  some  of  the  coordinates  ai^e  not  trans- 
formed.    The  following  is  a  short  account  of  the  theory. 


•  Proe,  Lond,  Math,  Soe.,  Vols,  iv.,  xx.,  xxm. 
t  Ibid.,  VoL  xzzx. 


Ml^ 

= 

37 

/iim, 

= 

fh^i 

=  ■ 

3;2i 
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2.  Suppose  F  represents  the  reduced  path  froii;i  a  point  («,  y, «;)  in 
a  medium  of  refractive  index  fix  to  («„  y,,  2r,)  in  a  second  medium  of 
index  /ij*  By  the  ordinary  theory  of  the  characteristic  function  the 
direction-cosines  of  the  ray  from  the  first  point  to  the  second  are 
given  by 

7       ^3^ 

M,m,=  -f  — ; 
^yt 

_^3F 

It  will  be  convenient  to  use  the  notation 

(a, /^,  y)  =/*(^  w,  n), 

suffixes  being  attached  as  required.     Then  let 

U=  (a,a?,+/3,i/,)-(a,aH+Ayi)-F, 

and   U"  is  to  be  expressed  in  terms  of  a,/3i5Jj,  a^&^z^.     Forming  the 
complete  differential  of  17,  we  see  that 

/3f       3f    \ 

^  OZi  oz^       ' 

the  coefficients  of  dx^,,  dy^,  dx^,  dy^  being  all  zero  by  definition  of  aj,  /3i, 
ci„  /3,.     Hence  we  find  the  equations 

_     3[7        ^.SJT- 

_      3[7         _^3[7 
^^""3^;    ^'"     3j/ 

_^3[7  3l7 


dzx  3z, 

To  ensure  perfect  symmetry  we  should  have  used  the  complete 
Hamiltonian  transformation,  but  the  above  form  has  been  employed 
with  a  view  to  the  special  application  required  in  this  paper. 

We  can  at  once  calculate  the  effect  of  a  change  of  origins,  provided 
that  the  new  points  are  not  outside  the  media  /ui,  /x,.  If  this  con- 
dition is  satisfied,  the  directions  of  the  ray  are  not  affected  by  the 
change  ;  so,  supposing  Zi,  z^  changed  to  i^i-hfi,  Zj-hij,  respectively,  w© 
shall  have  that  the  new  value  of  U  is 
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This  is  obtained  by  applying  Taylor's  theorem  and  observing  that 
yi,  y,  are  independent  of  «i,  «,. 

3.  I  now  proceed  to  the  consideration  of  the  special  case  of  thin 
pencils  ;  it  is  known  that,  if  each  z  be  measured  along  the  central  ray 
of  the  pencil,  the  approximate  value  of  V  may  be  arranged  in  the  form 

where  suffixes  indicate  the  order  of  the  terms  in  Xi,  t/i,  a^,  ^s,  and  the 
coefficients  will  be  functions  of  Zi,  z^\  the  terms  rejected  contain 
cubes  and  higher  powers  of  aji,  yi,  iB,,  y,. 

It  is  now  seen  that  U"  =  —  F,j+  F„ 

when  expressed  in  terms  of  a^,  /3i,  2^1,  a„  /3„  z^ ;  for,  by  Euler  s  theorem, 

Oaji         dyi         ar,         oy, 

to  our  degree  of  approximation.  Also  the  terms  of  most  importance 
in  determining  the  shape  of  the  pencil  are  the  quadratic  terms,  and 
for  these  tt  -^  v 

t/j  —   K,. 

Next,  we  have  y«  =  /w J—  (aj + /3|) , 

and  thus  yi  =  /Ui-i  (ai+/Jj)/^i, 

approximately.     Similarly, 

Hence  the  change  in  [7,  due  to  moving  the  origins  is 

i[(»;+/n)e./M,-(°!+/5;)?.//',]. 

Comparing  this  expression  with  the  complicated  forms  given  by 
Larmor*  for  the  transformation  of  F,  from  one  pair  of  origins  to  a 
second  pair,  it  will  be  seen  that  we  shall  be  able  to  detect  the  in- 
variants of  JJ^  more  easily  than  those  of  Fj.  Further,  the  invariants 
of  JJ^  will  be  found  to  present  themselves  more  naturally  than  those 
of  Prof.  Sampson's  scheme  of  coefficients,  which  expresses  a;i,  yi,  ai,  P^ 
in  terms  of  a;,,  y„  04,  /3,. 

On  the  other  hand,  it  must  be  said  that  in  my  experience  it  is 
usually  easier  to  calculate  Prof.  Sampson's  scheme  for  a  given 
optical  system  than  to  find  either  F,  or  Uj.  In  fact,  I  had  used  this 
as  the  best  method  of  solving  certain  types  of  optical  questions  for 
some  time  before  the  publication  of  Prof.  Sampson's  paper. 

•  Loc,  cit,  supra. 
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4.  Another  argument  for  the  use  of  U,  is  to  be  found  in  the  fact 
that  the  coefficients  of  F,  will  become  infinite  for  the  values 
jji  =  0,  z,  =  0  if  the  origins  be  conjugate  points  of  the  optical 
system ;  that  is,  if  a  pencil  proceeding  from  one  origin  have  one  of 
its  focal  lines  at  the  other  origin  after  passing  through  the  system. 
Thus  the  approximations  involved  in  the  expression  for  V  would  be 
untenable  ;  and  such  a  pair  of  origins  cannot  be  used  in  that  analysis. 
The  truth  of  this  statement  may  be  seen  from  Larmor's  paper.* 
Now  it  is  in  some  cases  convenient  to  use  origins  of  this  nature ; 
and  this  was  the  reason  that  originally  led  to  my  performing  the 
Hamiltonian  transformation. 

To  illustrate  the  behaviour  of  17,,  F,  in  this  case  we  may  calculate 
them  for  direct  incidence  on  a  symmetrical  instrument.  By  the 
ordinary  theory  we  have 

— fAi«i  =  Ml  ai  +/i ««,     —H'l  y\  =  wi  A  +/i  Pv 

where  /i,  /,  are  the  focal  lengths  of  the  instrument  (connected  by  the 
equation  /iZ/ii  =/s/f(s))  and  U|,  u,  are  the  distances  of  the  origins  from 
the  corresponding  principal  focal  planes,  to  be  taken  x>08itive  when 
the  origins  are  outside  these  planes.     We  then  have 

4-  a  symmetrical  term  in  /8, 

2F,=  [0iiw,)a4  +  0'i/i+/'i/i)«i«i  +  (^«^)«f]/('*i«t-/i/j> 

+  a  symmetrical  term  in  y, 
by  using  the  theorems 

Examining  these  expressions,  it  is  clear  that  F,  will  be  useless  when 
«,  u,  =/i/„  or  when  the  origins  are  conjugate  foci  of  the  system.  On 
the  other  hand,  17",  may  always  be  employed  unless  /„  /,  be  infinite,  or 
«i,  ti,  be  infinite ;  in  these  cases  the  instrument  will  be  telescopic 
(that  is,  parallel  incident  rays  will  be  parallel  at  emergence)  and 
the  general  theory  must  be  modified  to  some  extent. 

*  Cf.  Sections  10  and  14  in  his  paper  (Vol.  xx.). 
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6.  We  proceed  to  consider  some  deductions  from  the  form  of  [7,. 
The  most  general  form  of  a  quaternary  quadric  is 

217,  =  aiaJ+2ciai/3i-|-6,/Sj  +  a,a;  +  2c,a,/3,  +  6,i3; 

+  22;a,  04+250,/?,  H-2ra,A  +  2i?A/5,. 

Applying  the  theorem  proved  above  (Section  2),  we  have 

—xi  =  aitti  +  Ci/Ji+jpo,  +g/3„ 

«i  =  po^i  +r/Ji  +a,a,+c,/3„ 
y,  =  qai  -hsfii  +c,a,H-6,/3„ 

from  which  we  can  at  once  express  the  coefficients  of  Prof.  Sampson's 
scheme  by  solving  for  x^,  y,,  ai,  /3i  in  terms  of  «„  y„  a,,  /3j.  We  see 
that  there  will  be  sixteen  coefficients  ;  but,  as  these  are  all  expressed 
by  the  aid  of  ten  independent  constants,  there  must  be  six  relations 
amongst  the  sixteen.  Prof.  Sampson  gives  twelve,  and  shows  that 
the  second  six  can  be  deduced  from  the  first  six.  I  have  verified 
these  relations  in  the  general  case,  but  do  not  reproduce  the  work,  as 
the  algebra  is  straightforward  but  tedious ;  and,  further,  it  is  sufficient 
to  verify  them  for  the  simplest  canonical  form  of  Z7„  since  Prof. 
Sampson  has  shown  that  his  relations  are  invariant  for  all  axes.* 

6.  Invariants  of  27,. 

By  the  ordinary  theory  of  quadratics,  the  quantities 

are  invariants  for  all  rotations  of  the  first  set  of  axes  about  the  axis 
of  Zi.  Further,  by  what  was  proved  in  Section  3,  a  change  of  origin 
will  not  affect  the  quantities 

Thus  (a,^h,y+4c\  =  (a,  +  60'-4(ax6i-(^)  (i.) 

is  invariant  for  all  axes. 


♦  It  is  perhaps  worthy  of  comment  that,  if  Prof.  Sampson's  relations  be  written 
in  the  Jacobian  form    (given  in  Section  7  «»/ra),    they  follow,   from  the    six 

conditions  of  the  type  _  ^  =  ^ ,  by  direct  transformation  of  the  differential  co- 

dfii       doj  ...  V 

efficients  to  new  independent  variables.    "We  infer  that,  written  in  this  form,  they 
would  be  true  for  a  beam  of  finite  dimensions,  not  merely  for  a  thin  penoiL 
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Similarly,  we  find  the  invariant 

(a,-  b,y  +  4cl  =  ia,  +  b,y-i{a,b,-c\).  (ii.) 

Next,  the  terms  in  p,  q,  r,  s  may  be  written 

(pai  +  r/30  a,  +  (3ai  +  «/3,)i3„ 

and  thus  for  all  displacements  of  the  second  set  of  axes  we  have  the 
invariant 

(pai+rli,y+  (gai  +  ^A)'  =  (fW)  €^-¥2(pr  +  qs)  a,(i,  +  {f^+s')  f^\. 

From  this  we  get  two  absolute  invariants 

i>'  +  g'+r»+5*  (iii.) 

and  (p'+3*)(^+«')-(F*+9«)'  =  (jP«-9^)'- 

Instead  of  the  second  of  these  we  use  its  square  root 

ps—qr.  (iv.) 

Finally,  combining  the  two  quadratic  forms 
aiaj+2cia,/3i  +  2>i/3i, 

we  find  that  their  mutual  invariant  is  reducible  to  the  type 

(ai-2^i)(l>'  +  3'-r»-5«)+4c,  {pr^qs)  (v.) 

or  to  (oi— ^)(lw+3«)— CiCjp'+g'-r*— «*).  (vi.) 

Neither  of  the  forms  (v.),  (vi.)  is  the  ordinary  harmonic  invariant  of 
the  two  quadratic  forms,  but  their  relations  to  it  can  be  easily  put 
down.     Calling  the  harmonic  invariant  S,  we  have 

and  it  will  be  seen  that 

(v.)  =  (ai  +  6i)(p«  +  3'  +  7^  +  0-2S, 
and  (v.)'+4  (vi.)«  =  (i.)  X  [(iii.)»-4  (iv.)']. 

The  reason  for  selecting  (v.)  or  (vi.)  in  preference  to  S  is  that  8  is 
not  invariant  for  displacements  of  the  origins  ;  only  for  rotations  of 
the  axes  about  Oz^^  Oz^, 
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In  the  same  way  as  (v.)  and  (vi.),  we  get  the  invariants 

(a,-ft,)(p«  +  r»-3»-««)+4c,  (pq-hrs),  (vii.) 

(a,— ^,)(pg  +  r«)— c,  (jp'+^-'-g*— «*)•  (^iii-) 

These  satisfy  the  relation 

(vii.)' +  4  (viii.)'  =  (ii.)  X  [(iii.)*-4  (iv.)']. 

7.  We  have  thns  found  six  independent  invariants  of  I7j,  and  this 
is  a  complete  set  for  the  transformations  to  which  we  are  restricted. 
Prof.  Sampson  has  shown  that  there  are  six,  and  only  six,  invariants 
of  his  optical  scheme ;  and  the  same  argument  may  be  applied  here. 
We  have  ten  constants  in  27,  and  four  degrees  of  freedom  for  the 
axes,  namely,  displacements  along  and  rotations  about  the  two  axes 
of  Ziy  Zy  Hence  there  must  be  six,  and  only  six,  fundamental  con- 
stants of  an  optical  system  for  thin  pencils. 

It  will  be  now  easy  to  find  the  relations  between  the  invariants  of 
Prof.  Sampson*s  scheme  and  those  discussed  in  the  last  section.  To 
do  this,  let  our  axes  be  chosen  so  as  to  make  some  of  the  coefficients 
zero ;  by  rotating  the  axes  we  can  make  g  =  0,  r  =  0,  and,  in  addition, 
it  will  be  convenient  to  make  Q  =  0,  E  =  0  if  possible ;  we  use  the 
notation  Q,  R  for  the  minors  of  g,  r  in  A,  the  discriminant  of  JJy 
After  putting  g  =  0,  r  =  0,  we  find 

Now  shifting  the  origins  distances  ^ipi,  /n^p,  along  the  axes  of  Zi,  z^ 
away  from  the  instrument  will  change  ai,  6i,  a,,  6,  to  the  quantities 
Oi+Pif  &i+pi>  <4+Psi  ^i+Pi  >  BO  ^^^  i^  is  usually  possible  to  select  the 
origins  in  such  a  way  as  to  give  Q  =  0,  E  =  0.  Exceptional  cases 
will  arise  if  Cx  =  0,  c,  =  0,  when  the  conditions  are  satisfied  for  all 
positions  of  the  origins  ;  and  if  p'  =  «',  when  the  conditions  cannot 
be  satisfied  unless  (ai— 6i)/ci  =  (a,— 6,)/c,.  Excluding  these  cases, 
we  deduce  from  our  expressions  for  a?i,  t/„  a,,  y,  in  terms  of  Oj,  )3i, 
Oj,  p^  the  following  scheme,  of  the  type  given  by  Prof.  Sampson 
(p.  QQ^  loc,  dt.)  : — 

«i  =  -(oi/p) aJ,  +  (a,(H/P  +  CiCi/«-p) ^-(pJ^)  2/i» 

«i=      (l/jp)a',-         (ajp)a^  -  (Cj/jp)/3„ 

yi  =  -  (<H/p)  «,  -  (hjs)  y,  +  (hx hjs  -hc^ajp-s) /3,, 

A=  -       (cjs)a,  +(iA)y.-        (VO/Jr 
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The  determination  of  the  origins  by  the  conditions  Q  =  0,  B  =  0 
will  ensnre  the  vanishing  of  the  coefficients  of  /?,  in  a^,  and  of  a,  in  yj ; 
the  coefficients  of  y,  in  C4,  and  of  a^  in  /3i,  are  zero  in  consequence  of 
g  =  0,  r  =  0. 

We  can  immediately  verify  the  twelve  relations  amongst  the 
coefficients  given  by  Prof.  Sampson,  contained  in  equations  (1)  ...  (6), 
(1')...  (6')  of  his  paper.     Three  typical  equations  are 

3  (aj„  a,)      3  (aj„  o,) 

9l?iiib)+^(2iiA)  =  o,  (2) 

3  (a;,,  g.)      3  (y,,  ^0  ^  Q  ^^v 

a(a,,/3,)      3  (a.,  ft) 

Of  these  the  first  two  follow  at  once  from  the  expressions  above  ;  and 
the  third  is  verified  on  observing  that  a^a^jp^  =  ^i&j/«*  from  the  con- 
ditions Q  =  0,  i2  =  0.  As  remarked  before,  the  relations  written  in 
these  forms  will  be  true  for  a  beam  of  any  size,  not  only  for  a  thin 
pencil. 


8.  In  the  last  section  we  obtained  a  form  of  17,  which  contains  six 
independent  constants;  or,  rather,  eight,  mth  the  two  relations 
Q  =  0,  iJ  =  0.  This  form  may  be  called  canonical,  and  it  will  be 
convenient  to  allude  to  it  by  the  letter  (il)  in  order  to  distinguish 
it  from  another  canonical  form  to  be  used  later. 

I  find  that,  with  this  scheme,  the  chief  invariants  of  Prof. 
Sampson's  notation  are 

(»)  =  ^  +  i.     .  M-«.(7-^)' 
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Further,  in  my  notation, 

(i.)  =  (a,-6.)'+4c:, 
(ui.)  =/+«', 
(v.)  =  (a.-6,)(l)'-*'), 
(vii.)  =  (a,-6,)(y'-*'), 
Thus  we  have 

(a)  =  (iii.)/(iv.)', 
((0=-(vi.)/(iy.)'. 
(ac-)  =  (v.)/(iv.)', 
(D)  =  (d)»  +  (i.)/(iv.)*, 


(ii.)  =  (a,-b,y+^l, 
(iv.)=J'«, 

(vi.)=-c,(p'-«'), 
(viii.)  =  -c,(y-s'). 

(fc)  =  l/(iy.), 
(/)=-(viii.)/(iv.)'. 
(o/')  =  -(vii.)/(iv.)', 
(F)=(/»)  +  (ii.)/(iT.)'. 


The  other  invariants  given  by  Prof.  Sampson  can  be  expressed  in 
terms  of  these ;  and  it  is  thus  unnecessary  to  write  oat  the  complete 
list.  The  only  one  presenting  any  difficulty  is  (K),  which  may  be 
shown  to  be 


C.C. 


■^(^  +  ^-')(7-7)' 


the  apparent  want  of  symmetry  of  this  being  accounted  for  by  the 
relation  OiOj/jp' =  tj  &,/«'.  The  expression  for  (K)  in  terms  of  the 
other  invariants  is  given  by  Prof.  Sampson,  but  need  not  be  written 
out  here,  as  it  is  rather  lengthy. 

It  will  be  seen  that,  if  (d)  —  0,  and  (/)  =  0  in  Prof.  Sampson's 
notation;  or  if  (vi.)  =  0,  (viii.)  =  0  in  the  invariants  above,  we  are 
brought  to  the  exceptional  cases  of  Cj  =  0,  c,  =  0,  or  jp  =  s.  If 
p  =^8^  the  reduction  to  the  form  (A)  is  not  possible  unless 

(oi— fei)/ci  =  (a5-&i)/c,. 

9.  Another  canonical  form,  denoted  by  (-B),  is  found  by  taking  as 
the  origin  on  each  side  of  the  system  one  of  the  points  conjugate  to 
infinity.  This  has  some  advantages,  as  it  contains  only  six  coefficients, 
which  are  thus  all  invariants.  This  reduction  will  be  always  possible 
unless  the  system  is  gwcwi-telescopic ;  that  is,  unless  rays  incident 
parallel  to  the  central  ray  emerge  parallel  to  the  emergent  central  ray. 

With  these  origins  we  shall  have  that,  if  x^  =  0,  yi  =  0,  then  a,  =  0, 

/3,  =  0,  provided  a  suitable  relation  be  taken  between  a,,  /Jj.     Hence 

the  equations 

aiai  +  Ci/Ji  =  0, 
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will  hold  for  the  same  ratio  a^  :  /3i,  that  is 

a,6i— Ci  =  0, 

But  by  rotation  of  axes  we  can  make  c^  =  0,  and  hence  one  of  the 
two  a^y  bi  will  be  zero,  say  b^. 
In  the  same  way  we  may  have 

6,  =  0,     c,  =  0. 
Thus  the  canonical  form  is  given  by 

2Ui  =  ajttj -1-0,04 -1-2  (paiOj  +  gax/Sj-froj/Si-f*/?,/?,). 

The  second  focal  line  of  an  incident  pencil  whose  rays  will  emerge 
parallel  to  the  central  ray  may  be  easily  found.  For  let  this  be 
Zi  =  —  f»iPi,  so  that  pi  is  positive  when  measured  away  from  the  in- 
strument. Then  we  are  to  have  that  x^  =Piai,  y^  =  pi/Sj  give  a,=  0, 
^j  =  0  provided  a  suitable  relation  between  04,  /5i  be  chosen.  We 
find  at  once  that  Oi-f-pi  =  0.  In  the  same  way  the  second  focal  line 
of  an  emergent  pencil,  whose  rays  are  incident  parallel  to  the  central 
ray,  is  given  by  a,-hP2  =  0. 

10.  With  the  canonical  form  (B),  we  have  invariants 
(i.)  =  a\,  (ii.)  =  a], 

(v.)  =  Oi  (p^+q^^r^-8*),  (vi.)  =  a^  (pr-^qs), 

(vii.)  =  a,  (i?'+r'-3'-fi'),        (viii.)  =  a,  (pq+rs), 

(iii.)  and  (iv.)  are,  of  course,  unaltered  from  their  values  in  the 
general  case. 

Hence  we  have  a  geometrical  interpretation  of  the  invariants  (i.) 
and  (ii.) ;  in  fact  (i.)  x  /uj  is  the  square  of  the  distance  between  the 
first  principal  focal  lines  of  the  instrument;  or  between  the  pair 
of  lines  from  which  a  pencil  must  proceed  in  order  to  emerge  as  a 
parallel  beam.     Similarly  we  interpret  (ii.)  X  ^'. 

With  this  arrangement  of  axes  the  relation  between  conjugate  foci 
takes  a  simple  form.  Suppose  that  a  pencil  from  the  point  2?i  =  —  f^iPi 
proceeds  on  emergence  from  a  focal  line  at  z^  =/Li,p,;  then  we  shall 
have  Xi  =  PiCii,  t/i  =  PiA,  ajj  =  ~Pi*4»  2/i  =  — PtPt  ^^r  the  same  ratios 

oj  :  /3i :  oj :  /3„ 

=  0. 


a,+ft     0 

V 

0        ft 

r         s 

P        f 

a,  +  A    0 

9        » 

0        ft 
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This  g^ves  on  expansion 

Pift(ai+A>i)(as+Pj)-JpViPi-2'pi  (oj+pO-^Ps  (oi+Pi) 

Denoting  by  Fy  O  the  points  where  the  first  principal  focal  lines 
meet  the  central  ray ;  and  by  F*,  Ot  similar  points  for  the  second 
focal  lines,  we  shall  have,  if  P,  Q  be  the  points  p^,  Pi, 

FF^,i,p,,     Fa^iL,{a,^p,\     QF'  =  p,p„     e^'  =  f4(a,+p,). 

Hence  the  relation  just  written  becomes 

FF.FQ.QF'.QG' 

-'^fA,[p\FF.Qr)-\'q'{PF.Qff)'hf^{PG\QF)+s'{PG,QCr)] 

Of  course  all  the  coefficients  involved  may  be  readily  put  down  in 
terms  of  invariants  if  required ;  but  the  expressions  are  not  simple, 
excepting  the  one  {ps—qr)  which  is  the  invariant  (iv.).* 

11.  It  may  be  remarked  in  connexion  with  the  classification  of 
optical  systems  given  by  Prof.  Sampson  at  the  end  of  his  paper  that 
two  conditions  are  requisite  for  his  class  (iv.),  namely,  (d)=z  Q  and 
(/)  =  0  independently  ;  f  both  conditions  being  necessary  in  order 
that  this  class  may  possess  the  property  stated  by  Prof.  Sampson. 

This  property  is  that  the  projections  of  a  ray  on  two  suitably 
chosen  coordinate  planes  may  be  treated  as  if  refracted  independ- 
ently of  each  other.  Investigating  this  we  find  the  two  conditions 
Ci  =  0,  c,  =  0  in  scheme  (A)  and  g  =  0,  r  =  0  in  scheme  (B)  ;  and 
then  the  two  canonical  reductions  are  virtually  the  same. 

It  seems  possible  that  Prof.  Sampson  was  led  to  suppose  that  (d) 
could  not  vanish  without  (/)  by  examining  his  scheme  of  simplified 


*  Omsider  a  oone  of  rays  from  P ;  the  emergent  rays  will  mark  out  a  certain 
area  on  a  plane  at  any  point  Q,  drawn  at  right  angles  to  the  central  ray.  We  may 
then  define  (f,  the  apparent  distance  of  Q  as  seen  from  F,  by  the  equation 

tP  •■  (area  at  Q)  /  (solid  angle  of  cone  at  P). 

It  is  easy  to  show  that  the  left-hand  side  of  the  last  equation,  begrinning  with 
FF,FG.  QF.  QG'  is  equal  to  iuj|rf*(/?*-jr). 

t  Prof.  Sampson  states,  without  proof,  that  the  invariant  {d)  cannot  vanish  in 
systems  of  finite  curvatures  without  maldng  (/)  zero  as  well. 
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invariants  (p.  67  of  his  paper).  Here  (d)  =  0  certainly  appears  to 
involve  (/)  =  0 ;  but  this  is  only  the  case  either  if  m\  =  trj,  or  if 
A:  =  0.  Neither  of  these  conditions  enables  ns  to  satisfy  the  funda- 
mental property  stated  above ;  the  true  condition  is  not  easily 
expressed  in  terms  of  the  coefficients  which  are  there  employed  ;  for, 
if  the  true  condition  be  satisfied,  A;  =  oo  ,  while  ^tcr^,  kvr^  are  finite. 


The  Theorem  of  Residuation,  Noether^s  Theorem,  and  the  Biemann^ 
Roch  Theorem.  By  F.  S.  Macaulay.  Received  March  28th, 
1899.     Read  April  13th,  1899. 

The  following  paper  is  more  in  the  nature  of  an  essay  than  of  a 
rigorous  investigation.  Its  object  is  to  advance  and  explain  general 
notions  rather  than  to  give  incontrovertible  proofs  of  all  the  state- 
ments made.  Sections  I.  and  II.  contain  a  discussion  of  the  most 
general  aspect  of  the  Theorem  of  Residuation,  and  lead,  in  Section  III., 
to  an  analytical  and  generalized  interpretation  of  results  previously 
deduced  geometrically.  {Proc.  Land,  Math,  Sac,  Vol.  xxix., 
pp.  673-695.) 

The  fundamental  idea  of  the  paper  is  a  very  simple  one,  viz.,  that 
the  whole  intersection  of  two  given  curves  C^,  C„,  at  a  common  point 
A  may  be  resolved  into  an  equivalent  aggregate,  a,  of  simple  points, 
no  matter  how  complex  the  forms  of  the  two  curves  at  A  may  be. 
These  a  points  are  brought  into  evidence  analytically  by  the  fact  that 
they  supply  a  independent  linear  equations  for  the  coefficients  of  a 
general  algebraic  curve  of  sufficiently  high  order.  It  is  highly 
probable  that  the  a  equations  could  always  be  written  in  such  a  form, 
and  arranged  in  such  order,  that  each  new  equation,  interpreted  in 
connexion  with  those  which  precede  it  and  apart  from  those  which 
succeed  it,  expresses  the  condition  that  the  curve  passes  through  a 
new  point,  or,  more  strictly,  possesses  a  property  equivalent  to  that 
of  passing  through  a  new  point.  Such  an  arrangement  is  not,  how- 
ever, attempted  per  se  in  the  paper. 

The  fundamental  notion  of  a  complex  point  being  equivalent  to 
an  aggregate  of  simple  points  is  in  no  sense  a  novel  one ;  but  its 
very  simplicity  has  beeo  considered  as  liable  to  lead  to  erroneous 
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deductions.  That  there  is,  however,  mach  inherent  possibility  of  nseful- 
ness  in  the  idea  cannot  reasonably  be  disputed.  In  particular,  the  re- 
solution of  a  complex  point  into  its  equivalent  simple  points  afPords 
a  means  of  viewing  the  theorem  of  residuation  in  its  most  general 
and  extended  aspect. 

Several  lengthy  paragraphs  of  proof  or  explanation  in  Section  I. 
have  been  relegated  to  footnotes,  in  order  to  obscure  as  little  as 
possible  the  sequence  of  ideas. 

I.  The  General  Theorem  of  Besiduatton, 

We  assume  as  our  starting  point  the  fundamental  theorem  that  if 
the  whole  intersection  of  two  given  algebraic  plane  curves  Ci,  C„ 
consists  of  Im  separate  points,  then  the  equation  of  any  other  curve 
On  which  passes  through  these  Im  points  is  capable  of  being  written 
in  the  form* 

Conversely,  any  curve  whose  equation  is  of  this  form  passes  through 
the  Im  points,  as  is  evident. 

If,  however,  C^,  G^  have  a  common  multiple  point  at  A  (with  or 
without  contact),  then,  although  they  have  at  A,  strictly  speaking, 
but  one  common  point,  their  whole  intersection  at  A  is  equivalent  to 
a  certain  definite  number  of  simple  points,  which  have  become 
absorbed  in  the  single  point  A.  If  we  imagine  an  infinitesimal 
change  imposed  on  the  two  curves  Ci,  (7„,  by  an  infinitesimal  varia- 
tion of  their  coefficientsf  (including,  if  desirable,  the  adding  of  t^rms 
with  infinitesimal  coefficients  beyond  those  of  highest  order  in  C/,  C„,), 
then  the  whole  intereection  of  the  two  curves  becomes  in  general 
changed  to  simple  and  separate  points,  the  infinitesimally  displaced 
curves  having  nowhere  any  absolute  contact. 

If  now  any  curve  obtained  by  a  like  infinitesimal  change  of  (7„ 
passes  through  all  the  separate  points,  we  have  at  once 

since  this  identity  will  hold  for  the  infinitesimally  displaced  curves, 
by  our  original  theorem. 

♦  Noether,  Mathematisehe  Annalen,  Vol.  n.,  p.  314.  In  order  to  exclude  apparent 
exceptions  to  the  theorem  it  should  be  assumed  that  all  the  points  of  intersection  of 
Ctf  Cm  are  in  the  finite  region.     (See  footnote,  p.  18.) 

t  The  method  of  infinitesimal  variation  in  Ihe  coefficients  is  employed  hj  Halphen 
(/.«.,  footnote,  p.  21).  The  method  has  been  challenged,  on  insufficient  ground, 
in  my  estimation,  as  lacking  clearness  and  rigour. 
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Hence  the  two  following  statements,  properly  interpreted,  are 
absolutely  equivalent,  and  will  be  hereafter  treated  as  such :  — 

(i.)  C„  passes  through  the  whole  intersection  of  Ci,  6^* 

(ii.)   G,  is  of  the  form  aS«.,  +  a,iS«.«. 

We  may  also  express  the  equivalence  as  follows  : — 

It  cannoty  in  any  valid  sense,  he  said  that  Cn  passes  through  the  whole 
intersection  of  Ci,  Cm  unless  Cn  is  of  the  form  CiSn-i+0„8n.m' 

The  meaning  of  statement  (i.)  is  that  there  exists  one  pair  of  curves 
which  are  infinitesimal  displacements  of  C/,  C  and  intersect  wholly 
in  separate  points,  to  which  corresponds  a  curve  which  is  an  infini- 
tesimal displacement  of  C^  and  passes  through  all  the  separate  points. 
This  being  true  of  one  such  displacement  of  Ci,  Cm  is  true  of  any, 
since  it  at  once  gives 

Cn^OtSn.l  +  CmSn.n.. 

The  general  theorem  of  residuation  is  contained,  in  an  undeveloped 
or  embryonic  form,  in  the  absolute  equivalence  of  statements  (i.)  and 
(ii.)  above.  Hence  an  investigation  of  all  the  properties  involved  in 
the  theorem  of  residuation  may  be  made  to  rest  on  an  investigation 
of  the  properties  of  the  curves  which  are  of  the  form  CiSn.i  +  C„Sn-m* 

*  More  definitely,  it  depends  on  an  investigation  of  the  conditions  which  must  be 
satisfied  by  three  unknown  curves  S,  S',  5"  in  order  that  CS+  CS*  +  C*S"  may  be 
identically  zero,  C\  C"  being  any  two  given  curves,  and  C  any  curve  of  a  given 
linear  system,  the  conditions  for  S  having  to  be  independent  of  the  arbitrary 
parameters  involved  in  (7  (p.  20). 

The  necessary  and  sufficient  number  of  independent  linear  equations  that  the 
coefficients  of  Cn  must  satisfy  in  order  that  Cn  may  be  of  the  form  Ci Sn-i  +Cm'Sn-m 
(Ci,  Cm  having  no  cofntnon  factor)  is  exactly  Im  if  n  ^  /+m,  and 
/»»— i(/  +  m— «— l)(/  +  m— fi-2) 

if  M  is  less  than  l+m  but  not  less  than  I  or  m.  This  is  true  no  matter  how  general  or 
specialized  the  forms  of  Cj,  Cm  n^oy  hfy  subject  to  the  condition  mentioned,  and  is  proved  in 
the  Proe.  Lond.  Math.  Soc. ,  Vol.  xxvi.,  p.  503.  One  result  of  this  theorem  is  that  none 
of  the  equations  among  the  coefficients  of  Cn  which  express  the  condition  that  6m 
paiises  through  the  whole  intersection  of  (7/,  Cm  are  lost  by  virtue  of  the  fact  of  any 
number  of  the  jmints  of  intersection  of  Ciy  Cm  becoming  absorbed  in  a  single  jmint. 
In  connexion  with  the  above  theorem  there  is,  however,  a  paradox,  which,  like 
other  g^metrical  paradoxes,  leads  to  important  consequences.  If  the  curve  Cn  is 
degenerate,  i.e.,  if  (7n  =  C„'C„",  then  the  total  number  of  independent  equations 
may  be  very  much  reduced.  The  independent  linear  equations  for  Xhe  coefficients  of 
Vn  wiU  not  be  linear  in  the  coefficients  of  C^',  Cn"<,  and  will  not  be  independent  if 
Cif  Cm  have  any  common  multiple  jmints.  The  reason  is  that,  if  Cj,  Cm  have  a 
common  multiple  point  at  A,  the  form  of  their  whole  intersection  at  A 
may  be  assumed  to  some  extent  arbitrarily.  If,  for  example,  Cn'  be  subject 
to  the  single  condition  of  passing  through  A,  Ci  and  Cm  may  be  assumed  to 
have  i  of  their  simple  jmints  of  intersection  at  A  on  C„«,  i  being  the  smaller  of  the 
two  orders  of  the  multiple  points  of  Ci,  Cm  sX  A.  On  the  other  hand,  if  another 
curve  pass  through  these  i  points,  it  will  be  subject  to,  not  1,  but  i,  conditions,  Cn' 
being  mown.     It  is  to  be  understood  that  Cn-  and  Cn"  are  mutually  connected. 
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This  method  of  procedure,  simple  as  it  may  appear  at  first  sight,  has 
not,  so  far  as  I  know,  been  anywhere  elaborated.  This  may  be  i^e- 
gai*ded  as  a  justification  for  attempting  the  imperfect  elaboration 
which  follows. 

In  the  rest  of  this  paper  we  shall  assume  that  C/,  C„,  have  no 
common  point  at  an  infinitely  great  distance  from  the  origin.*  If 
this  is  not  actually  the  case,  we  can  choose  a  line,  ax+fc.v  =  1,  which 
neither  passes  through,  nor  infinitely  near  to,  any  common  point 
of  0|,  C^,  and  then  linearly  transform  C/,  C„,  by  substituting 
x' :  y'  :  ax'  +  hy'—l  for  x  :  y  :1,  This  ensui^es  that  the  desired 
property  shall  hold  for  the  transformed  curves,  and  we  may  deal 
with  these  in  the  place  of  Ci,  G^h- 

Our  next  consideration  is  that  of  a  curve  C«,  or  rather  the  general 
curve  C7  =  X'0'  +  X"C"+X'"(7"+...  of  a  given  linear  system  C,  C",  ..., 
which  is  not  of  the  form  GiS„./+C«iS„.„,.  We  require  an  answer 
to  the  following  question : — What  is  the  number  of  the  Im  points  of 


•  Two  of  the  many  reasons  for  making  this  assumption  are  the  following : — 

(i.)  In  varying  the  coefficients,  whereby  coincident  points  are  changed  to  separate 
points,  it  is  sometimes  necessary  to  add  infinitesimal  terms  to  C/,  C^  extending 
beyond  the  terms  of  highest  order  in  Ci,  Cm.  When  this  is  the  case  the  iniini- 
teeimally  displaced  curves  will  have  a  common  group  of  asymptotic  points  in  addition 
to  a  common  group  of  Im  points  corresponding  to  the  whole  intersection  of  Ct,  Cm- 
When  none  of  the  Im  points  are  asymptotic,  the  two  groups  of  points  are  absolutely 
distinct,  one  group  bemg  entirely  in  the  finite  region,  and  the  other  being  entirely 
in  the  infinite  region.  If,  on  the  other  hand,  some  of  the  Im  points  are  asymptotic, 
the  two  sets  of  asjrmptotic  points  would  have  to  be  dissociated  from  one  another, 
which  might  prove  a  troublesome  matter. 

(ii.)  On  p.  677  of  Vol.  xxiz.  of  the  Froc.Lond.  Math,  Soc.  the  value  found  for 
Op,  as  the  number  of  arbitrary  coefficients  in  Up,  is  only  valid  if  all  the  N  points  are 
m  the  finite  region,  a  limitation  which  previously  escaped  notice.  This  interpreta- 
tion of  the  value  of  p«  constitutes,  in  our  method,  the  connecting  link  between  the 
geometrical  and  analytical  formulation  of  results  (pp.  27,  28).  Hence,  in  using 
this  value  for  pp,  without  modification,  it  is  essential  that  none  of  the  N  points 
should  escape  to  an  infinite  distance. 

The  disadvantage  of  the  condition  that  Ci^  Cm  are  to  have  no  common  asymptotic 
points  is  that  the  actual  labour  of  any  operations  connected  with  them  may  be 
thereby  materially  increased. 

The  case  in  which  two  curves  have  no  common  asymptotic  points  bears  a  close 
analogy  to  the  **  simple  "  case  of  the  intersection  of  two  ciures  at  a  common 
multiple  point  which  nave  no  contact  of  branches.  There  is,  however,  this  differ- 
ence, that  we  know  nothing  about  two  given  curves  in  the  region  of  abftoittte  infinity 
(as  distinguished  from  the  infinite  region),  whereas  we  do  know  the  course  of  a 
griven  curve  as  it  emergpes  from  the  infinitely  small  region  surrounding  a  multiple 
point. 

It  is  well  to  note  that  the  «-io  excess  of  a  given  point-gproup  JV  is  that  number  of 
the  N  equations  supplied  by  the  point-group  for  a  general  n-ic  which  are  identically 
satisfied,  owing  to  the  values  of  the  coefficients  of  the  terms  of  the  n-ic  beyond  the 
w**»  order  being  all  zero.  In  other  words,  the  «-ic  excess  of  a  point-group  is  that 
number  of  the  points  whose  effect  for  an  fi-ic  is  lost  or  nugatory,  owing  to  the  fact 
that  the  form  of  any  algebraic  curve  at  absolute  infinity  is  indeterminate. 
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intersection  of  Cu  C^  which  the  general  curve  C  of  the  system  may 
be  said  to  pass  through  ?  If  C  passes  through  no  multiple  points 
common  to  Ct,  C^,  the  answer  is  of  course  obvious,  although  the  case 
where  C,  (7|,  0„,  have  all  three  contact  of  a  higher  order  than  the  first 
has  to  be  carefully  treated.  But,  if  C,  Gi,  G„  have  one  or  more 
common  multiple  points,  the  answer  is  not  obvious.  The  answer  in 
this  case  depends  on  whether  the  given  linear  system  C  is  defined  by 
the  geometrical  conditions  of  passing  through  a  given  point-base,*  or 
by  the  analytical  conditions  of  being  comprised  in  a  given  linear 
form.     For  analytical  theory  an  answer  may  be  given  as  follows : — 

The  maximum  number  of  (simple)  points  which  the  general  curve 
C  of  a  given  linear  system  C,  C",  ...  may  be  said  to  have  in  common 
with  Oi,  Cm  is  N  =^lm^N*,  where -A/"' is  the  number  of  independ- 
ent linear  equations  which  must  be  satisfied  by  the  coefficients 
of  a  general  polynomial  8,  of  order  not  less  than  Z-f  w  — 2,  in  order 
that  08  may  be  of  the  form  Ci8'-\-C^  S^',  i.e.,  in  order  that  C'8,  €"8,  . . . 
may  one  and  all  be  of  the  form  GiS'-h  G„8'\f 

*  A  point-base  of  a  simple  kind  is  defined  in  the  footnote,  Prof.  Lond.  Math.  Soc, 
Vol.  zziz. ,  p.  676  ;  but  in  this  paper  the  term  is  used  in  its  most  general  meaning. 
A  set  of  a  independent  linear  equations  among  the  coefficients  of  a  general  poly- 
nomial iSy  giving  to  the  curve  S  a  property  equivalent  to  that  of  passing  through 
a  simple  points  all  situated  at  A^  detennines  a  base-point  at  A  of  degree  a  and  m-der 
equal  to  the  order  of  the  multiple  point  which  the  curve  8  must  have  at  ^.  A 
hate-point  may  thw  be  dejlned  as  a  point-gronp  collected  at  a  point,  and  may  have  pro- 
perties just  as  varied  as  those  of  a  point-group  in  respect  to  order,  degree,  excess, 
and  defect,  A  point-base  is  made  up  of  base- points,  its  degree  being  the  sum  of  the 
degrees  of  its  Imse-points,  and  its  order  being  the  order  of  the  lowest  curve  which 
passes  through  it.  If  the  base-points  are  all  simple  points  finitely  separated,  the 
point-base  is  called  a  point-group. 

Examples  of  point-bases  {N,  y)  occur  in  this  section,  and  examples  of  base- 
points  in  the  next  section.  Base-points  which  determine  no  directions,  much  less 
curvatures,  beyond  those  which  are  inherent  in  the  specification  of  a  higher 
singpilarity,  may  be  called  simple  base-points.  They  are  of  two  kinds : — (i.)  the 
ordinary  t-ppint  (i  ^  1),  of  degree  ^i  (t+  1)  and  order  t,  which  gives  an  ordinary 
i-fold  point  to  any  curve,  and  (ii.)  the  i:-point  of  degree  2|t(i+l)  and  order  k 
{k  being  the  g^reatest  of  the  t*s),  specifying  the  component  t-points  of  a  higher  singu- 
larity, with  the  directions  and  curvatures,  &o.,  which  determine  the  situations  of 
the  component  i-points  relative  to  the  point  itself. 

t  The  reasoning  by  which  this  conclusion  seems  to  be  justified  is  as  follows  :  — 
We  imagine  such  infinitesimal  changes  to  be  made  in  Ci,  Cm,  C*t  ^"»  •••  that  the 
curves  to  which  Ci,  Cm  are  changed  have  Im  separate  points  of  intersection  in  the 
finite  region,  while  the  whole  set  of  curves  to  which  C7,  C„„  C*,  C",  ...  are  changed 
have  the  greatest  possible  number  X  of  these  Im  separate  points  in  common.  It 
seems  probable  that  the  infinitesimal  terms  to  be  added  to  Ci,  Cm  need  not  extend 
beyond  the  terms  of  orders  /  and  m  ;  but  the  truth  of  this  is  not  evident,  and  we 
therefore  suppose  that  Ci,  Cm  are  changed  to  Cv,  Cm't  where  /'  ^^,  m'  >-.  m.  The 
onrvet  Cr,  Cmf  therefore  intersect  in  I'm'  —  Im  points  in  the  infinite  region,  besides 
the  Im  points  in  the  finite  region.  Taking  now  C,  C",  ...  to  denote  the  curves  to 
which  the  original  C,  C",  ...  are  changed,  we  may  suppose,  by  continuing  the 
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The  points  common  to  Ci,  C^  through  which  G  does  not  pass  {N'  in 
numher)  are  the  points  through  which  S  does  pass,  bj  virtue  of  the 
N'  independent  linear  equations  satisfied  bj  the  coefficients  of  8, 
The  theorem  of  residuation  treated  analytically  thus  leads  to  the 
extremely  difficult  problem  of  determining  the  most  general  linear 
system  8,  of  order  not  less  than  Z+w  — 2,  which  satisfies  the  identity 

G8=Gi8'^-Gn.S'' 

for  all  values  of  the  arbitrary  parameters  involved  in  (7.  Theoreti- 
cally, however,  8  is  absolutely  determinate,  and  without  ambiguity, 
since  the  determination  depends  only  on  the  solution  of  linear  equa- 
tions. Also,  having  determined  8^  we  can  determine  the  most 
general  system  K,  of  order  not  less  than  Z-f  wi^2,  which  satisfies  the 
identity  KS^G,S+C^&' 

for  all  values  of  the  arbitrary  parameters  involved  in  8.*  The  linear 
system  K  constitutes  the  "  complete  "  system,  through  N^  which 
contains  the  given  system  G.  The  equations  for  the  coefficients  of 
K  will  express  the  fact  that  K  passes  through  the  N  =  Im—N'  points 
common  to  C/,  C«,  and  the  system  0.     If  we  substitute  the  coefficients 


infinitesimal  terms  of  C,  C,  ...  far  enough  beyond  their  original  terms  of  highest 
order,  that  (?',  C",  ...  not  only  all  pass  through  the  *V points,  but  also  through  the 
whole  of  the  Fm'—lm  points ;  for  the  conditions  of  their  passing  through  these  affect 
only  the  coefficients  of  their  terms  of  higher  order,  that  is,  terms  with  infinitesimal 
coefficients  which  may  be  chosen  in  any  way  desirable,  these  terms  extending  to  an 
order  as  high  as  we  please.  The  conditions  that  CS,  C'Sy  ...  should  each  be  of  the 
form  Cf  S'  +  C«,'  5"  now  only  require  that  S  should  pass  through  the  remaining 
N*  ^  Im—y of  the  Im  points.  The  coefficients  of  8  have  then  only  to  satisfy  N' 
conditional  equations.  These  equations  are  not  only  independent,  but  must  con- 
tinue to  remain  independent  when  all  thcT  infinitesimal  pc^  of  the  coefficients  of 
Ci',  O,  C,  C",  ...  become  zero,  provided  only  that  5  is  of  sufficiently  high  order. 
ThiB  nimiber  y  is  therefore  the  irreducible  minimum  of  independent  equations 
which  must  exist  for  S,  i.e. ,  it  is  the  same  as  the  number  N'  in  the  text.  This 
proves  our  theorem. 

Also  the  condition  that  KS  should  be  of  the  form  Cp8'  +  Cm' S"  only  requires  that 
K  should  pass  through  the  N  points  and  the  fm^  —  Im  points.  But,  assuming  K  (like 
C,  C%  ...)  to  have  infinitesimal  terms  proceeding  far  enough,  the  conditional  equa- 
tions corresponding  to  the  I'm'  —  Im  points  will  affect  only  the  infinitesimal  coefficients 
of  Kf  and  the  only  equations  among  the  finite  coefficients  of  K  are  those  supplied 
by  the  JV  points.    It  is  to  be  noticed  that  £  and  S  are  not  mutually  connected. 

*  The  number  of  independent  equations  for  the  coefficients  of  JT  will  be  y.  This 
is  proved  in  the  last  footnote.  If  K  were  taken  of  less  order  than  /+m— 2,  the 
number  of  independent  equations  might  be  less  than  iV.  See,  however,  the  last 
paragraph  of  the  paper,  p.  30. 

The  fact  that  only  JV  »  Im—N*  equations  have  to  be  satisfied  by  the  coefficients 
of  Ky  notwithstandmg  that  ^  has  all  but  iV  of  its  coefficients  arbitrary,  is  a  special 
property.  This  property  ought  to  be  capable  of  direct  analytical  proof ;  and  the 
same  remark  applies  to  properties  mentioned  later,  pp.  24-26. 
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of  any  curve  of  the  system  C  for  the  coefficients  of  K  in  the  N 
equations,  we  shall  obtain  a  set  of  N  identities  among  the  coefficients 
of  (7|,  (7«,  C,  C",  ...  which  will  not  of  course  be  linear  in  any  of  these 
coefficients. 

If  now  we  take  Cn,  as  base-curve,  the  two  point-bases  N,  N'  (foot- 
note, p.  19)  are  residual,  having  Ci  for  their  connecting  curve ;  while 
N  is  the  point-base  of  highest  degree  on  (7«  through  which  C/,  C,  CT,  ... 
all  pass.  The  general  system  S  through  N'  cuts  0„  for  the  rest  in 
the  whole  series  of  point-bases  coresidual  to  N.  So  also  the  general 
system  K  thi'ough  N  (which  includes  the  linear  system  C)  cuts  C^ 
for  the  rest  in  the  whole  series  of  point-bases  residual  to  N. 
Finally  any  two  curves  of  the  systems  K,  8  through  N,  N*  cut 
C«  again  in  two  residual  point-bases  for  which  8'  is  the  connecting 
curve.  This  is  the  general  theorem  of  residuation  on  the  base- 
curve  Cm- 

II.  Noeth^s  Fundamental  Theorem, 

Denoting  by  C/,  C„,  G„  given  non-homogeneous  polynomials  in  two 
variables  a?,  y,  of  orders  Z,  m,  n,  and  by  S,  8*,  &c.,  unknown  poly- 
nomials to  be  chosen  as  desired,  we  may  enunciate  Noether*s 
**  fundamental  theorem  in  the  theory  of  Algebraic  Functions  "  as 
follows  :* — 

The  necessary  and  sufficient  conditions  that  (7„  may  he  capable  of 
being  written  in  the  form 

Ct8n.i-\-Cm8n.m 

are  that  for  each  and  every  point  of  intersection  x  =:  a,  y  =  b  of  the  two 
curves  Ci  =  0,  C„,  =  0  there  stwuld  exist  a  curve 

C.-C,S'-G^S"  =  0 

which  has  a  t-fold  point  at  oj  =  a,  t/  =  6,   the  number  t  having  any 

*  The  following  papers  in  the  Mathetnatiache  ^nnalen  directly  discuss  Noether^s 
theorem : — 

Vol.  VI.,  1873,  pp.  351-359  (M.Noether)  ;  xxvn.,  1886,  pp.  527-536  (A.  Voss)  ; 


,  1887,  pp.  401-409  (L.  Stickelberger) ;  pp.  410-417  (Noether)  ;  xxxiv., 
1889,  pp.  447-449  (E.  Bertini)  ;  pp.  450-453  (Noether) ;  xxxix.,  1891,  pp.  129-141 
(A.  BnU) ;  xl.,   1892,  pp.  140-144  (Noether)  ;   xm.,   1893,  pp.  601-604  (H.  R 


Baker). 

One  of  the  most  interesting  proofs  of  Noether's  theorem  is  that  by  M.  Halphen 
in  the  Bulletin  de  la  Societe  Atathetnatique  de  France^  Vol.  v.,  1877,  pp.  160-163  (re- 
TOoduced  in  Clebsch-Benoist,  Le^on*  aur  la  Gdomitriey  Vol.  n.,  1880,  pp.  49-51). 
Halphen,  however,  assumes  a  result  which  appears  to  require  proof.  This  proof 
has  been  supplied  by  A.  Berry  in  the  Proc.  Lond,  Math.  Soc.f  Vol.  xxx., 
pp.  271-276.     (See  also  second  footnote,  p.  16.) 
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integral  value  not  less  than  a  certain  minimum^  which  minimum  depends 
on  the  character  of  the  whole  intersection  of  the  two  curves  Ci  =  0,  0«  =  0 
at  the  point  x  =  a,  y  =  h.     S\  S"  may  be  different  for  diffe^-eni  points. 

A  short  explanation  will  serve  to  make  the  theorem  clear.  In  the 
first  place  the  conditions  of  the  theorem  are  obviously  necessary ^  no 
matter  how  large  t  may  be ;  for  this  is  at  once  seen  by  taking 
iS'  =  8n^h  ^"  =  8n.m'  The  only  question  then  is  as  to  the  sufficiency 
of  the  conditions. 

Consider  the  simplest  example  to  which  the  theorem  applies ;  viz., 
when  0/,  0^  are  single-branched  and  do  not  touch  at  the  common 
point  a,  h,  so  that  their  whole  intersection  at  a,  h  consists  of  one 
simple  point.  By  taking  ^  =  1,  it  is  seen  that  the  conditions  of  the 
theorem  require  that  Cn  should  pass  through  the  point  a,  6.  And 
the  conditions  of  the  theorem  require  no  more  than  this ;  for  it  can 
be  easily  proved,  by  taking  the  point  a,  &  as  origin  and  the  tangents 
to  Ci,  C^  as  axes  of  coordinates,  that,  provided  only  Cn  passes  through 
the  origin,  8\  8"  can  be  so  chosen  that  the  curve 

has  a  multiple  point  of  any  desired  order  (from  1  upwards)  at  the 
origin.  In  this  simplest  case  of  all  the  minimum  value  of  ^  is  there- 
fore unity. 

So,  in  the  most  general  case,  however  complex  the  character  of 
the  whole  intersection  of  Ci,  C«,  at  the  point  a,  6  may  be,  Noether 
pix)ve8  it  to  be  sufficient,  in  order  to  know  that  (7„  is  of  the  form 
Ci8n-i'^C^8n-mi  that  S*,  8^  can  be  found  such  that  the  curve 

Cn-Ci8''-G^8''  =  0 

has  a  multiple  point  of  sufficiently  high  order  at  a,  6,  with  similar 
conditions  for  each  point  of  intersection  of  the  curves  Cf,  C«. 

The  conditions  of  the  theorem  require  that  for  every  point  of  inter- 
section of  C|,  G^  there  should  exist  two  curves  S\  S"  such  that  Cn  is 
the  same  as  Ci8'+Cm8''  to  any  degree  of  approodmation ;  and,  this 
being  so,  the  condition  is  satisfied  for  every  point  in  the  plane. 
Looked  at  in  this  light  the  significance  of  the  theorem  is  readily 
comprehended. 

The  only  modifications  that  have  been  made  in  the  theorem  since 
Noether  first  gave  it  (Z.c,  Vol.  vi.)  relate  to  the  determination  of  the 
minimum  value  of  t.  The  knowledge  of  the  minimum  is  of  some 
interest,  but  has  not  yet  been  proved  to  be  of  any  essential  importance, 
except  in  the  two  cases  (ii.)  and  (iv.)  below. 
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(i.)  The  number  t  need  not  exceed  the  nnmber,  a,  of  simple  points  to 
which  the  whole  intersection  of  Ci^  C^  at  a,  h  is  equivalent  (Brill,  I.e.), 
This  is  the  minimum  value  of  t  if,  and  only  if,  one  at  least  of  the 
two  curves  C/,  C7«  is  single-branched  at  the  point  a,  h ;  but  in  this 
case  simpler  conditions  can  be  substituted  for  those  of  the  theorem, 
viz.,  that  Cn  should  have  contact  of  oixier  a— 1  at  a,  h  with  the 
single-branched  curve. 

(ii.)  If  Cij  Cm  have  i^espectively  i-fold  and  ^-fold  points  at  a,  6, 
and  have  no  contact  (so  that  tj  is  the  number  of  simple  points  to 
which  their  whole  intei*8ection  at  d,  b  ia  equivalent),  the  minimum 
value  of  t  is  i+y— 1  (Noether,  I.e.,  Vol.  vi.). 

This  is  called  the  "  simple  "  case.* 

(iii.)  If  Ci,  Cm  have  i-fold  and  ^-fold  points  at  a,  b,  and  their 
whole  intersection  at  a,  b  ia  equivalent  to  ij-^fi  simple  points,  the 
minimum  value  of  t  does  not  exceed  i+j-^^—l.     (Bertini,  I.e.) 

(iv.)  If  Ci,  Cm  have  multiple  points  of  higher  sing^arity  at  a,  h 
which  can  be  resolved  into  ordinary  multiple  points  (including 
ordinary  cusps)  common  to  Ci,  0„„  of  which  any  one  pair  of  corre- 
sponding components  is  i-fold  for  Ct  and  /-fold  for  C^^  with  the 
corresponding  whole  intei'section  equivalent  to  tj  simple  points,  then 
it  is  sufficient  that  C^—CiS^—CmS''  should  have  a  multiple  point  of 
higher  singularity  at  a,  b  whose  corresponding  component  is  of  order 
i-l-J— 1.     (Noether,  I.e.,  Vol.  xxxiv.) 

As  regards  its  application  to  the  theorem  of  residuation  Noether's 
theorem  seems  open  to  criticism.  Noether  possibly  did  not  regard  his 
theorem  from  this  point  of  view  when  he  fii-sfc  gave  it,  but  subsequently 
both  he  and  others  have  so  regarded  it.  It  should  at  least  be  made 
clear  that  the  conditions  in  the  theorem  supply  a  theoretical  rather 
than  a  practical  test ;  but  the  direct  contrary  seems  to  be  implied  in 
much  that  is  written  on  the  subject.  Although  a  great  step 
towards  the  general  theorem  of  residuation,  it  does  not  advance  the 
whole  way.  The  theorem  only  gives  us  a  test  for  answeHng  the 
question  whether  C„  is  of  the  form  OiS^.i  +  CmS^.m  or  not,  whei^eas, 
as  we  have  seen  in  Section  I.,  we  want  to  know  the  conditions 
which  S  must  satisfy  in  order  that  CS  (C  being  partially  or  wholly 


•  The  **  simple  "  case  requires  only  that  the  two  curves  have  no  contact  at  the 
oommon  multiple  point.  The  two  multiple  points  may  he  of  any  kind  of  singularity 
provided  this  concution  holds. 
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given)  may  be  of  the  form  CtS'+G^S",  The  latter  question  in- 
cludes the  former,  bat  the  former  does  not  include  the  latter. 

It  will  be  seen  that  Noether's  theorem  supplies  us  with  a  sufficiency 
of  local  tests  for  deciding,  in  the  most  general  case,  whether  0„  is  of 
the  form  OiSn-i  +  C^S^^m  or  not;  or  rather,  rs  we  should  prefer  to 
say,  it  provides  a  local  test  for  deciding  whether  C„  does  or  does  not 
pass  through  the  whole  intersection  of  C/,  0„t  at  a  common  multiple 
point.  The  local  tests  are  quite  independent  of  one  another ;  and,  if 
satisfied  at  every  point  of  intersection  of  0/,  C^,  the  final  result  follows 
that  C„  is  of  the  form  C/S„.i  +  (7,„flf„.^.  We  proceed  to  explain  how 
much  is  theoretically  required  for  the  satisfying  of  Noether's  tests. 

The  number  of  simple  points  to  which  the  whole  intersection  of 
Oi,  C^  at  a  common  multiple  point  is  equivalent  may  be  found  by 
taking  the  multiple  point  as  origin  and  equating  coefficients  in  the 
identity  CS'+C.S"  -  5, 

where  2,  S\  8"  are  general  ordinary  power  series,  i.e.  unterminated 
series  arranged  in  ascending  positive  integral  powers  of  x,  y.  The 
number  of  independent  linear  equations  that  result  for  the  coefficients 
of  2  alone  is  the  number  of  simple  points  required.* 

For  the  equating  of  coefficients,  write  the  identity 
in  the  form 

where  Wp,  as  usual,  stands  for  a  homogeneous  polynomial  in  x,  y  of 
order  p.  Arrange  the  equations  in  sets,  the  p^  set  coming  from  the 
equating  of  coefficients  of  terms  of  order  p  —  1.  The  (p  +  l)*^  set  of 
equations  will  involve  the  coefficients  of  t*^,  m^.,,  Up.j  (t,  j  being  the 
orders  of  the  multiple  points  of  Ci,  C^  at  the  origin)  together  with 
the  coefficients  of  5,  8\  S"  which  have  appeared  in  the  p  previous 

*  Assuming  that  the  number  of  equations,  ai,  for  the  coefficients  of  2  does 
not  exceed  the  number,  a,  of  the  simple  points  of  intersection  of  C/,  Cm  which  are 
absorbed  at  the  origin,  it  can  be  proved  that  a^  »  a  as  follows : — If  we  substitute 
for  2  a  general  polynomial  8n  of  sufficiently  high  order  n  ^  /+m— 2  (5',  5" 
being  still  power  series),  the  equations  for  the  coefficients  of  Sn  will  be  a^  in 
number ;  and,  if  we  add  to  these  all  the  other  equations  for  <S«  corresponding 
to  the  other  points  of  intersection  of  C/,  Cm,  we  shall  obtain  a  total  of  "Xai  equa- 
tions, i.e.  a  number  of  equations  not  exceeding  2a  or  Im.  But  these  equations, 
in  their  totality,  require  6',.  to  be  of  the  form  CiSn-i-^CmSn-my  by  Noether's 
theorem,  and  are  therefore  equivalent  to  Im  independent  equations  (footnote,  p.  17). 
Hence  lax  ^  i^ot  less  than  Im^  and  assuming  it  is  not  greater  than  /m,  from  above, 
we  have  2a|  =»  Im  =»  2a  ;  therefore  ai  —  o,  /3i  «  /3,  &c. 
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sets  of  equations.  If  the  (p  +  1)"*  set  is  the  first  which  does  not 
supply  any  new  equations  for  the  coefficients  of  2  alone,  that  is,  if 
the  first  p-^-l  sets  are  snch  that  the  coefficients  of  S\  S"  cannot  all 
be  eliminated  so  as  to  result  in  an  equation  which  involves  the  co- 
efficients of  Up,  then,  and  not  till  then,  the  equating  of  coefficients  may 
stop.  From  the  first  p  sets  the  coefficients  of  8\  S"  may  then  be 
eliminated  so  as  to  give  all  the  equations  which  hold  for  the  co- 
efficients of  2  alone.  It  goes  without  saying  that  this  method  can- 
not in  general  be  carried  out  practically. 

The  number  p  is  the  minimum  value  of  t  mentioned  in  the  enuncia- 
tion of  Noether's  theorem.  It  seems  impracticable,  and  of  no 
great  consequence,  to  find  a  simple  and  general  analytical  formula 
for  it. 

The  above  is  an  extension  to  the  general  case  of  a  method  (or 
illustration)  employed  by  Noether  for  the  "  simple  "  case  in  the 
Math,  Ann.,  Vol.  vi.  Noether  assumes  without  proof  that  the 
equations,  taken  in  sets,  actually  determine  the  coefficients  of  S\  b" 
in  terms  of  those  of  2.  This  is  true  in  the  "  simple,"  but  not  in  the 
general,  case.     For  example,  if 

the  first  two  sets  of  the  equations  only  involve  u^  and  the  coefficients 
of  tt|,  which  are  zero  ;  the  third  set  brings  in  m©  and  u^',  but  does  not 
determine  both ;  the  fourth  set  determines  ti^  and  u^',  but  not  the 
newly  introduced  coefficients  of  u{  and  u{' ;  while  the  fifth  set  is  the 
first  which  does  not  supply  any  new  equations  for  the  coefficients  of 
2  alone.     The  minimum  value  oi  t  is  4i  in  this  example.  • 

By  determining  all  the  independent  equations  for  the  coefficients 
of  5,  and  making  them  all  to  hold  when  (78,  CS,  0***8, ...  are  substi- 
tuted for  2,  we  obtain  all  the  independent  equations  which  must 
hold  for  the  coefficients  of  S ;  and  we  thus  determine  the  most 
general  system  8  such  that  any  curve  of  the  system  C8  passes 
through,  the  whole  intersection  of  Ci,  C^  at  the  origin.  The  number 
of  independent  equations  for  the  coefficients  of  8  will  always  be  less 
than  the  number  for  2,  provided  all  the  curves  of  the  system  G  pass 
through  the  origin.  The  difference  gives  the  number  of  simple 
points  common  to  (7/,  C„  at  the  origin  through  which  the  general 
curve  of  the  system  C  may  be  supposed  to  pass.  Also  the  difference 
will  be  the  number  of  independent  equations  that  must  hold  for  the 
coefficients  of  a  general  polynomial  K  in  order  that  K8  msij  be  of 
the  form  2,  or  Ci8*-\-  CmS'\  to  the  necessary  degree  of  approximation 
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at  the  origin.  In  other  words,  the  number  of  independent  equations 
for  the  coefficients  of  K  together  with  the  number  of  independent 
equations  for  the  coefficients  of  S  will  be  equal  to  the  number  of 
independent  equations  for  the  coefficients  of  2,  or  the  number  of 
simple  points  to  which  the  whole  intersection  of  d,  C^  at  the  origin 
is  equivalent.  From  these  systems  S  and  JT,  which  satisfy  local 
conditions  at  one  place  only,  we  can  proceed  to  those  systems  8  and 
K  which  satisfy  the  like  conditions  at  as  many  places  as  we  please, 
and,  in  particular,  at  all  places,  as  on  p.  20. 

The  theorem  of  residuation  is,  however,  essentially  of  a  geometrical 
character ;  and  the  problems  it  suggests  are  not  likely  to  be  com- 
pletely solved  without  the  free  use  of  geometrical  methods.  We  can 
solve,  by  the  aid  of  geometry,  the  problem  of  the  determination  of 
the  general  linear  systems  8  and  K  for  (at  least)  that  case  in  which 
the  linear  system  C  reduces  to  a  single  fixed  curve.  I  hope  to  prove 
this,  and  other  statements  made  in  this  section,  in  a  later  paper. 

III.  The  Generalized  Btemann-Boch  Theorem. 

By  the  generalized  Riemann-Roch  theorem  we  mean  the  theorem 
given  on  pp.  526,  527  of  Vol.  xxvi.  of  the  Proc.  Lond.  Math,  fifoc, 
which  is  restated  in  a  more  convenient  form  at  the  beginning  of  the 
footnote  on  p.  688  of  Vol.  xxix.  The  proof  in  Vol.  xxvi.  holds  for 
the  general  case  if  the  theorem  of  residuation  is  assumed  to  hold 
generally.     The  theorem  is  applied  below  to  the  general  case. 

We  suppose  the  general  curve  C  of  the  given  linear  system 
C,  C", ...  to  have  no  fixed  constituent.  We  may  then  choose  two 
curves  C{,  Cm  of  the  system,  whose  orders  are  as  low  as  possible,  so 
as  to  have  no  common  constituent ;  and  we  assume  their  whole  inter- 
section to  lie  in  the  finite  region. 

We  have  explained  in  Section  I.  that  the  least  degree  N'  of  the 
whole  point-base  common  to  0/,  (7„  which  is  not  common  to  all  the 
members  of  the  linear  system  is  the  number  of  independent  linear 
equations  that  must  be  satisfied  by  the  coefficients  of  a  general  poly- 
nomial 8,  of  order  Z-fm— 2,  in  order  that  the  identity 

08  =  CiS'-\-C^8" 

may  hold  for  all  values  of  the  arbitrary  parameters  involved  in  C. 
It  may  be  observed  in  passing  that  the  identity  of  the  polynomials 
08  and  CiS'+  G^tS"  is  a  very  different  thing  from  the  identity  of  the 
I  expressions  when,  as  in  Section  II.,  8,  S\  S"  are  unterminated 
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power  series.  The  latter  case  only  requires  the  equating  of  co- 
efficients from  the  beginning,  arriving  at  a  stage  where  it  may  stop  ; 
but  the  former  case  requires  the  equating  of  coefficients  to  the  end 
bringing  no  new  unknown  coefficients  into  the  new  equations  after 
a  certain  time. 

We  imagine  now  that  all  the  coefficients  of  8\  S"  have  been 
eliminated  and  that  we  have  all  the  resulting  equations  for  the  co- 
efficients of  S, 

We  suppose  the  N'  equations  for  the  coefficients  of  /S  to  be  solved 
in  the  following  way: — Suppose  iS  =  w^^+ 1*1  +  1*2 +... +wum-8-  The 
coefficient  u^  may  be  detennined  in  terms  of  the  remainder  from  one 
of  the  equations,  and  its  value  substituted  in  the  rest,  so  that  we  get 
a  new  set  of  ^'—1  equations  from  which  u^  has  been  eliminated. 
From  this  new  set  of  equations  the  coefficients  of  «i  may  be  deter- 
mined, and  their  values  substituted  in  the  rest  of  the  equations. 
From  the  new  set  of  equations  the  coefficients  of  ti,  may  be  deter- 
mined, and  their  values  substituted  in  the  rest  of  the  equations ;  and 
so  on.  Suppose  that  all  the  coefficients  of  u^'¥ui-\- ,,,-\-Up.i  are 
determinable  in  this  manner,  but  that  all  the  coefficients  of  tt^  cannot 
be  so  determined.  This  last  must  happen  if  ^'  <  ^  (P  +  l)(p  +  2)  ; 
and  it  may  also  happen  if  ^'  ^  \  CP  + !)(!>  + 2). 

The  fact  that  all  the  coefficients  of  tto  +  tti+... +t*p.i  are  deter- 
minable in  terms  of  the  remaining  coefficients  of  8  accounts  for 
5p(p-|-l)  of  the  N'  equations,  so  that  there  are  N'-'\p{^p-\-V) 
equations  among  the  coefficients  of  Wp-|-... +Wi^.„.2.  Also,  if  all  the 
coefficients  of  Up  are  not  determinable  in  terms  of  the  coefficients  of 
<*p*i-t-  •..  +w,+«.2,  then  there  are  a  certain  number  p^  of  the  coefficients 
of  Up  which  are  arbitrary  ;*  while  there  will  be  -V' + pp — ^  (2?  -h  1)  {p + 2) 
equations  among  the  coefficients  of  Wp+i+...-f  tti+m-a-  Solving  this 
new  set  of  equations  for  the  coefficients  of  Wp+,,  it  will  be  found  that 
there  are  a  certain  number  pp^i  of  these  which  are  arbitrary,  where 
pp*\>  pp'  The  limits  of  possibility  of  the  value  of  pp^i  are  Pp+1  and 
|>-t-2.  Proceeding  in  this  method  of  solving,  the  whole  N'  equations 
will  in  time  become  exhausted  (say)  when  a  certain  number  of  the 


*  The  way  m  which  this  may  happen,  even  when  N*  ^  ■«  (j» +!)(/>  +  2),  is  that 
0ome  of  the  coefficients  of  Up  cannot  be  determined  separately,  but  only  in  sets  of 
two  or  more.  A  set  being  detennined  may  be  said  to  determine  one  in  the  set, 
whichever  one  we  like,  leaving  the  rest  in  the  set  arbitrary.  If  the  elimination  of 
all  the  coefficients  of  Up  should  result  in  the  complete  disappearance  of  some  of  the 
coefficients  of  m»4  1 +.••  +  "/•»-»« -2  from  the  -iV'+p/,— ^  (jy+ l)(i»  +  2)  equations,  such 
coefficients  would  be  arbitrary. 


'i.  «-^ 
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coefficients  of  u,  have  been  determined  in  terms  of  the  arbitrary 
coefficients  of  u^,  and  the  coefficients  of  tt,+i+...-f  Wum-i,  which  last 
are  therefore  all  arbitrary.     We  ought  then  to  have 

J^+Pp+p,.i  +  ...  +p,  =  i  (3  +  l)(g  +  2), 

and  2  + l>p,>Pj-i>.  .  >Pp>  0. 

The  ^' equations  become  exhausted  as  soon  bb  p,^i  =  q  +  2.  This 
would  not,  however,  be  the  case  if  (7/,  G„  had  any  asymptotic  points 
in  common,  through  which  the  general  curve  G  of  the  linear  system 
did  not  pass ;  for  then  there  would  be  equations  in  which  only  the 
coefficients  of  the  terms  of  highest  order  in  8  would  be  involved, 
even  if  the  order  of  S  exceeded  Z+m  —  2  by  any  amount,  and  very 
possibly  also  other  equations  in  which  only  the  coefficients  of  the 
terms  of  the  two  highest  orders  in  S  would  be  involved,  and  so  on. 

The  lowest  curve  through  the  point-base  N'  is  of  order  p,  since  in 
Up  there  are  one  or  more  arbitrary  coefficients ;  and  the  order  of  the 
point-base  is  therefore  j?,*  and  its  degree  N\  It  must  not,  however,  be 
supposed  that  N'  is  the  simplest  point-base  derivable  from  N.  This 
last  would  be  found  by  drawing  the  two  curves  of  lowest  order 
through  N,  having  no  common  constituent,  to  intersect  again.  The 
order  of  the  point-base  N,  which  is  the  order  of  the  lowest  curve 
through  N,  is  given  below  ;  but  we  have  no  theorem  at  present  which 
determines  with  certainty  the  order  of  the  other  lowest  curve.  The 
orders,  degrees,  and  forms  of  the  several  base-points  of  N*  may  be 
found  by  the  methods  of  Section  II.,  by  transferring  the  origin  to 
each  base-point  in  succession. 

We  take  now  the  numbers 

...  0,  0,  pp,  pp^i,  ...  pg^u  p„  5  +  2,  2  +  3,  ..., 

which  are  the  differences  of  the  successive  defects  of  the  point-base 
N' ;  and  write  down  their  successive  differences,  or  second  differ- 
ences of  the  defects,  viz. 

...  0,  0,  ^p,  Bp^i,  ...  ^,.„  ^,,  ^,^1,  1,  1,  1,  ...  . 

This  series  of  numbers  constitutes  the  characterization  of  the  point- 
base  N\  which  we  express  by  dropping  the  zeros  at  the  beginning 


*  The  order  p  of  the  point-hase  N*  cannot  exceed,  but  may  be  less  than,  the 
mialler  of  the  two  numbers  /,  m,  since  these  are  the  orders  of  two  curves  passing 
tiirongh  the  point-base. 
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and   units    at  the   end,    changing   the    suffixes   to     1,  2,  ...  a,     and 
writing 

where  p  -f  a  =  5  4  2  =  S^,     a.  >  1. 

The  generalized  Riemann-Roch  theorem  then  gives  us  the  characteri- 
zation of  N,  which  is  as  follows  (assuming  m  ^  Q  :* — 

(i.)  ^=  (i-s  2'-'-,  a, -hi,  a«.i+i, ...  a,+i),  if  I  ^  p+a  (=  sa) ; 

(ii.)  -^-=(1"-'-,^.,  ...a,.p.i,a,.^+l,  ...  a,-|-l),if  p<Z<p-|-a<m; 

(iii.)  N=  (a.— 1, ...  a^-p+1—     a^.p, ...  a,.,^,,  ^,.,+1, ...  aj-ri), 

if    p  <l  ^  m<p+a; 
(iv.)  2^  =  (1"-'-,  a«  a..i,  ...  a,),  if  ^  =  Z,  Z+a  ^  m  j 

(v.)  iv=(a«-i, ...  a«.,^i-i,  a^.„ ...  a,),        if  p  =  i,  jiKZ+a. 

The  symbols  l*""',  2'"'"*  in  (i.)  stand  for  1  repeated  m^l  times, 
followed  by  2  repeated  l—p  —  a  times.  Similarly  for  l*"-'-«  in  (ii.) 
and  !"•-'-«  in  (iv.).  Cases  (iv.)  and  (v.)  are  the  simplified  forms  of 
(ii.)  and  (iii.)  whenp  =  Z,  and  may  be  still  further  simplified  (if  81  =  1) 
by  the  omission  of  any  units  at  the  end. 

The  order  of  N'  is  p,  which  is  the  value  of  2  (^  —  1).  The  order  of 
^is  the  value  of  2  (^—1)  for  N,  i,e,,  it  is  I  in  cases  (i.),  (ii.),  (iv.), 
l-^-m^p—a  in  case  (iii.),  and  vi—a  in  case  (v.). 

The  lowest  order  that  can  be  chosen  for  8  so  that  the  equations 
among  its  coefficients  may  determine  the  point-base  N*  without 
ambiguity  is,  I  think,  g  +  l=2S— 1,  which  would  leave  the  co- 
efficients of  the  terms  of  highest  order  in  8  entirely  arbitrary.  It 
would  be  of  great  importance  to  find  methods  for  determining  the 
value  of  g -I- 1,  so  that  S  might  be  taken  of  order  g+ 1,  instead  of  order 
Z-I-Wr  — 2.  The  order  g-Hl  will  be  sufficiently  high  if  the  whole 
system  of  curves  of  order  g  +  1,  whose  coefficients  satisfy  the  N' 
equations,  could  not  have  a  point-base  in  common  of  higher  degree 
than  ir.  This  property  holds  in  what  appears  to  be  the  most  un- 
likely case,  viz.,  the  linear  system  of  curves  determined  by  «*,  aj"'*y, 
^"'y**  •••  y"  h&ye  no  point-base  in  common  of  higher  degree  than 

•  In  this  application  we  reg^ard  iV,  and  consequently  81 ,  8},  ...  8«,  as  known. 
The  numbers  p,  q,  a,  /,  m  are  then  also  known,  viz.,  p  »  2  (8—1),  q  =  28—2,  a  is 
the  number  of  the  8*8  (8a  >  1)*  and  /,  m  are  the  orders  of  the  two  curves  drawn 
through  ^Y'  and  intersecting  for  the  rest  in  N. 
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in(n  +  l).  Hence,  for  the  complete  specification  of  the  point-bases 
N'  and  N,  it  appears  that  we  may  choose  for  the  order  of  8  the  value 
g-fl,  or  2^—1 ;  and  for  the  order  of  K  the  valne  of  S^— 1  for  N, 
t.e.,  Z-fm— p-1  in  cases  (i.),  (ii.),  (iii.)>  w— 1  in  (iv.)  and  (v.)  if 
Ci  >  1,  and  a  lower  order  in  (iv.),  and  (v.)  if  Sj  =  1,  since  then  we 
should  omit  all  units  at  the  end  of  (iv.)  and  (v.),  and  the  value  of 
2^—1  for  N  would  diminish  accordingly.  The  general  algebraic 
curve  through  N*  is  PS  +  P'5f' 4- . . .  =0,  where  8,  S',  ...  are  poly- 
nomials  of  order  5  + 1  whose  coefficients  satisfy  the  N'  equations,  and 
Pf  P',  ...  are  polynomials  with  arbitrary  coefficients.  Similarly  for 
the  general  curve  through  N. 
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Introduction. 

In  a  paper*  giving  a  resume  of  the  known  systems  of  simple 
groups  and  a  table  of  the  orders  of  all  known  simple  groups  not 
exceeding  one  million,  I  find  that,  apart  ivoxn.  the  order  25920,  every 
case  in  which  two  or  more  simple  groups  of  the  same  order  exist  has 
been  completely  investigated  as  to  their  simple  isomorphism  or  non- 
isomorphism.  The  greater  part  of  the  present  paper  deals  with  the 
four  known  simple  groups  of  order  25920,  viz.,t 

(1)  The  simple  group  A  (4,  3),  defined  by  the  decomposition  of  the 
Abelian  group  on  four  indices  taken  modulo  3. 


♦  ♦*  The  Known  Finite  Simple  Groups,"  Bulletin  of  the  American  Mathematical 
Society,  July,  1S99. 

t  [Note  of  Augiut  14M. — I  should  have  referred  to  a  number  of  important 
inyeetigations  in  which  occur  substitution- groups  and  groups  of  oollineations 
Iflomorphic  with  the  above  groups  of  order  25920.  Jordan  ( Traite  des  Substitutions, 
pp.  816-329)  shows  that  the  Galois  group  of  the  equation  for  the  27  lines  on  a 
geDeral  cubic  surface  has  the  order  2*25920,  and  proves  (pp.  365-369;  that  it  is 
llQiiiorphio  with  the  Abelian  group  for  the  trisection  of  hyperelliptic  functions  of 
lour  periods.  A  proof  involving  less  calculation  has  been  given  by  the  "v^^ter 
{Oomptet  Mendtu,  Vol.  oxxvm.,  p.  873,  1899).    The  present  article  was  written 
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(2)  The  second  hypo-Abelian  group  8H  (6,  2),  a  6ub-group  of 
index  2  under  the  genei*al  hypo-Abelian  group  on  six  indices  taken 
modulo  2. 

(3)  The  orthogonal  group  0  (5,  3),  a  sub-group  of  index  4  under 
the  total  orthogonal  gix)up  on  five  indices  taken  modulo  3. 

(4)  The  hyper-Abelian  group  HA  (4,  2')  of  quaternary  hyper- 
Abelian  substitutions  of  determinant  unity  in  the  Galois  field  of 
order  2\ 

The  groups  (1)  and  (2)  are  due  to  Jordan,*  the  groups  (3)  and  (4) 
are  due  to  the  writer.  Complete  references  are  given  in  the  paper 
above  cited.  Group  (4)  is  here  studied  in  a  new  form  (see  §  1). 
Between  the  groups  (1)  and  (3)  a  holohedi*ic  isomorphism  has  already 
been  established  by  the  writer.f  lu  the  present  paper  I  set  up  an 
abstract  group  and  a  substitution-group  on  thirty-six  letters,  with 
which  each  of  the  groups  (1),  (2),  and  (4)  is  proven  holohedrically 
isomorphic.  Incidentally,  a  simple  group-theoretic  proof  is  given  in 
§  4  of  the  holohedric  isomorphism  between  the  Abelian  group  on  four 
indices  modulo  2  and  the  symmetric  group  on  six  letters.  The 
knowledge  of  the  simple  isomorphism  of  the  above  four  groups  is  of 
considerable  aid  in  the  study  of  the  pix>perties  of  any  one  of  them  ; 
for  example,  sub-groups  which  are  evident  in  the  case  of  one  group 
are  recognized  with  difficulty  in  the  case  of  another.  By  means  of 
the  sub-group  of  order  60*16  of  the  group  (3),  which  results  from  the 
extension  of  the  group  of  order  60  of  the  even  permutations  of  the 
five  indices  fj,  ...,  fj  by  the  commutative  group  of  order  16  formed 
by  the  substitutions 

^i'=  ^iii     li=  1,    ..,  5), 

where  each  e^  =  d=l  and  ^iCaejC^Cj  =  H- 1,  we  could  set  up  a  substi- 
tution gix>up  on  twenty-seven  letters  simply  isomorphic  with  (3). 

The  general  theorems  of  §§  2,  3  are  not  essential  to  the  later 
developments,  as  the  pai*ticular  cases  used  are  established  incidentally 
in  the, later  proofs. 


before  I  knew  of  the  papers  by  H.  Burkhardt  {Math.  Ann.,  Vol.  xxxvm.  and 
Vol.  XLX.),  in  which  quatemary  and  senary  coUineation  groups  isomorphic  with  the 
above  groups  are  studied  at  length,  incorporating*  the  work  of  Klein,  Maschke,  and 
Witting.  The  results  of  these  papers  are  intimately  related  to,  but  quite  distinct 
from,  those  of  the  present  article.] 

*  TraiUdes  Substitutions,  pp.  171  and  207.  The  order  of  the  second  hypo- Abelian 
group  is  not,  however,  g^ven  correctly. 

t  **  Concerning  the  Abelian  and  Hypo- Abelian  Groups,"  Bulletin  of  the  Atnerican 
Mathematical  Society,  p.  332,  1899  ;  read  before  the  Society,  February  25th,  1899. 
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1.  Definition  of  the  General  Hyper'Abelian  Oroup, 

In  a  paper  recently  contributed  to  the  Mathematische  Anncden,  I  have 
determined  the  order,  generators,  and  structure  of  the  linear  homo- 
geneous group  on  M  indices  in  the  OF  [p^]  which  is  defined  by  the 
invariant 

Those  of  its  substitutions  which  have  as  coefficients  marks  of  the 
OF [2?"]  form  a  sub-group,*  which  for  p>2  is  the  general  orthogonal 
group  on  3f  indices  in  the  OF^p**].  I  therefore  propose  for  the 
larger  group  the  name  hyper-orthogonal  group,  and  denote  by 
HO  [3f,  p*"]  the  simple  groups  of  order 

g  being  the  greatest  common  divisor  of  M  and  jp^  +  l,  the  cases 
(p-  =  2,  if  =  2),  (p»  =  3,  M=z  2),  and  (p''  =  2,  M=iS)  being  ex- 
ceptional. 

If  we  make  the  transformation  of  indices 

where  /and  p  are  primitive  roots  (belonging,  in  fact,  to  the  6r^[p^]) 
of  the  respective  equations 

the  function  ^  "*"^  +  f'*  "^^  is  transformed  into 

Hence,  for  M  =  2m,  the  hyper-orthogonal  group  is  simply  isomorphic 
with  the  linear  group  defined  by  the  invariant 


^/r  =  2 


^" 


The  totality  of  linear  2m-ary  substitutions  with  coefficients  belonging 
to  the  included  field  (r^Qp**]  and  leaving  i/r  absolutely  invariant 
form  a  sub-group,  which  is  immediately  recognized  as  the  Abelian 


♦  For  i?  =  2,  it  is  a  solvable  group  of  order  2'»*f^~')/2  generated  by  the  binaiy 
substitutions  (     "  ,     "  "*"    ) . 
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88 


group  on  2m  indices  in  the  G'F[p"].  I  therefore  propose  for  the 
larger  g^^np  the  name  hyper- Ahelian  group,  and  denote  by 
HA  (2m,  2)*")  the  simple  quotient  group  corresponding  to  the  above 
ffO(2m,p*'). 

Consider  the  general  linear  2m-ary  substitution  in  the  OF\_p'^'\, 


It  transforms  ^  into 

M      f    2lN     I    0«-U         "4/i 


S:    ^;=2a^6     (1  =  1,  ...,2m). 

i-1 


ai-iy       2/> 


/*> 


a*^         aP  J 


K-l  ft         Sft 


The  conditions  that  S  shall  leave  ^  absolutely  invariant  are  there- 
fore the  following :— 


(1)       2 


=  «!;*     (i,  Aj=  1,  ...,  2m), 


where  e,*  =  0,  unless  j  and  k  differ  by  unity,  when  • 

*«>!«  =  1>     «2<w-i  =  —  1     (i  =  1,  ...,  m). 

The  relations   (1)  in  which  j>1c  are  derived  from  those  in  which 
j<k  by  raising  the  latter  to  the  power  jj". 

The  reciprocal  of  the  hyper- Abelian  substitution  8  is 

.fi     ~>?i  (■"'*V2/-i4-i+"v-n/-i^v)  . 
Indeed,  the  product  88'^  replaces  ^2i-i  by 


8- 


(Z  =  l,  ...,m). 


2 


m 


Similarly,  it  replaces  i^  by 
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For  convenience  of  reference,  we  give    to  the  relations  (1)  the 
more  explicit  form 


(2) 


2 


i'lj     <hij    \        jl   (i 
1-1*     •^iJ*  I         ^ 


(if  /c  =j-f  1  =  even) 

(unless  A:  =y  +  l  =  even,  if  j  <  k). 


The  corresponding    relations  for   the  reciprocal  8'^  are  found  by 
replacing 


by  respectively    c^. 

Writing  out  the  four  set>s  of  relations  (2)  according  to  the  evenness  or 
oddness  of  j  and  k,  and  making  the  replacement  described,  we  obtain 
four  sets  of  relations,  which  may  be  combined  into  the  single 
formula 


(3) 


S 


•^-I 


< 


jl  (ii  Jc  =y+l  =  even)  _ 

■"10  (unless  k  =^*+l  =  even,  if  j  <  k). 


The  relations  (3)  are  together  equivalent  to  the  relations  (2). 

The    determinant   A   of  the  hyper-Abelian  substitution  8  must 
satisfy  the  relation 

(4)     A^"»-^  =  l. 

Indeed,  if  we  reflect  on  the  main  diagonal  the  deteiminant  of  S~^ 
change  the  signs  of  the  2Z— 1"*  row  and  column  (for  Z  =  1,  ...,  m),  and 
interchange  the  2Z— 1"  row  with  the  21^  row  (for  Z  •=  1, ...,  m)  and 
likewise  the  corresponding  columns,  we  obtain  the  determinant 


<l- 


/>"  =  ^v 


-V  I (i,j=  l,...,2m). 

Hence  AA^  =  1,  being  the  determinant  of  the  product  SS'K 


2.  The  Maximal  8ub-group  of  the  Hyper-Abelian  Group  within  which 
the  Ahelian  Group  is  8elf -conjugate. 

We  determine  all  the  hyper-Abelian  substitutions 

8:     ^;=Sa^6     (t  =  l,  ...,  2m) 


which  ti-ansform  the  Abelian  group  into  itself.     8  transforms  ^the 
Abelian  substitution,  affecting  a  single  index, 
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into  the  Bubstitution 

(i  =  1,  ...,  2m), 
whose  coefficients  must  therefore  belong  to  the  G'-P[p"],  viz., 

"<2r-i«iL-i     (*,i  =  l,  ...,2w;  r  =  l,  ...,m). 

Likewise,  jS  most  transform  the  Abelian  substitution 

Car  ^  C2r  +  ?lr-l 

into  a  substitution  belonging  to  the  QF  [j?**].     Hence  the  products 

*.jr*J^     (*,i=li...,2m;  r  =  l,  ...,m) 

must  belong  to  the  G-F'[jp"].  The  reciprocal  8"^  must  transform  the 
Abelian  group  into  itself.  From  the  above  results,  it  follows  there- 
fore that  the  products 

Sr.«Cr»     «ar-i.«r.ie     («,  <  =  l,...,2m;  r=l,  ...,m) 
must  belong  to  the  QF[p^'\,     Combining  our  results,  every  product 

(5)     «X;.     «,<<     (.-.J,  r=l,....2m) 
must  belong  to  the  OF  [p**]. 

But,  if  P,  y  be  marks  of  the  OF  [p^]  such  that 
^yp"  =  ft  =  mark  of  OFlp'''], 
then,  if  y  :5fc  0,     /SyP^+i  =  iiy,     )8/y  =  mark  of  OF  [p"]. 

Hence,  by  (5),  the  ratios  of  the  coefficients  in  any  row  or  any  column 
of  the  matrix  of  S  must  all  belong  to  the  OF  [p"]. 

S  transforms  the  Abelian  substitution 


into 


Hence  the  sums 


^2r.i'fi,.i  +  ".2.-i«?2r-i    (*, J  =  1,  •  •• , 2m ;  r,«  =  l,...,m) 
d2 
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must  all  belong  to  the  GJP[p"].     In  like  manner,  if  S  transform  each 
of  the  following  three  Abelian  substitations  (in  which  r  ^  «), 

Mr-l  =  «r-l"+-f2»-l»       i2$       =  t2«      ""V/r  ; 
Mr       ^  &r      +f2«»  &«-!  =  Su-l  —  fer-l  > 

Vlr       ^  Mr      +«•-!»       (2$       =  Ca«      — Wr-1 

into  substitutions  belonging  to  the  OFlp'"'],  then  must  the  respective 
sums 


'^ifr-l^jT, 


+  a, 


->Jr-l 


a  a^       -4- a         a^ 


«<lr       "^U      +«.2 


i2r 


/i,j  =  l,  ...,2m\ 
\r,  «  =  1,  ...,  m  / 


belong  to  the  (?^  [p**]-     Combining  our  results,  every  sum 

(6)     a.X''  +  a..aj"     (i,;,  r,  «  =  1,  ...,  2m  ;  r  ^  s) 
belongs  to  the  GF\_p''']. 

Of  the  coefficients  in  the  t^  row  of  the  matrix  of  S,  we  may  suppose 
that  Qir  ^  0,  for  example.  If,  then,  oj^  ^  0,  the  ratios  of  the  coefficients 
in  the  t^  and/**  rows  must  all  belong  to  the  GF^p"*]  [by  the  result 
following  from  (5)].     If,  however,  a,>  =  0,  we  may  suppose  that,  for 

example,  aj,z^O  (s^r).  Then,  by  (6),  the  products  a.^a^^  belong 
to  the  GF[p'''\.  We  have  in  either  case  the  result  that  the  ratios  of 
the  coefficients-  in  the  t**"  and^****  rows  belong  to  the  GF  [p**].  Hence 
the  ratios  of  all  the  coefficients  in  /S^  to  any  one  non- vanishing  co- 
efficient belong  to  the  GF  [p"],  so  that  S  may  be  written 

2m 

(7)     i:  =  a^\,ij     (1  =  1,  ...,2m), 

where  the  X^  belong  to  the  GF^p**]. 

Inversely,  we  readily  verify  that  every  hyper- Abelian  substitution 
of  the  form  (7)  transforms  into  itself  the  Abelian  group  defined  for 

tbe(?^[p-]. 
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3.  Number  of  Sub-groups  of  HA  (2m,  p^)  conjugate  with  the  Simple 
Abelian  Group  A  (2m,  j^). 

The  maximal  invariant  sub-group  of  the  group  of  hyper- Abelian 
substitutions  of  determinant  unity  is  composed  of  the  substitutions* 
[see  (3)], 

(B)     t;  =  ^f.     (t  =  l,  ...,2m). 

The  quotient  group  has  been  denoted  by  HA  (2m,  p^**).  The  writer 
has  shown  (Quarterly  Journal  of  Pure  and  Applied  Mathemxitics, 
pp.  169-178,  1897  ;  ibid.,  1899,  for  the  case  2m  =  4,  p"  =  2")  that 
the  maximal  invariant  sub-group  of  Abelian  substitutions  of  de- 
terminant unity  on  2m  indices  in  the  GF  [i?*]  is  composed  of  the 
substitutions 

(9)     ^.•  =  €f,     (t  =  l,  ...,2m)     [e  =  ±l], 

and  is  consequently  of  order  1  or  2  according  as  p  =  2  or  p.>  2.  We 
denote  the  quotient  group  by  the  symbol  A  (2m,  p**).     The  cases 

(2m  =  2,  p"  =  2),     (2m  =  2,  p**  =  3),     and     (2m  =  4,  p"  =  2) 

are  exceptional.     For  the  last  case  see  §  4. 

If  the  substitution  (8)  belong  to  the  GF^p'^'ji  then  must  «'=  1, 
when  (8)  becomes  identical  with  (9).  It  follows  that  the  quotient 
group  A  (2m,  p"*)  is  a  sub-group  of  the  quotient  group  HA  (2m,  p*"). 

We  now  seek  the  substitutions  of  the  quotient  group  HA  (2m,  p'") 
which  correspond  to  the  hyper- Abelian  substitutions  (7).  The 
latter  have  the  determinant 

a^-— X^  I  =  I. 

Raising  this  to  the  power/?**— 1,  we  must  have 

^i:iii(p--i)_i 

Further,  a  being  a  mark  :jfc  0  of  the  GF  [p*"],  we  have 

(^p--i)r"+i=^"-i==l. 
Hence,  by  (8),  the  hyper- Abelian  substitution  of  determinant  unity 

(10)     (:=.(a^''-')'l     (t  =  l,  ...,2m) 

•  This  result  follows  immediately  from  the  amdogous  theorem  for  the  isomorphic 
hyper-orthogonal  g^up  proven  in  the  Annalen  paper  above  cited.  For  2m  =»  2, 
the  cases  ^  »  ^  and  p**  =  3  are  exceptional. 
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corresponds,  for  every  integer  t,  to  the  identity  in  the  quotient 
group  HA.     Hence  (7)  and  the  product  of  (7)  and  (10),  viz., 

(70     ^=^2A^^,     (*=1,  ...,2m), 

i-i 

where  A  =  «>+'(p"-» 

correspond  to  the  same  substitution  in  the  quotient  group.  Since 
f  (j?"— 1)  and|(^*-|-l)  are  relatively  prime,  we  can,  if  p>2j  de- 
termine an  integer  t  such  that  l-^-t  (p**—l)  shall  be  a  multiple  of 
i  (|?"  +  1).     For  such  a  choice  of  f,  we  have 

80  that  A*  will  belong  to  the  OFlp""],      For  p  =  2,  (i?*— 1)  and 

(^"-1-1)  are  relatively  prime,  so  that  an  integer  t  may  be  found  such 

that 

l  +  f(jp"-l)  =  0     (modjp"-|-l). 

Hence,  will  ^^""^  =  1, 

so  that  the  substitution  (7i)  belongs  to  the  (?jP[p*],  and  is  therefore 
contained  in  A  (2m,  p"). 

Consider,  for  p>2,  the  substitutions  of  the  form  (7i)  in  which  A*, 
but  not  A,  belongs  to  the  OF  [p'*].     Then  will 

(a)     ^^"-^  =  -1. 

If  A^  be  one  solution  of  this  equation,  the  p**— 1  distinct  solutions  in 
the  OF  [/)*"]  are  given  by  fiA^,  if  fi  runs  through  the  marks  :^  0  of 
the  OF  [p"].  Since  the  factor  p  can  be  absorbed  into  the  coefficients 
X^,  we  need  only  consider  the  substitutions  (7i)  in  which  A^  is  a 
definite  solution  of  (a).  If  ?>i  be  even  and  —I  be  a  not-square  in  the 
OF{_p'*'\,  we  can  determine  a  substitution  (8)  such  that  its  product 
^y  C^i)  gives  a  substitution  with  coefficients  belonging  to  the 
(?F[p"].     Indeed,  the  conditions 

(iCi4,)P"-i  =  1,     icP'*+^  =  l,     K^~=l 

combined  with  (a)  require  —  i:^  "^  =  1,  and  therefore  —  1  =  *:*. 
Since  —1  belongs  to  the   OF\_p*'],  it  is  a  square  in  the   OF^p^], 

Our  conditions  can  thus  be  satisfied  if,  and  only  if,  *—- —  be  even 

■■d  m  even.  In  this  case,  every  substitution  of  HA  (2m,  p^)  which 
VBBsfonns  A  (2m,  p**)  into  itself  belongs  to  the  latter  group.     As 
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shown  above,  the  same  I'esult  holds  if  p  =  2.  If,  however,  m  be 
even  and  —1  be  a  square  in  the  GFlp**],  the  n amber  of  substitu- 
tions of  HA  (2m,  p^)  which  transform  A  (2m,  j?*)  into  itself  is  double 
the  order  of  the  latter  group.  Indeed,  (7j)  can  be  expressed  as  the 
product  of  the  Abelian  substitution 


Sm 


Cai-i  —  2  ^-ij$j 


2m 


&    =5^<^'X„,^J 


(Z  =  1,  ...,  m), 


by  the  hyper- Abelian  substitution 

i:,.i=A,$„.u    i'^^A-P'i^     (1=1 m), 

of  det-erminant,  when  m  is  even, 

(^r-''"+^r=(-ir=i. 

I  have  not  completed  the  investigation  for  m  odd.  For  m  =  1,  a 
hyper- Abelian  substitution  of  the  form  (7i)  has  the  determinant  -h  1 
only  if  ^  belongs  to  the  OFlp**],  Indeed,  the  hyper- Abelian  con- 
dition (2),  or  (3),  gives,  for  (7,),  when  m  =  1,* 

If  (7,)  have  determinant  unity. 

Hence  must  A^"*'^  =  1, 

so  that  indeed  A  belongs  to  the  GFlp*"], 

For  the  case  2m  =  4,  2?**  =  2,  above  excluded,  the  determinant  of 
(7)  is  unity  only  when  a*  =  1,  and  hence  a  =  1.  In  this  case  the 
substitutions  (8)  and  (9)  each  reduce  to  the  identical  substitution. 
Hence  every  hyper- Abelian  substitution  transforming  into  itself  the 
Abelian  gi'oup  on  four  indices  modulo  2  must  belong  to  the  latter 
group. 

Finally,  the  oixler  of  A  (2m,  2)")  is  known  {Quarterly  Joumal,  l,c.) 
to  be 

a 
if  a  =  1  or  2  according  as  p  =  2  or  ^> 2. 


*  We  verify  aimilarly  that  every  hyper- Abelian  substitation  of  determinant  unity 

n  two  indices  in  the  6'/'[p"]  mnat  be  an    * "   ""  " " 

0F[^-].    Hence  MA  (2,  j?»»)  =  A  (2,  j^). 


on  two  indices  in  the  OF[p^']  mnat  be  an  Abelian  substitation  belonging  to  the 

_     —  i-)  =  .--    • 
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We  derive  at  once  the  following  theorem : — 

The  number  of  sub-groups  of  HA  (2w,  2**)  conjugate  with  the  AbeUan 
group  on  2m  indices  in  the  QF  [2"]  is 

l_^2»^*«-^>-f  1)2"^*— '^  (2"^*— '^-fl)  2*^'"-*^  ...  (2^-1-1)2*", 

9 
where  g  is  the  greatest  common  divisor  of  m  and  2"-|-l.     For  p>2  and 
m  even,  the  number  of  sub-groups  of  HA  (2m,  j^")  conjugate  with  the 
sub-group  A  (27n,  p*")  is 

92 

where  g  is  the  greatest  common  divisor  of  2m  and  p^+l,  and  where 
5  =  1  or  2  according  as  —1  is  a  not-square  or  a  square  in  the  OF  [p*], 
viz.,  according  as  p**  is  of  the  form  U—l  or  4Z+1.  Forp>2  and  m 
odd,  the  number  of  conjugates  is  given  by  a  similar  formula,  but  it  is  iiot 
determined  whether  the  value  of  q  is  1  or  2, 

For  example,  HA  (4,  2')  has  36  sub-gronps  conjugate  with  the 
quaternary  Abelian  group  modulo  2  of  order  720  [see  also  §  5]. 
HA  (4,  3«)  has  f  (3»+l)  3*=  126  sub-groups  conjugate  with  A  (4,  3). 

4.  Abstract  Form  of  the  Quaternary  Abelian  Group  MoJulo  2. 

Theorem. — The  Abelian  group  on  four  indices  modulo  2  is  simply 
isom^orphic  with  the  symmetric  group  on  six  letters* 

The  symmetric  group  on  six  letters  is  simply  isomorphic  with  the 
abstract  group  defined  by  the  five  generators  B^,  B^,  B^,  B^,  B^  with 
the  generational  relationsf 

(11)  b:=b;=b:=b:=^,=i, 

(12)  (B,B,)»  =  (B.JB,)'  =  {B,B,y  =  (B.B.)'  =  1, 

(13)  (B,B,)'  =  (B,B.)'  =  (B,  B.)'  =  (B,B.)'  =  (B,B.)'  =  (B,B.)'  =  1. 

In  seeking  a  generational  correspondence  between  this  abstract 
group  and  the  Abelian  group  A,j^  on  four  indices  modulo  2,  I  started 


*  This  result  ia  due  to  Jordan,  Traite  det  Substitutions,  No.  335,  who  obtained  it 
by  means  of  the  g^roupe  of  Steiner.  Not  only  ia  my  proof  immediate,  but  also  it 
serres  as  the  basis  of  my  work  below  on  the  HA  (4,  2^). 

t  Moore,  "  Concerning  the  Abstract  Groups  of  Order  k !  and  \Ii !  Holohedrioally 
Isomorphic  with  the  Symmetric  and  the  Alternating  Substitution -Groups  on 
k  letters,*'  Frocetdings  of  the  London  Mathematical  Society,  Vol.  sxvui..  No.  597. 
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with  the  simple  knowledge  that  the  Abelian  substitutions*  L^,  Jr„ 
Ifi,  If,  were  of  period  2  and  satisfied  the  relations 

(£.i,)*  =  WAf.)'  =  (Aif,)'  =  ihM,y  =  1, 

(L,lfO'=(L,Jf,)»  =  l. 

It  was  then  natural  to  seek  an  Abelian  substitution  8  such  that 

(a)     S«  =  l,     (M,S)«=(SM,)«  =  1,     (L,5)«  =  (5L,)»  =  1. 

If  such  a  substitution  S  exists,  then  the  desired  generational  corre- 
spondence would  be  given  by  taking 

Now,  the  most  general  quaternary  linear  substitution  commutative 
with  Af,  and  If,  is  seen  by  inspection  to  be 

^i  f«ii     Til     "if     «if' 
711     «ii     «ij     «if 
«ti    «n     «M    y» 
«4i     °fi     y»     «a- 
The  conditions  that  it  be  Abelian  are  as  follows : — 

ali-rn  =  1»     "L-Ta  =  1»     «ji  (aii-rn)  +«ii  (ya-««)  =  0, 
or,  reducing  modulo  2, 

>ii  =  «ii  +  li     y»  =  o«  +  l»     «ii  =  On- 

The  resulting  substitution  is  of  period  2  (follows  from  a,,  =  0,^).  In 
order  that  Li  8  and  X,  S  shall  be  of  period  3,  we  readily  find  that  a^ 
and  a^  must  be  congruent  to  zero.     Hence 

0    1     1    r 

10     11 

110     1 

U     1     1     0. 


S  = 


We  readily  verify  that  S  satisfies  the  conditions  (a).  Since  the 
Abelian  group  on  four  indices  modulo  2  is  of  order  720,  the  proof  of 
its  isomorphism  with  the  symmetric  group  on  six  letters  is  complete. 


•  In  the  notation  used  by  Jordan,  Traite  d$i  Subsiitutiontj  p.  174. 
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Using  Moore's  Theorem  A',  we  obtain  a  second  abstract  definition 
of  the  Abelian  group  -4^,  viz.,  by  setting 

ri    0    0    1 


5,  /^  ir„     G^M^L^SL^  3fi  = 


1 
1 

u 


10    0 
1     1    0 

1  1  \) 


The  generational  relations 

Bj=l,     C»=l,     (5,C)»=1, 
(B,0''B,Gy  =  (B,C*B,0'y  =  (B.CB.Cy  =  1 
are  readily  seen  to  be  satisfied.     Indeed,  we  have 


C- 


fO    1     1    0^ 
0    10     1 
10    11 
0    1    0    OJ 


C/-1. 


B.CB.C* ^  SM,,    B.G^B.C^M.L,,    B,G''B,0  ^  M,L,, 

(B.cy^i. 


5,  Abstract    Form  of  the    Quaternary    Hyper- Ahelian  Group    in    the 
OF  [2*]  and  of  the  Senary  Second  Hypo-Aheltan  Group. 

TuEORKM. — The  simple  groups  HA  (4,  2*)  aiid  SH  (6,  2)  are  simply 
isomorphic  unth  the  abstract  groups  H  of  order  25920  generated  by  the 
operators  l/„  ^„  Bg,  B^y  B^^  and  B,  satisfying  the  generational  relations 
(11),  (12),  (13)  together  with 

(14)  ]?  =  1,  BB,  =  B,B,  BB,  =  B, B,   BB,  =  B^B,   BB^  =  B^B ; 

(15)  .      (BB,r  =  B,B,; 

(16)  B  (B,B,B,B,B,yB  =  (B,B,B,B,B,y ; 

(17)  (B,B,B,B,B,)(B-'B,B)iB,B,B,B,B,XB-'B,B)  =  B,. 

Consider  the  rectangular  array  of  the  operators  of  H,  the  first  line 
comprising  the  720  operators  of  the  abstract  sub-group  A  ^  Aj^,  It 
will  bo  shown  that  the  thirty-six  right-hand  multipliers  necessary  to 
the  formation  of  this  array  are  those  exhibited  in  the  following 
scheme.     Giving  to  the  j^  line  the  notation  Gj,  for  ^'  =  1,  2,  ...,  36, 
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wo  will  prove  that  the  operators   of  H  are  given  uniquely  in  the 
following  table : — 

Oj  =A,    0^  =  AB,     0^  =  AB',     O^^ABB,,     0^  =  ABB^B^, 
Oe  =  ABB^B^B^,  Oj  =  ABB^B^,  0^  =  ABB^B^B^, 

Og  =  ABB^B^B^,  Ojo  =  ABB^B^B^B^,     0„  =  ABB^B^B^B^, 

Oi,  =  ABB^B^B^B^B^,     0„  =  AB^B^,  0^  =  AB^B^B^, 

Oj,  =  AB'B^B^B,,  0„  =  AB^B^B^,  0,y  =  AffB^B^B^, 

Ojg  =  AB^B^B^ B, 2?„    0,0  =  AB^B^B^B^B^B^, 
0„  =  ^B«B,B,  0»  =  AB'B^BBt, 

On  =  AB'B,BB,B,,     0„  =  ABl'B^BB^B^B,, 
0^=  AB'B.BB.B,, 

Oy^  =  AB^B^BB^B^B^, 


0,1  =  ABrB^B^B^B^^ 

0^^  AffB^BB^B^, 

0„  =  ^B*B,BB„ 

0»  =  AB^B^BB^B^B^B^, 

0,x  =  JB»B,BJB,B^JB„ 

0„  =  ABB^BB^B^B^B^, 

0„  =  AB^B^BB^B^B^BiBt, 


0„  =  AB^B^BB^B^B^B^, 
0^  =  AB^B^BB^B^B^B^B^, 
O36  =  AB^B^BB^B^B^B^B^B^, 


In  order  to  prove  that  the  lines  Oj,  ...,  0^  of  our  table  are  merely 
permuted  on  applying  as  a  right-hand  multiplier  any  operator  of 
the  ^oup  H,  we  note  several  relations  following  from  the  genera- 
tional relations  (11)-(17).     From  (15),  we  have 

BB3B  =  BiBjBjB^B,,     B«B,B»  =  B,BbB,BB,. 

Hence  ^BB,B  =  AB^B^,    AB'B^B*  =  ABB^. 

Similarly,  AB^Bj,  BB^  =  AB^B^  B, 

O^B^  =  AB'B^BB^B^B, .  B^B^B^  =  AB^B.BB^ .  B.B^B,  .B,B^  =  0„, 

since  the  first  B^  may  be  carried  to  the  left  and  merged  into  A. 
From  (11)-(14)  with  (17)  it  follows  that 

(18)     AE'Bj.BB^B.B^  =  AB^B^BB^ 

From  (16),  using  (11)-(14),  it  follows  that 

(19)     AB^B^B^B^B^  =  ABB^B^B^B,  B,. 

Indeed,  the  condition  for  (19)  is  that 

B'B^B^B^B^.  B^B^B^B^B^B" 
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shall  belong  to  A.     Bat,  by  (16), 

BUB,B,B,B,B,yB'  =  B,B^(B'B^B^B^B^B^B,B^B^B^B^)B,B^B^B^ 

belongs  to  A, 

We  next  verify  that  O^B  =  0„.     Indeed,  applying  (15), 

OnB  =  AB'B^B^B^ .  B^B^B^B'B^  =  ABB^  B^B^JPB^ 

=  ABB^B'B.B^B^  =  AB'B^BB^B.B^  =  0,i, 

where  the  second  equality  follows  by  using  (19).     It  follows  that 

OjB  =  0,     {j  =  31,  32,  33,  34,  35,  36). 

We  may  now  verify  by  inspection  of  our  table  that  B  applied  as  a 
right-hand  multiplier  interchanges  the  lines  Oj,  ...,  0^  according  to 
the  substitution 

[-B] :        {0,0,0,){0,0,,0„){0,0,,0„)(0,0^0^{0,0y,0„) 

(0, 0„  0«)  (0,0„  0„)  (0„  0„  0  J  (0„  0„  0„)  (0,,  0„  OJ . 

If  we  note  that  the  operator,  belonging  to  A, 

P^{B,B,B,B,B,y 

corresponds  in  the  group  Aj^  to  the  Abelian  substitution  P„  which 
transforms  Jfj,  L^,  S,  X,,  M^  into  respectively  Jf„  Lj,  5,  Li,  lf„  we 
find  that  P  transforms  [see  (16)]  Pj,  Bj,  P„  J?^,  Bj,  P  into  respect- 
ively P5,  ^4,  B3,  B„  Bj,  B*.     Hence,  by  transforming  relation  (18)  by 

P,  we  find,  since 

ABB^B*  =  AB'B^B, 

(20)    AVB^BB^B^B^^  AB'B^BB^. 

The  condition  that  0^^,  =  O^  is  that  ^  shall  contain 
B'B^BB.B.B^B^  {B,B^B,B^  B,)  B^B^B^ffB.B 

=  B'B^BB^B^  (B,B,BsB,B,)  B^B^B^B 
=  B'Bj^BB^B^B^.B^B'B^B. 

But,  by  (20),  the  latter  product  belongs  to  A,  Since  the  second  pro- 
duct belongs  to  A,  we  have  at  once 

0„B,  =  0„. 

Transforming  this  i-esult  by  P,  we  find 

Hence  O^B^  =  0„B,  =  0,5. 
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It  follows  without  further  calculation  or  device  that  5„  B^,  JB„  B^, 
B^  give  rise  to  the  following  substitutions  on  the  Oj,  when  applied  as 
right-hand  multipliers : — 

W] :    {OM{0,OJ{0,,0^){OuO^){0„0„){0^0^){O^OJ{0^0^) 

{O^OJ{0„OJ(0„0^){0„0^), 

[^,]:     (0«0.)(0,0,)(0.0,.)CO„OJ(0..0„)(0„0„)(0»0„)(0„0,) 

(OmO«)(0„  0„){0„Ou){OuO^), 

[BJ:     {OM{0^0„KO,On){0^0^){0,,  0^){0,,0„){0„0u){0^0^) 

{0„0»){0^0„){0»0^){0„0J, 

IB,-] :    {0,0,){0,0,){0,0,,){0,,0„)  (0,.0,.)(0,.0„)(0„0„)(0„0,) 

ra :    (0,0,)(0,0„)(0..0„)(0„0„)(0„0„)(0„0„)(0«0J 

(0,0«)(0^0«)(0„0„)(0„0J(0«0„). 

Each  of  the  five  substitutions  [Bj]  is  the  product  of  twelve  permuta- 
tions, and  thus  leaves  twelve  letters  fixed. 

It  follows  that  the  substitution-group  [H]  on  thirty-six  letters, 
generated  by  the  substitutions  [5]  and  [B,]  0  =  ^»  •••»  5),  is  iso- 
morphic with  the  absti»act  group  H^.  As  a  check  upon  the  calcula- 
tions, we  readily  verify  that 

[*,]  [B]  [B,]  =  [B],     [B,]  [B][B.]  =  [B],    [B,][B.]  [B,]  =  [B,l 

[B.][B.][B,]  =  [B.][B,][B.],  Ac. 

It  may  be  shown  in  several  ways  that  the  order  of  H  is 

36.720  =  26920. 

It  follows  at  once  from  the  above  investigation  that  its  order  does 
not  exceed  36  times  the  order  of  A,  which  is  720.  We  proceed  to 
pi-ove  that  the  order  of  H  is  at  least  36 .  720.  We  obtain  a  set  of  sub- 
stitutions belonging  to  HA  (4,  2*)  which  satisfy  the  generating 
relations  (Il)-(17)  by  setting  Bj,  5„  B^^B^,  B^,  B  into  correspond- 
ence with  lf„  Xi,  S,  X,,  M„  I  respectively,  where  I  denotes  the 
substitution 
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I  being  a  root  of  the  congmence  irredacible  modulo  2, 

I*  =1+1     (mod  2). 

Then  I  is  of  period  3  and  satisfies  the  relations  corresponding  to 
(14)-(17).     Indeed,  lis  commutative  with  3f„  L^^  L„  lf„  while 

Since  P  ==  {B^  B^  B^B^  B J« 

corresponds  to      {MiMiSL^L^)*  =  P,|  =  (fi^j)(*7i1j)» 
we  verify,  by  inspection,  that 

(16.)    JP„I=P». 
By  actual  calculation,  we  find 

(170     (M,L,8MM{r8I){M,L,8M,L,XPSI)  =  M,. 

It  would  remain  to  prove  that  M^,  L„  S,  X,,  M^,  I  generate  HA  (4, 2*) 
of  order  25920.  This  follows  from  the  fact  that  the  substitutions  in 
the  rectangular  array  corresponding  to  the  above  {Oi,  0„  ...,  0,^}  are 
all  distinct.*  We  give  here  another  method,  which  will  prove  the 
order  of  H  to  be  equal  that  of  SH  (6,  2)  and  therefore  25920. 

We  next  determine  a  set  of  generators  of  SH  (6,  2)  which  satisfy 
the  generational  relations  (11)-(17).  By  means  of  the  writer's 
theoryt  of  the  second  compound  of  a  given  linear  group,  we  may  set 
up  a  simple  isomorphism  between  the  Abelian  group  ^710  and  the 
sub-group  Lj^  of  SH  (6, 2),  which  sub-group  is  defined  by  the 
invariants 

To  the  general  substitution  of  Aj^, 


(21) 


'a„     Oij     Oi,     aj4' 


Ka^     04,     a^     a^ 


•  In  my  earlier  work,  I  verified  this  result  directly,  using  two  (unpublished) 
general  lemmas  and  making  use  of  the  separation  of  the  thirty-six  Oys  into  the 
five  sets  given  in  the  table  of  §  6. 

f  BuMin  of  the  Afnerican  Mathetnatieal  Society,  December,  1898;  FroeeedingB  of 
fJW  landfrn  Mathematical  Society,  Vol.  xxx.,  pp.  70-98,  1899. 
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there  corresponds  the  following  substitution  of  Lj^ 
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^U    "if 

» 

On  "^t,. 

,        ...) 

«H    «14 

«Sl    «« 

"fi  «» 

««    «f4 

«11  «1J 

f 

"11  flu 

J        ...J 

«H    «M 

Ofl    «« 

"81    "» 

««    ^U 

«•!    «« 

> 

«•!    «»8 

»        •••» 

"«   «I4 

«4l    0« 

«41    048 

«a    «44 

yi 

bnilt  by  the  rule  for  forming  the  second  compound  of  the  deter- 
minant of  the  fourth  order  |  a,^  |  .     In  particular,  to 

-M",,  Zfj,  S,  X„  If,,  P„, 

correspond  in  the  second  compound  the  following  substitutions  : — 

ri    1  1  1  1  0^ 
11110  1 
1110  11 
110  111 
10  1111 

0  1   1   1   1  i; 


where 


2^"» 


Vt 
Vi 


Letting  the  first  five  substitutions  (6)  correspond  to  P„  P,,  P„  P^,  Pj, 
respectively,  it  follows  that  the  relations  corresponding  to  (11),  (12), 
(13)  are  satisfied  by  the  substitutions  (6).  Now,  the  hypo-Abelian 
substitution  Xj  Af}  is  commutative  with  P^^f^M^,  N^,  Q,,,  and  P„ 
(since  it  afEects  only  «,,  y,,  which  are  not  altered  by  the  latter  four 
substitutions).     Further, 

iL,M,y  =  1,     (//ilf,2)»  =  Mj3f„     L^M, .  M,M^  ,L^M,=:  M.M^ 

Hence,  if  we  let  2/i3f,  '^  P,  the  relations  coiTesponding  to  (14),  (15), 
(16)  will  be  satisfied.  The  relation  cori'esponding  to  (17)  may  be 
written 

(17,)     (JM, AS L,M,)  F  =  IT (3f,L,  S  L,M,), 
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wliere  V  and  W  are  the  second  compounds  of  the  substitutions 

It  is  easily  shown  that 


respectively. 

1 

0 
0 
1 

1 
10 


F  = 


1 

0 

1 
1 
1 

1 


0 
0 
0 

1 
1 

i; 


w= 


a 

0 

0 

1 

1 

°1 

1 

1 

0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

.0 

0 

0 

1 

1 

ij 

The  relation  (17,)  is  then  readily  verified.  It  follows  that  8B:{6,  2) 
is  isomorphic  with  the  abstract  group  H.  We  readily  verify,  indeed, 
that  the  substitutions  (6)  together  with  L^M^  generate  the  group 
8H(6,  2).  To  the  substitution  Nj^  of  A^^  corresponds  the  substitu- 
tion N^Qn  of  X^.  Hence  N^^Qn  can  be  derived  from  the  substitu- 
tions (6).  It  is  transformed  into  QuBu  by  M^My  We  therefore 
reach  the  substitution 

But*  the  substitutions  Af,lf„  N„,  Q^,  I^iM^^  ^i^j»  ^  generate  the 
second  hypo-Abelian  group  SH{6,  2). 

Nofe. — By  §  4,  the  abstract  group  A  is  generated  by  the  two 
operators  Bi  and  0  =  B^B^B^B^B^,  We  may  verify  that  the  corre- 
sponding substitution  [0]  =  [B^[_B^J_B^JB^[_B;]  has  the  form 

[C]  :     (0.0e0i,0,0„0a)(0,0io0,,0,o0u0„)(050„0„0„0,0„) 

A  further  check  is  obtained  by  forming  the  product  [-B|][(7] : 
(0,OeO„OuO,)(0,0„0„0,0,,)(0,0,oO,s070„)(0,0„0«0»,0„) 

Tlie  latter  is  of  period  5  while  [C]  is  of  period  6. 


•  "The  Structure  of  the  Hypo-AbeUan   Groups,"  Bulletin  of  the   American 
tkal  Society,  July,  1898.     See,  m  particular,  §}  10,  II. 
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6.  The  Operators  of  HA  (4,  2')  of  Period  2. 

The  quatemarj  Abelian  group  modulo  2  may  (by  §  4)  be  put  into 
simple  isomorphism  with  the  symmetric  group  on  six  letters  by  the 
following  correspondence  of  generators : — 

-(12),     (23),     (34),     (45), 


(56). 


Within  the  symmetric  group,  every  substitution  of  period  2  is  the 
conjugate  of  either  (12),  (12)(34),  or  (12) (34) (56).  Hence,  within 
the  Abelian  group,  every  substitution  of  period  2  is  conjugate  with 
either  M^,  M^S,  or  M^M^S,  The  latter  three  substitutions  have 
each  the  characteristic  determinant  (p-fl)*,  but  are  not  conjugate 
within  the  Abelian  group.  The  latter  two  are,  however,  conjugate 
within  the  hyper- Abelian  group  HA  (4,  2*).     Indeed, 

fl     0    0    01 


0     1     X    X 
X«   0     1     0 

\*  0  0  i; 


[X«  =  X-|-l(mod2)] 


belongs  to  HA  (4,  2*)  and  transforms  M^S  into  MiM^S,  But  there 
exists  no  qaatemary  linear  substitution  belonging  to  the  (?^[2*] 
which  transforms  Ifj  into  M^  8,     Indeed,  if  such  a  substitution  be 


•hi 

rii 

«u 

ru 

(22)     T  =  - 

A. 

8.. 

A. 

8« 

■  P« 

»« 

Pn 

u 

the  conditions  for  the  identity  Jfj  T  =  TM^  S  are  seen  to  be  as  follows : — 

««  =  Ptii    y»  =  ^jft    <hj  =  Aj»    yif  =  ^\v 

an +  711  =  Ai  +  ^ii  =  «fi+/5ji  =  r«  +  ^ii» 
au+ZJii  =  711  + ^11  =  «n  +  ^n  =  781  + Ai- 
The  determinant  of  T  would  then  be  zero,  as  seen  immediately  upon 
adding  the  first  to  the  second  row  and  the  third  to  the  fourth  row. 

Theorem.  —  Within  the  siTnple  group  HA  (4,  2*)  the  operators  of 
period  2  fall  into  two  distinct  sets  of  conjiigates,  45  operators  being  con- 
jugate  with  If},  and  270  with  M^  8. 

VOL.  xm. — ^NO.  682.  e 
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From  the  form  (see  §  1)  of  the  reciprocal  of  the  general  substitution 
S  of  HA  (4,  2*)  it  follows  by  inspection  that  every  such  substitution 
of  period  2  has  the  form 


(23) 


«ii    yii    «if    711 

11   Af    ^ij 


A, 


where  yj,,  /3„,  y„,  i3„  are  integers  modulo  2.     The  coefficients  of  (23) 
are  also  subject  to  the  hyper- Abelian  conditions  (2)  or  (3). 

By  §  5,  the  36 .  720  substitutions  of  HA  (4,  2*)  are  given  uniquely 
by  the  following  table,  where  A  denotes  the  quaternary  Abelian 
group  modulo  2  having  the  order  720 : — 

(3.720)  AP  (^  =  0,1,2), 

(18 .  720)  AFSLlM^LlM^     (t  =  1,  2 ;  a,  6,  a,  /J  =  0,  1), 

(9 .  720)  APSILlM^L'.Mt"        (c,  d,  y,  B  =  0,  1), 

(4.720)  Ar8IL,L,SM[Ml         (r,«  =  0, 1), 

(2.720)  ArSIL,L,8M,L,Ml    (<r  =  0,  1). 

Since  S,  A,  -3fj,  J&„  If,  belong  to  -4,  and  since  P„  transforms  AP 
into  Alf  it  follows  that  every  substitution  of  HA  (4,  2')  is  conjugate 
within  the  latter  with  some  substitution  of  the  form  A^  I  or  A'PSL 
If  a  substitution  A^I  have  the  period  2,  it  is  readily  shown  that 


IAJ=:Ar'  =  A,= 


a5-/3y  =  1     (mod  2). 

vra  six  substitutions  of  the  type  Ai,  each  conjugate  with  i\,. 
by  transforming  ^^  by  1,  lf|,  M^,  or  M^M^,  we  can  take  a  =  1. 


:it^NK<i»  <lMn 


/3  =  y  =  1     (mod  2). 
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Tiansforming  by  If, LJ,,,  we  reacli 

•0010 

0    0    0     1 

10    0    0 

10    1    0    0 


=  P„. 


If  ^  =  1,  then  it5y  =  0.  Transforming  by  Ifjlf,  if  necessary,  we  can 
suppose  y  =  0.  Transforming  by  ij,i,  if  /3  =  1,  we  can  make  p  =  0. 
The  resulting  substitution  is  P,,.  But  P,j  corresponds*  to  (16)(25)(34). 
Hence  every  substituiion  A  is  conjugate  with  M^M^Sj  and  therefore 
with  Af,S. 

It  follows  that  there  are  20 . 6  substitutions  of  period  2  falling 
under  the  types 

AF,     ^rSXJifr^i^*     (r  =  1,  2;  a,  6,  a,  /?  =  0,  1), 
all  being  conjugate  with  M^  S. 

Of  the  substitutions  of  period  2  of  type  A,  15  are  conjugate  with 
Ml  and  60  with  3f,  S,  Indeed,  there  are  16  distinct  substitutions  on 
six  letters  of  the  type  {ah),  3 .  15  of  the  type  (ah){cd),  and  15  of  the 
type  (ab)(cd){ef). 

Taking  as  A'  the  general  substitution  (22),  with  coefficients  integers 
modulo  2,  we  iind  for  the  product  A'PSI  the  expression 

^/in+J^K+iSsi),    ^n+^(y,i+^«),    i3i,+l'(°«+)8„),    ^«+r(r„+a«) 

|/3„-hI(a,,+/3„),     ^„  +  I  (rii  +  ^n),     /3a  + 1  (ax,  +  A,),     ^a  +  I  (y„  +  ^,) 
,«fi+I(au+Ai)»     ynt-I  (yii  +  ^n),     a„  +  I  (a„  +  /3j5),     yn  +  I   (yi,  +  ^ii)J 
If  it  be  of  period  2,  it  must  have  the  form  (23).     Hence,  modulo  2, 
yn^^n.     «ji  =  ^n.     «w  = /^ii.    yu  =  ^j»     yii  =  Ai,     y«  =  /3«, 
"n+Ai  =  y«  +  ^ff  =  yii  +  ^ii  =  a«  +  /3a, 

«n  =  «iji   Ai  =  yij»    yfi  =  Af»    *ji  =  ^ij- 


*  Thin  foUowR  from  the  identity 

or  directly  from  the  fact  that  F^  =  (liliX^i^s)  transforms  IT],  Zi,  8  into  If,,  Z,.  ^S 
xespeotiydy.  Indeed,  the  letter  oonmion  to  (12)  and  (23)  must  be  transformed  into 
the  letter  common  to  (45)  and  (56).    Hence  P^  ^  (25)(16)(34). 

s  2 
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Expressing  the  fact  that  the  resulting  substitution  A'  shall  be  Abelian, 
we  find  a  single  new  condition, 

°ii  +  >n  — ^   ^^     yii  =  ai!  +  l     (mod  2). 
Hence  A  takes  the  form 

ttu  +  l     «ii  «u 


(24) 


an  +  1 


a«  +  l 


a«+l 


which  has  determinant  unitj  and  satisfies  all  Abelian  conditions. 
It  follows  that  APSI  has  the  form 

r«ii  +  l     «ii  °»+^     "1S  +  -P1 

Transforming  by  L^  \  L^^  \  we  obtain  the  substitution 
10        0  0^ 

an  1     a.^^'P     0 

0  0         10 

,ajj4-I      0         a„  1- 

If  Qj,  =  1,  we  transform  by    the  substitution  I;    if  a„  =  0,  we 
transform  by  P,     In  either  case  the  resulting  substitution 

r  1  0    0    01 

a„  1     1     0 

0  0     10 

11  0   a„    1- 


5  = 


belongs  to  the  Abelian  group  -4,  and  is  therefore  conjugate  with  M^ 
or  with  Ifi  S. 

If  a^  =  o^  =  0,  we  find  that 

and    is   therefora    conjugate    with    8M^M^    and    hence    conjugate 
with  M^B. 
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By  transforming  B  by  Pi„  the  coefficients  04,  and  Ou  are  inter- 
changed. It  remains  therefore  to  consider  the  case  a^  =  1.  The 
transformed  of  B  by  the  Abelian  substitution 

ri    0       0       0^ 

110        0 

0    0        10 
10    0    a„-fl     1- 


gives  the  substitution 


For  C4,  =  1,  this  equals  M^LiMi,  which  is  conjugate  with  Lj,  and 
hence  with  M^.  If  €4,  =  0,  it  becomes  MiL^MiM^L^M^,  which  is  con- 
j agate  with  L^L^,  and  therefore  with  M^S.  Combining  our  results, 
B  is  conjugate  with  M^  or  with  M^  8  according  as  the  product  Ou  .  o,, 
is  congruent  to  1  or  0  (mod  2)  respectively.  Hence  the  substitutions 
of  period  2  in  the  last  three  types  in  our  table  are  of  two  classes,  the 
number  of  them  conjugate  with  M^  being  15 . 2,  and  the  number 
conjugate  with  M^S  being  15  .  6. 

7.  FuHher  Theorems  on  the  HA  (4,  2')  and  8H  (6,  2). 

Theorem. — The  number  of  suh-growps  of  8H  (6,  2)  conjugate  with  the 
sub-group  /SB"  (4,  2)  leaving  invariant  «i  +  yi-»-»iyi+*iyt  i^  216. 

I  reach  this  theorem  by  proving  that  every  substitution  of 
8H  (6,  2)  which  transforms  the  group  8H  (4,  2)  into  itself  is  of  the 
form  S  or  SJfilfj,  where  8  belongs  to  SH  (4,  2).  Hence  the  number 
of  conjugates  with  the  latter  within  8H  (6,  2)  is 

25920/120  =  216. 

Indeed,  /SJ3"(4,  2)  is  simply  isomorphic  with  the  simple  group  of 
order  60,  the  statement  of  Jordan  (Traite  des  Substitutions,  §  291) 
being  incorrect.* 

Theorem. — There  are  exactly  216  sub-groups  of  HA  (4,  2')  conjugate 
with  the  simple  sub-group  of  order  60  composed  of  all  the  substitutions  of 
H4(4,  2«)  of  the  farm 


*  Diokson,    **  The  Strootore    of  the  Hypo-Abelian  Gronps,**  Bulletin  of  the 
American  Mathematical  Society,  pp.  496-510,  1898. 
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I  obtain  this  result  by  proving  that  every  hyper- Abelian  snbstitn- 
tion  of  determinant  unity  on  four  indices  in  the  (tF[|?"]  which 
transforms  the  G^  into  itself  is  of  the  form  g  or  g  (ii(%)iit(4)i  where 
g  belongs  to  0^ 

I  have  establbhed  an  analogous  theorem  for  the  group  HA  (4,p*}. 

We  next  consider  certain  properties  of  the  Abelian  group  -4  (4,  3), 
which  will  enable  us  to  prove  it  isomorphic  with  HA  (4,  2*). 


8.  Tlie  0j>erator8  of  A  (4,  p*")  of  Period  2. 

Theorem. — Within  the  simple  Abelian  group  A  (4, 3)  the  operators  of 
period  2  fall  into  two  distinct  sets  of  conjugate  operators,  the  one  repre- 
sented  by  P^  and  the  other  by  M^M^. 

The  Abelian  group  on  four  indices  in  the  (?F[jj"],  ;?>2,  has  as 
maximal  invariant  sub-group  the  group  of  order  2  generated  by  the 
substitution 

G  :     ^  =  —  fi»     'Ji  =  — '?!,     ^2  =  ""  &>     'h  =  ""  If 

Hence,  to  obtain  the  simple  quotient  group  A  (4,^"),  we  have  merely 
to  consider  the  products  SC  ^  CS  to  be  identical  with  8. 

In  order  that  the  substitution  of  A  (4,  p*) 


1.2 


'f;  =  =t2  (a^^i+yand 


S: 


J 


(t=l,2) 


shall  be  of  period  2,  it  is  necessary  and  sufficient  that 

Oil      — /^n         «« 


«4i  Til  Oil  yij 

fin  ^11  fiu  *ii 

«si  >«  «»  yii 

^fin  ^n  fin  ^«- 


h  =  ±  1 


^11     —  rn 
-Ax 


(1)  Taking  first  the  plus  sign,  we  have 

0  a„     ^j,     ^„ 

8ii     —  yij    Ofi    0 


fif  =  ± 


^— A» 


oij 
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The  conditions  that  8  shall  be  Abelian  are  the  following : — 
Oii  +  Oi,^,,— ^„y„  =  1,     Ojj-f  a„^i,-^„yi,  =  1, 

ttif  (oii  +  oa)  =  yif  (flhi  +  Oit)  =  Af  («!!  +  a»)  =  *if  («u  +  c4,)  =  0. 
Hence  must  On  +  ajj  =  0;  for,  otherwise, 

<hi  =  yif  =  Ai  =  ^ij  =  0,     0,1  =  a„  =  ±  1, 
when  8  would  be  the  identity  in  the  group  A  (4,  p*).     Hence,  in  the 
case  under  consideration,  8  has  the  form 


(25)      ±  - 


[aJi  +  a„^j,— ft,y„=l]. 


0  ^11  Aj  ^u 

^ij     —yif      —an         0 

If  the  coefficients  04,,  y,„  jS,,,  ^j,  are  all  zero,  8  becomes 
^1,-1  '     ii  =  —fn     Hi  =  — 'Ju     iJ  =  61     ^  =  *?r 

In  the  contrary  case,  we  may  suppose  Oj,  z^  0.  Indeed,  if  a,,  s  0, 
yj,  :^  0,  we  transform  S  by  If, ;  if  jS„  ^fc  0,  we  transform  Shy  Mi]  if 
^,,^0,  we  transform  by  M^M^,  If  we  transform  8  (in  which  now 
a,|  9^:  0)  by  L^  xi  ^e  obtain  a  substitution  8'  of  period  2  which 
replaces  f ,  by 

anfi  +  aijf»+  (yij— ^it)  ^f 

Hence,  if  y,,  ^  0,  we  can  choose  X  to  make  the  coefficient  of  i;,  vanish. 
Transforming  8^  (in  which  now  y„  =  0,  a„  ^  0)  by  Li,^,  we  reach  a 
substitution  iS"  which  replaces  f j  and  1;  by  respectively 

By  choice  of  p  we  can  make  the  coefficient  of  f,  vanish.  Transforming 
S"  (in  which  y,,  =  /J„  =  0,  a,,  ijfc  0)  by  Qi,  2,  „  we  obtain  a  substitution 
8"  replacing  f  ,  and  17,  by  respectively 

(«4i  +  <^^w)  fi+  (aif-2<ra,i-cr*a„)  f„      (a,i  +  <r?i,)  171  +  ^1,17,. 

If  3„  :^  0,  we  can  make  the  coefficients  of  f  j  and  17,  vanish,  when 

[0    0   a,,   0  ^ 

0    0    0   ^1, 


8'"  =  ±  ^ 


^,,  0    0    0 
I  0  oj,  0    0  J 


[a„«„  =  1]. 
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Transforming  8"  by  T,,  a„,  we  obtain 

-P»=«,«(i,.I,). 

K,  however,  Sj,  =  0  in  fiT',  we  transform  it  by  If,  if,  and  reach  a  sub- 
stitution of  the  same  form  as  S",  but  having  B^z^O,  Prom  it  we 
obtain  Pj,  as  before. 

We  readily  determine  an  Abelian   substitution  which  transforms 
Pj]  into  Ti^  .1.     In  fact,  the  most  general  one  is 

fhi     yii     -Oil     — yi/ 

Ai    ^11    —  Ai    —^11 
«si    yji       «ii       yti 

subject  only  to  the  two  conditions 

2  (oii^u-Aiyn)  =1,2  (a,ia„-^„y„)  =  1. 
(2)  Taking  next  the  minus  sign,  we  have 

Oil         yu     <ht         yiil 


:^± 


•-u         yi2      <*a 
object  to  the  Abelian  conditions. 


y« 


Then 


(2|)  Suppose  first  that  a,,,  y,,,  /S,,,  8,,  are  all  zero. 

-<»Ji-/3iiyii=  1. 

Baiiii liii^  our  investigation  henceforth  to  the  case  in  which  —1  is  a 
ipar^  in  the  OF  [p**],  it  follows  that  /3„  y,,  ijfc  0.  Transforming  8  by 
L^  we  i^ach  a  substitution  iS,  replacing  rj^  by 

^oe fi^^O,  we  can  make  the  coefficient  of  r)^  vanish.     Transform- 
r|^|pf  X^,  we  can  make  04,  vanish  in  the  resulting  substitution 

[0  -(^u  0  0 

/3„       0  0  0 

0         0  0  -/32 

0         0  /3„  0 


==:i: 
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For  the  case  p"  =  3,  we  have,  taking  /3i,  =  —  1, 

8^=zM^M^    or    IfiJfjTj,.!. 
But  If,  transforms  Jfjlf,  into  -MiJfjTj,  .i. 

(2,)  Suppose  next  that  a^,,  y^,,  /3„,  S^  are  not  all  zero.  As  in 
case  (1)  we  may  suppose  that  C4,  ^fc  0,  /Bj,  =  yi,  =  0.  The  Abelian 
conditions  then  give  a„  (a,i  +  a„)  =  0.     Hence  8  has  the  form 


(26)     ± 


|3„ 


0       - 


Suppose  first  that  /?„,  y^^,  |3„,  y^  are  all  zero.  If  also  a,,  =  0, 
(26)  becomes  S'"  of  case  (1).  If  Ojji^t  0,  wehave  «4,3„=  —  1.  Taking 
o„  =  +1,  and  transforming  by  Ti,^,,  we  obtain  tbe  substitution 


Z=  ±  -f 


II 
0 


0 
-1 


1      01 
0  -1 


1      0-1     of 
.0  -1      0      iJ 


But  the  foUovring  substitution  of  A  (4,  3), 

0  -I       1       1 

1  0-1-1 
1-11      0 

-110      1 


transforms  X  into  3f,  Jf,. 

If,  however,  j8jj,  y,,,  fi„,  y^  do  not  all  vanish,  we  can  take  ^„  ^t  0. 
Indeed,  if  ft,  =  0,  y,,  gfc  0,  we  transform  (26)  by  Af, ;  if  /3^  ^  0,  we 
transform  (26)  by  P„ ;  if  Yn  ^  0,  we  transform  by  Pi,lf,.  Trans- 
forming (26),  in  which  now  j3„  :^  0,  by  Ii|,x,  we  obtain  a  substitution 
which  replaces  ij,  by 
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If  Oji  ^fc  0,  we  can  make  the  coefficient  of  17,  vanish.  Transforming 
the  resulting  substitution  by  -L,,^*  we  can  make  a„  ^fc  0,  yi,  =  0.  We 
now  have  a  substitution  of  the  form  (26)  in  which  On  =  0,  (in  ^  0, 
Qj,  9&  0.     By  one  of  the  Abelian  conditions, 

Hence  S^z^O.  Taking  ai,  =  l,  8„=±1  (mod  3),  the  Abelian 
conditions  give 

yff:i=y„  =  0,     /3„=fc/3„  =  0,     -Ajy„±l  =  -/3„y„±l  =  l, 

where  the  upper  signs  hold  simultaneously  and  likewise  the  lower. 

Suppose  first  that  ^j,  =  —  1,  so  that 

Ai  =  y„=^„  =  y„=±l     (mod  3). 

Transforming  by  Tj^  ±1,  we  have  also  a,,  =  rfc  1,  Su  =  =F  1.     Hence 
(26)  takes  the  form 

fO       1       1      Oi>i 

10      0-1 

10      0      1 

10  -1       1      0 

which  is  transformed  into  M^M^  by  the  Abelian  substitution  JB,,,,  -i- 

Suppose,  however,  that  ^„  =  -f- 1,  so  that  /3,j  yu  =  0.     Then  y„  =  0, 
/3n  =  ±1.      Transforming  by  lfilf,r2,  ±i»  ^®  obtain  the  substitution 


•Oil 

0] 

±  ■ 

0      T       0      1 
-I       0      0-1 
.0-1      0      0. 

"  > 

which  is  transformed  into  ifjif,  bj  the  Abelian  sabstitution 

1110 

1-1-1      0 

0      0      10 

* 

,10      0      1. 
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P 

=Fl 

0 

0 


P 
0 
0 


=  (P'  +  I)'. 


Finally,  Pj,  and  MiM^  are  not  conjugate  within  A  (4,  3).  Indeed, 
the  characteristic  determinant  of  MiM^  is 

±10  0 

0  0 

P  ±1 

=Fl  P 

while  that  of  P„  is  (p'- 1)*. 

We  have  therefore  proven  that  an  operator  of  A  (4,  3)  is  conjugate 
with  Pj,  if,  and  only  if,  it  be  of  the  form  (25).  The  number  of  these 
operators  is  45.     Indeed,  by  setting 

the  single  condition  upon  the  coefficients  of  (25),  viz., 

«4i "♦"^«^n~A8>ia  =  1     (mod  3), 
takes  the  form  ajj  ^A^+ff-D^-  (P  =  l     (mod  3). 

The  latter  congruence  has  3*  +  3*  =  90  sets  of  solutions.*  Since, 
however,  the  coefficients  in  (25)  are  only  determined  up  to  a  common 
factor  ±  1,  the  number  of  corresponding  operators  in  the  quotient 
group  A  (4,  3)  is  one-half  of  90. 

It  must  therefore  follow  from  §§6  and  11  that  the  number  of 
operators  of  A  (4,  3)  conjugate  with  Jf^if,  is  270,  a  result  not  used 
in  our  further  work. 

By  the  demonstration  given  in  case  (1),  we  have  the  theorem  : — 

The  quaternary  Abelian  group  in  the  OF  [p**]  contains,  in  addition  to 
the  self-conjugate  substitution  C,  exactly  p^+p*^  suhstituiions  of  period  2, 
aU  of  the  laMer  being  conjugate  within  the  Abelian  group. 


9.  Theorem. — The  simple  Abelian  group  A  (4,  3)  contains  sub-groups 
simply  isomorphic  with  the  symmetric  group  on  six  letters. 

We  seek  sub-groups  isomorphic  with  the  abstract  group  (7^ 
generated  by  the  operators  B^,  -B,,  5„  B^,  B^  subject  to  the  genera- 
tional relations  (11),  (12),  (13).  From  the  isomorphism  of  O^  with 
the  substitution-group  (?iV,  it  follows  that  the  operators  B^,  ...,  P5 
are  all  conjugate  within  O^.     By  §  8,  there  are  two  sets  of  conjugate 


•  Diokson,   **  Orthogonal  Gronp  in  a  Gkdois  Field/'  Bulletin  of  ths  Amsriea 
MathMuttical  Society,  Fobmaiy,  1898. 
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Abelian  substitutions  of  period  2.  From  the  set  (25)  conjugate  with 
Ti, _i,  I  proceed  to  determine  five  substitutions,  say  J9i,  ...,  B^,  which 
satisfy  the  generational  relations  (11) -(13)  of  the  group  Q^.  Apply- 
ing an  Abelian  transformation,  we  may  take  J?,  =  Ti,  .i.  Giving 
initially  to  B-^  the  general  form  (2o),  we  may  simplify  its  form  by 
applying  any  transformation  as  3fi,  lf„  Li,^,  L^^  which  does  not 
alter  Ti,_i.  Proceeding  therefore  as  in  §8,  case  (1),  we  may  suppose 
that  /3„  =  y„  =0,  C4,  ijfc  0  in  B,,  noting  that  the  exceptional  case 
Bi  ^  Ti^  _i  is  evidently  to  be  excluded.     We  have  therefore 


'  — 

a         0        Qi      0  ] 

B,=  r,,.„   B,  =  ±- 

0    -o       0       a, 
a,       0       a       0 

^0         ai      0       a  , 

The  condition        (B,  B,)*  =  1     or     {B^  B,)«  =  B,  B^ 

takes  the  form 

ra'-oio,            0             -2aa,              0 

0           o'  — OjO,           0             — 2ac4 

2ac4                0            a«-a,a,           0 

0                2aa,               0            a* -a,  a 

fa       0       ai      0' 

=  ±  - 

0        a       0       o, 
— a,       0       a       0   1 

-. 

0    -a,      0 

a) 

Since  a^  ^^  0,  we  must  have 

a  =  ±  1,     ttja,  =  0,     a,  =  0     (mod  3). 

Transforming  by  Ti^.i,  if  necessary,  we  may  give  to  a^  the  same 
value  as  a.     Hence 


(27)    B,  =  ± 


-1      0 

0 

0' 

-1      0 

1 

0 

0  -1 
0      0 

0 

1 

0 
0 

,  B,  =  ±. 

0  -1 

0      0 

0 

1 

0 
0 

0      0 

0 

1. 

0      1 

0 

1 
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Taking  for  B^  the  general  substitution  (25),  the  condition 
(B,B,y  =  (B.B,)'' : 
T  0  2a„ai,     2a,jyi/ 

0  T  2a„A,     2a„^„ 


=  :i=  i 


-2aii^M         2a„yi8 

— a„       0         Oj,       y„ 
0     -oi,       /3„        ^„ 


0 


"^u 


ru  -°u 


/^ii  — «u       0      — flu- 
where  >"  =  «u  -  "ii^u  +  Ajyu, 

gives,  since  a^,  yj,,  )8i„  3„  are  not  all  zero  [5,  gfe  B,], 
2a„  =  rfcl,     r  =  =Fc4i. 

Hence  <>is^is  ^ /^isyis     (mod  3). 

Taking  a,j  =  -f- 1,  the  condition  B^B^  =  PiB,  becomes 


=  ± 


'.  -A. 
-1 

0 


-1 

— Til 


-A, 
-1 

5„-l 


-3« 

y« 

0 

-I) 


The  upper  sign  cannot  be  chosen ;  for  then 

/3,i  =  71,  =  Sm  =  0,     Om  =  —  1, 

when  Bf  =  £,.     Taking  therefore  the  lower  sign,  the  only  condition 
is  seen  to  be  ^„  =  —  1.     Dropping  all  sabscripts,  £,  takes  the  form 

1      0     — /3y      y\ 

0      1        13-1 

-1  -y     -1        0 

I-/?  -^     0-1, 


(28)     i?.  =  ± 


(B,BJ«  = 

1 

B^B^Bi  =  -^4, 

«ll 

0 

-an 

-• Xu' 

■    «hi 

0 

"l. 

t 

7i 

0 

^1. 

Til 

0 

-  =  rfc- 

0 

A. 

— «n 

0 

/3« 

—On 

0 

-«11- 

.-/3« 

«H 

0 

-»1 
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Taking  for  B^  the  general  substitution  (25),  the  condition 


gives 


or 


The  upper  sign  would  require  that  B^  =  J9,.     Taking  therefore  the 
lower  sign,  we  have  a,i  =  0  as  the  onlj  condition.     The  condition 


gives 


VIZ.,    - 


The  upper  sign  requires  a,,  =  y„  =  j3„  =  ^i,  =  0.  We  must  there- 
fore take  the  lower  sign,  when  the  only  condition  is  ^i,  =  0.  The 
Abelian  condition  then  gives  — i3i,y„  =  1  (mod  3).  Taking  y,,  =  -f  1 
and  writing  a  =  a,,,  we  have 

rO       0       a       1^ 

0       0-10 

0-100 
U       a       0       OJ 


(J?,J?,)«  =  1 

B^Bi  :=  BjB 

i> 

■     3« 

-7» 

-«n 

-yij 

■    0 

Tw 

<»H 

Yi, 

0 
3,. 

0 
-7iJ 

0 

-2» 
0 

•=  ±  ■ 

0 
-5u 

yu 

0 

l-/?« 

o« 

A. 

«... 

.      Pn 

-"11 

-/3„ 

0  . 

(29)    B,=  ± 


We  consider  next  the  condition 

(B.B,y^i. 

We  find  that  (B^BJ*  becomes 

(a+/3)«-(ry-i37-l  {a  +  fi-y)[ay  + fiy)        a{a  +  fi-y) 
-a-iS  +  y  7(-a-i8  +  7)-l         -a-/3  +  7 

0  a+iS— 7  i8(a  +  i8— 7)  — 1 


a+/3-7 

0 
-a-i8  +  7 


-a-/3  +  7 


a(-a-i8  +  7)      (a  +  i8-7)(i37-oj3)    (7-0)*  + 0/3-/87- 1 
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This  must  equal  the  substitution  B^B,,  viz., 

y     ay+y3y             a  1' 

_1      -a-/3           -1  0 

0          1             — a-fy  — * 

The  resulting  conditions  all  reduce    to  identities  in  virtue  of  the 
single  condition 

(30)     aH-/3-y=±l. 

Assuming  B^  in  the  general  foi*m  (25),  the  conditions 

(B,B,)«  =  1,     (B,B,)'  =  1 

give  0,1  =  0,    ^u  =  0, 

as  found  above  in  considering  B^.     Hence 


•0       0         a„ 

1^1 

(31)     B.  =  ±- 

0      0-1 
0-1        0 

0 
0 

.1      a„      0 

0. 

Then                                     (ft,B,y  =  1 

is  satisfied  identically.    The  condition 

(B.B.)'  =  1 

gives 


=  ± 


—/J— On      -/3y— a„y  — a„ 

1  y  1 

0  -1  -fi 

1  oit  — /Jy+ZSa,, 
y   /Jy+ttijy  «ii  l 

-1      -/3-a„  -1  0 

0  1  y-n„        -1 

-1        -a,,        /Jy-/3ai,       -/5J 


-1 

0 

1 
y-oii 


The  lower  sign  must  be  chosen,  when  we  have  the  single   con- 
^*i°°  (32)     a„+/3-y  =  0. 
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For  every  set  of  values  o,  /3,  y,  a„  satisfying  the  conditions  (30) 
and  (32),  we  therefore  obtain  a  sub-group  of  A  (4,  3)  simply 
isom  Orphic  with  the  group  Oj^,  We  next  prove  that  all  of  these  sub- 
groups are  conjugate  within  A  (4,  3).  By  the  above  results,  the 
following  substitutibn  belonging  to  -4  (4,  3), 

fO      0     -a„     1' 


(33) 


0      0-1 

0-1        0 

U   -a„       0 


transforms  B^  and  J?,  into  themselves. 
B„  and  B^  into,  respectively, 


Further,  it  transforms  -B,, 


±  - 


0      0 
0  -1 


0  -1 

U     0 


0 
0 


:r 


0 
0 

-1 


1 

0 

-1 

a„— o 

-1 

0 

0 


0 

1 

r 

1\ 

0 
0 
0 


-1 

0 


-1 

0 

-1 


I 


where 


r=-(a„-hy)(-a„+i3). 


It  follows  that  every  group  with  generators  B^,  ,.,,  B^  defined  by 
the  formulae  (27),  (28),  (29),  and  (31)  is  conjugate  within  A  (4,  3) 
with  a  similar  group  having 

ai,  =  0,     j3-y=0,     a  =  ±l. 

Transforming  the  latter  group  by  the  substitution  (33),  in  which 
Qj,  =  0,  we  obtain  a  similar  group  with  the  same  generators  F„  B„  B^^ 
but  having  the  coe£B.cients  fi  and  y  interchanged  in  i?,  and  the  sign 
of  a  changed  in  B^.  Hence  eveiy  group  obtained  as  above  is  con- 
jugate with  one  of  the  groups  given  by 

au  =  0,     a  =  l,     i8  =  y. 

The  latter  groups  are,  in  turn,  conjugate  with  the  group  given  by 

a„  =  0,     a=l,     ^=y  =  0. 
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±  < 


Indeed,  by  the  lemma  of  §  10,  the  substitution  (35)  is  commntative 
■with  B„  B„  B^,  and  i?,  (in  which  a„  =  0).  We  verify  that  it  trans- 
forms B,  (in  which  P  =  y)  into  the  substitution 

1                  0  -(y+y,)'  y+y,l 

0                  1  y+y,  -1 

-1  -(y+y.)  -1  0 

-(y+y,)  -(y+y,)'  0  -l 

Taking  y,  =  —  y,  we  obtain  a  substitution  of  the  form  B  having 
/3  =r  y  =  0.     We  combine  our  results  into  the  following 

Theobem. — If  a  sub-group  of  A  (4,  3)  be  simply  isomorphie  with  the 
symmetric  group,  and  if  it  contain  a  substitution  conjugate  with  T,,  -i, 
that  sub-group  is  conjugate  within  A  (4,  3)  %oith  the  group  generated  by 
the  following  substitutions : — 


(34)     B,  =  ±- 


B.  =  ± 


B.=  ± 


B.  =  ± 


54=± 


-1      0 

0  -1 

0      0 

0      0 

0      0      1 

0      0-1 

0-1      0 

110 


0) 

0 

0 

i; 


10.  Lemma. — The  most  general  substitution  of  A  (4,  3)  which  i$  com- 
mutative with  J?„  Bf,  B„  and  B^,  defined  by  (34),  has  the  form. 


(35) 


1 

yi 

0 

0" 

0 

1 

0 

0 

0 

0 

1 

0 

.0 

0 

-y. 

1. 
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By  inspection,  the  most  funeral  substitution  of  A  (4,  3)  which  is 
transformed  into  itself  by  B,  is  of  one  of  the  two  forms 


■«I1 

yu 

0 

0 

A, 

8« 

0 

0 

0 

0 

Ott 

ri 

.0 

0 

Pn 

8. 

il,  =  ± 


The  condition  A^B^  =  B^A^  gives 

-fin     -2u      0       0 
0  0        oa     y„ 


A,^± 


0 
0 


«ij   yu 


a„     y„      0       of 
Ai     8«      0       0    J 


Ai        ^1    /3,«    ^« 


=  =fci 


-Oil  — yu  «ii  0 

-/3u  -^n  /3ii  0 

0        y«  a«  y« 

0         ^«  /3«  ^« 


=  =b 


The  upper  sign  must  be  chosen,  whence  we  have 

fin  =  y«  =  0»     «u  =  a«» 
The  condition  A^B^  =  -Bj-ii  then  gives 

rO       0      /?„     s,,"!  ro       0    -yn 

0         0     -an       0 
0     -8ii       0         0 
\,a,i       yn      0         0 
Hence  /?»  =  =F  yi„ 

Sr  one  of  the  Abelian  conditions 

ai,8,i  ==  ±  Oil  ^  1- 

Staw  die  apper  signs  must  be  chosen.     Thus  Ai  has  the  form  (35). 
>«rt  x«nfy  that  AiB^  =  B^Ai  identically. 
tVt  vvadition  A^Bi  =  B^A^  gives 


^11  =  ^ji- 


0        0     -8,1 
0      -an       0 
Un    -fin       0 
^U  =  ±  Qii. 


«11 

0 
0 
0 


>a   -«ii 


-yu 


=  rfc 


'  V>         0     -A,   -Sia 
:^       rn      0         0 

.  ^      Sh      fitM      8,2 
Oft    .  ii^  ^xu*  sign,  i8it  =  8,2  =  0,   which  is  impossible.     Taking  the 
**iiiM-  S4|{m  «%  =s  8tt  =  0,    ^,2  =  —  ^21,    ri2  =  —  y-ii'     By  one  of  the 


V 

yi2 

a  12 

y 

0 

8„ 

ft.. 

8, 

—  Ojl 
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•laStt— ^i2yi2  =  —  A2yi2  =  1. 
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Hence  A^  has  the  form 
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ro      0     a„  1 

Jo      0-1  0 

10  -1      0  0 

11  ««     0  0- 


The  conditions  A^B^  =  B^A^  and  A^B^=i  B^A^  give  respectively 

^ji— 1  =  1— tti^     in  =  —  ait     (mod  3), 

which  are  incompatible.     Hence  no  Abelian  snbstitation  of  the  form 
At  is  commutative  with  Bi,  B^,  B^^  and  B^. 

11.  Theorem. — The  simple  group  A  (4,  3)  w  simply  isom^orphic  with 
the  ahstrdct  group  of  order  25920  with  the  genercUors  j^i,  ...,  ^5,  and  B^ 
subject  to  the  generational  relations  (11)-(17) . 

By  §  9  the  substitutions  5,,  ....  B^  defined  by  formulaB  (34)  satisfy 
the  relations  (11)-(13).  By  §  10,  a  substitution  of  A  (4,  3)  is  com- 
mutative with  jBi,  -B,,  B^,  B^  and  has  the  period  three  [relations  (14)], 
if,  and  only  if,  it  be  of  the  form 


^=± 


1 

y.    0 

0- 

0 

I      0 

0 

0 

0      1 

0 

0 

0  -y, 

1. 

[y.  =  ±  1  (mod  3)]. 


We  then  verify  that  relatioa  (15)  is  satisfied  identically.    To  verify 
the  relation  (16),  we  note  that 


5,5,5,5,5^  =  ± 


(5,S.S,5,S0*=±- 


1  1-1-1 
0-101 
10      10 

i-i  -1  -1  -i; 

-1  -1      0  -I'l 

0      1-10 

0-1-1      0 

L-1      0      1      IJ 
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To  verify  the  relation  (17),  we  note  that 
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BiBiB^BiBi  =  ± 


-1 

0 

-1 


0  -1      0^ 
0      0-1 
0      0      0 


B''B,B=± 


0-1      0      1, 
1       0    -yt  -y,^ 


0 
-1 


1    -y,  -1 
n  -1       0 


yi-Ti 


0    -1  J 


The  left  side  of  (17)  thus  becomes,  remembering  that  y*  =  1, 
f     0      0      0  -yi^ 
0      0       yi     0 
0       y,     0        0 

I  -yi   0    0    0 ; 


=  A. 


Thursday,  May  Uth,  1899. 
Prof.  H.  LAMB,  F.R.S.,  Vice-President,  in  the  Chair. 

Sixteen  members  present. 

The  following  were  elected  members : — George  A.  Miller,  Ph.D., 
Instructor  in  Mathematics,  Cornell  University,  Ithaca,  New  York ; 
James  Piei-pont,  Ph.D.,  Professor  of  Mathematics,  Yale  University, 
New  Haven,  Connecticut,  U.S.A. 

Major  MacMahon  communicated  a  few  results  he  had  arrived  at  in 
the  Theory  of  Partitions.  Mr.  Heppel  asked  a  question,  in  con- 
nexion with  the  subject,  to  which  Major  MacMahon  replied. 

Mr.  Macdonald  then  gave  some  results  from  his  paper  on  "  The 
Zeroes  of  a  Spherical  Harmonic  PJ*  (/u)  considered  as  a  Function  of  w." 
The  Chairman  and  Dr.  Hobson  spoke  on  the  subject  of  the  com- 
munication, which  they  considered  to  be  one  of  g^at  interest. 
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Mr.  W.  F.  Sheppard  read  a  paper  "  On  the  Statistical  Rejection 
of  Extreme  Variations,  Single  or  Correlated  (Normal  Variation  and 
Normal  Correlation)."  Prof.  Hudson  and  the  Chairman  asked  a  few 
questions,  which  Mr.  Sheppard  answered. 

The  following  presents  were  made  to  the  Library  : — 

Bordeaux.  —**  Memoires  de  la  Societe  des  Sciences/*  Tome  iv.  ;  Paris,  1898. 

Bordeaux. — *^  Proems  Verbaux  des  Seances  de  la  Societe  des  Sciences,*'  Annee 
1897-8;  Paris,  1898. 

Rayet,  G. — *«  Observations  Pluviometriques  faites  de  Juin  1897  k  Mai  1898, 
8to;  Bordeaux,  1898. 

Fischer,  O. — **Der  Gang  des  Menschen,"  Roy.  8vo  ;  Leipzig,  1899.  [Offprint, 
"  Sachsischen  Gesell.,"  xxv.  Band,  No.  1.] 

Scheibner,  W. — "  Ueber  die  DifPerentialgleichungen  der  Mondbewegung," 
roy.  8vo  ;  Leipzig,  1899.     [Offprint  *'  Sachsischen  Gesell.,'*  xxv.  Band,  No.  2.] 

Biddle,  D. — *^  Mathematical  Questions  and  Solutions  from  the  *  Educational 
Times,'  "  Vol.  lxx.,  8vo  ;  London,  1899. 

**  Proceedings  of  the  American  Philosophical  Society,"  Vol.  xxxvn..  No.  168; 
Philadelphia. 

H.  Poinoare. — **La  Theorie  de  Maxwell  et  les  Oscillations  Hertziennes." 
[*'Scientia  "  Series,  from  the  Editors,  Messrs.  Oarr^  and  Naud.] 

"Educational  Times,"  May,  1899. 

**Lidian  Engineering,"  Vol.  xxv.,  Nos.  12-16  ;  March  25-April  16,  1899. 

The  following  exchanges  were  received  : — 

**  Journal  de  TEcole  Polytechnique,"  S^rie  u.,  Cahier  4;  Paris,  1898. 

"Proceedings  of  the  Royal  Society,"  Vol.  lxiv.,  Nos.  411-412,  1899. 

"  Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Bd.  xxni.,  St.  4 ; 
Leipzig,  1899. 

"  Bulletin  de  la  Soci^t^  Math^matique  de  France,"  Tome  xxvn.,  Fasc.  1 ;  Paris, 
1899. 

"Bulletin  of  the  American  Mathematical  Society,"  Series  2,  Vol.  v.,  No.  7, 
April,  1899  ;  New  York. 

"  Reale  Istituto  Lombardo — Rendiconti,"  Serie  2,  Vol.  xxxi. ;  Milano,  1898. 

"  Bulletin  des  Sciences  Math^matiques,"  Tome  xxin..  Mars,  1899  ;  Paris. 

"Atti  deUa  Reale  Accademia  del  Lincei — Rendiconti,"  Sem.  1,  Vol.  vm., 
Fasc.  6,  7 ;  Roma,  1899. 

"  Berichto  iiber  die  Verhandlungen  der  Konigl.  Sachs.  G^sellschaft  der  Wisaen- 
schaften  zu  Leipzig,"  ii.,  1899. 

"Nyt  Tidsskrift  for  Matematik,"  A,  Aarg.  10,  Nr.  3,  4  ;  Copenhagen,  1899. 

"  Journal  of  the  Listitute  of  Actuaries,"  Vol.  xxxrv.,  Pt.  6 ;  April,  1899. 
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On  the  Statistical  Rejection  of  Extreme  Variations,  Single  or 
Correlated.  {Normal  Variation  and  Normal  Correlation,) 
By  W.  F.  Sheppaed,  M.A.,  LL.M.  Received  May  5th,  1899. 
'Read  May  11th,  1899. 

1.  Single  Organ. — For  finding  the  law  of  variation  of  any  particular 
organ  in  a  homogeneons  community,  we  require  first  of  all  to  take 
the  measurements  of  this  organ  in  a  large  number  of  individuals, 
supposed  to  represent  the  result  of  a  random  selection  from  the  total 
number  constituting  the  community.  Amongst  the  individuals  so 
observed  it  is  always  possible  that  some  may  be  included  which 
should  have  been  rejected,  either  as  being  stray  members  of  some 
other  community,  or  as  being  sports  possessing  some  physiological 
differentiation  from  their  fellows.  The  number  of  these,  however, 
may  be  supposed  to  be  relatively  small ;  and,  if  their  measurements 
are  measurements  which  are  not  infrequent  amongst  normal  members 
of  the  community,  no  appreciable  error  will  result  from  their  in- 
clusion. But  it  may  sometimes  happen  that  they  present  extreme 
variations,  which  only  occur  very  rarely,  if  at  all,  in  normal  in- 
dividuals ;  and  the  inclusion  of  these  extreme  values  may  make  an 
appreciable  difEerence  in  the  "  frequency-constants  "  which  determine 
the  law  of  variation.  If,  therefore,  the  statistical  data  show  a  fairly 
continuous  variation  within  certain  limits,  with  irregularities  of 
variation  beyond  these  limits,  we  have  to  consider  whether  the 
individuals  presenting  these  irregularities  should  be  rejected,  as 
being  sports  or  members  of  another  community,  or  whether  they 
should  be  retained,  as  being  normal  individuals  possessing  a  develop- 
ment which  is  merely  rare. 

When,  as  is  usually  the  case,  the  doubtful  members  are  not 
accessible  for  further  observation,  the  question  cannot  be  decided 
absolutely.  Nor  can  it  be  decided  relatively,  by  balancing  the 
probabilities ;  for  we  have  no  information  as  to  the  a  priori  prob- 
ability of  sports  or  of  heterogeneity.  All  we  can  do,  therefore,  is 
to  reject  the  doubtful  members,  and  at  the  same  time  take  account 
of  the  possibility  that  in  doing  this  we  are  rejecting  measurements 
which  ought  to  have  been  retained. 

In  rejecting  observations  which  appear  from  the  data  as  a  whole 
to  be  possible,  bat  to  possess  a  certain  degree  of  a  priori  improbability. 
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we  are  really  excluding  from  consideration  a  certain  portion  of  the 
figore  of  frequency  of  the  measurements  under  observation.  How 
much  we  should  exclude  is  a  question  less  of  principle  than  of  con- 
venience. The  considerations  which  influence  us  in  deciding  the 
question  are  somewhat  simihtr  to  those  which  fix  the  "criteria"  for 
the  retention  or  rejection  of  extreme  astronomical  observations ;  but 
there  are  important  differences.  In  astronomical  investigations  the 
observations  are  few ;  and  we  therefore  take  care  not  to  exclude  bo 
many  genuine  observations  as  materially  to  increase  the  probable 
error  of  the  ultimate  determination.  This  difficulty  does  not  apply 
to  cases  of  biological  statistics,  where  twenty  or  thirty  individuals 
could  often  be  spared  without  making  any  material  difference  in  the 
probable  error.  On  the  other  hand,  the  quantities  sought  are  not 
exactly  the  same  in  the  two  cases.  The  astronomical  deviations  are 
regarded  as  errors,  the  mean  value  about  which  they  are  symmetrically 
distributed  being  the  true  value  of  the  quantity  under  observation  ; 
and  it  is  this  true  value,  or  mean  value,  that  we  wish  to  find.  The 
mean  square  of  the  deviation  from  the  mean  is  also  required,  but 
only  for  the  purpose  of  finding  the  probable  error  in  the  mean  itself ; 
and  a  small  error  in  its  calculation  may  be  disregarded.  Hence  any 
rule  is  admissible  which  excludes  even  appreciable  portions  of  the 
figure  of  frequency,  provided  that  these  portions  are  symmetrically 
situated  with  regard  to  the  central  ordinate  of  the  figure.  But  in 
biological  statistics  the  mean  is  often  of  less  importance  than  the 
mean  square  of  the  deviation  from  the  mean.  Now,  if  we  assume 
that  the  distribution,  whether  symmetrical  or  unsymmetrical,  is 
known  to  be  of  a  particular  type,  the  exclusion  of  portions  of  the 
figure  of  frequency  can  be  arranged  so  as  not  to  affect  the  value  of 
the  mean.  But  the  mean  square  of  the  deviation  from  the  mean  is 
necessarily  affected  ;  and,  if  large  portions  of  the  figure  are  excluded, 
the  alteration  in  value  may  be  comparable  with  the  probable  error. 
This  difficulty,  however,  may  be  obviated  by  finding  the  mean  sqnare 
of  deviation  for  the  portion  of  the  figure  retained,  and  then  multiply- 
ing by  such  a  factor  as  will  give  the  mean  square  of  deviation  for  the 
whole  figure.  We  are  thus  left  free  to  exclude  a  relatively  large 
number  of  observations  ;  and  the  only  practical  limitation  is  one  of 
convenience  of  calculation.  In  th^  cases  which  most  commonly  pre- 
sent themselves,  the  measurements  are  clustered  about  their  mean 
value,  and  the  frequency  diminishes  continuously  as  we  recede  in 
either  direction  from  the  mean.  In  such  cases  the  values  of  the 
mean  and  mean  square  are  calculated  by  means  of  formuUo  which 
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involve  the  bounding  ordinates  of  the  figure  of  frequency.  In  order, 
therefore,  to  make  the  calculations  as  simple  as  possible,  the  portions 
of  the  &gnre  which  we  exclude  should  be  so  small  that  these  bound- 
ing ordinates  are  practically  negligible. 

The  rule  which  most  naturally  suggests  itself  is  that  we  should 
find  the  range  corresponding  to  a  representative  selection,  and  reject 
all  values  outside  this  range.  The  I'ange  is  determined  as  follows. 
Let  L  denote  the  measure  of  the  organ  in  question,  and  let  f{X) 
denote  the  proportion  of  individuals  for  which  L  exceeds  X  Then, 
if  we  make  a  representative  selection  of  n  individuals,  and  arrange 
them  in  classes  con*esponding  to  values  X_p^  X.^^i,  ...,  X^.j,  X,  of  L 
(these  values  usually  pi-oceeding  by  a  common  difference  which  is  the 
unit  of  measurement),  the  extreme  values  X.p  and  X,  are  deter- 
mined by  the  condition  that 

Hence,  if  X'  and  X  are  the  values  of  L  given  by  the  conditions 


>»-n 

,)  <  n-h  J  ' 


«/(Z')  =  «-| 
n/(Z)  =  \ 


}• 


die  extreme  classes  in  the  representative  selection  will  be  those 
which  include  the  values  X'  and  X.  The  range  fi'om  X'  to  X  may 
Agrefore  be  considered  to  be  the  actual  range  of  the  selected  values 
^  L.  This  may  conveniently  be  called  the  theoretical  ran^e  for 
%  xDliTidnals. 

tti?  proportion  of  individuals,  io  the  complete  community,  for 
*«A»:fti  L  lies  between  X'  and  X  is 

(n-l)/?i=l-l/n. 

'lta(M»  wh^i  n  individuals  are  obtained  by  i*andom  selection,  the 
.  vWr*  tifvbdbility  that  one  at  least  of  the  n  values  of  L  will  lie  out- 

>«M  "flw**  limits  is   1  — (1— 1/n)".     The  value  of  this  pix>bability  is 

-ilt>c#M.c  toe  different  values  of  n  ;  but  when  n  is  great  it  is  approxi- 
■wrtij*  I— i^<*  = '^3212  ... .  If,  therefore,  we  make  it  a  rule  to 
vii^«4i«A#  vuL  values  of  L  lying  outside  the  theoi'etical  range,  the  result 

.  ^  f^  ;.(MbS»  iu  about  two-thirds  of  the  cases  we  consider,  it  will  be 
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necessary  to  exclude  one  individual  at  least,  even  though  there  is  no 
abnormality. 

Chauvenefs  criterion  is  really  a  modification  of  the  above  rule,  for 
cases  in  which  the  figure  of  frequency  is  symmetrical.  A  represent- 
ative selection  is  made  of  n  values  oi  L^  L^,  where  L^  is  the  mean 
value ;  the  sign  of  the  deviation  from  the  mean  being  disregarded. 
The  proportion  of  individuals  for  which  L'>^Ly^  exceeds  X^^Ly^  is 
2/(X),  so  that  the  value  of  L  which  determines  the  theoretical 
range  is  given  by  the  condition 

The  a  priori  probability  that  one  at  least  of  n  values  of  L  obtained 
by  random  selection  will  lie  outside  the  range  given  by  Chauvenet's 
criterion  is  1— (1  — l/2n)**,  which,  when  n  is  great,  is  approximately 
1—1/  y/e  =  '39347  ....  Hence,  by  adopting  this  criterion,  we  reduce  the 
number  of  cases  of  rejection  of  non -abnormal  variations  to  about 
two-fifths  of  the  total  number  of  cases  considered. 

The  effect  which  the  adoption  of  either  of  these  methods  will  have 
on  the  values  of  the  mean  and  the  mean  square  of  deviation  will  of 
course  depend  on  the  particular  law  of  variation.  We  shall  confine 
our  attention  to  cases  in  which  the  variation  is  normal^  i.e.,  in  which 
the  measurements  are  distributed  about  their  mean  value  according 
to  the  law  of  error.  The  distribution  being  symmetrical,  and  the 
exclusion  also  being  symmetrical,  the  determination  of  the  mean  is 
not  affected.  Let  the  true  mean  and  mean  square  of  deviation  be  L^ 
and  o' ;  and  let  Q  be  the  proportion  of  values  of  L  lying  outside  the 
prescribed  limits,  so  that  6  =  \ja  or  l/2»  according  as  we  take 
the  theoretical  range  or  Chauvenet's  criterion.  Let  z  and  ±aj  be  the 
corresponding  ordinate  and  abscissa  of  the  standard  normal  curve, 
whose  area  is  unity  and  mean  square  of  deviation  unity.     Then 

__     1       -^ 


v/271 


e 


=vm: 


-^dx 


and  our  rule  leads  us  to  exclude  all  values  of  L  which  do  not  lie 
between  L^  —  ax  and  L^'\'ax.  The  effect  of  this  is  that  we  are  study- 
ing a  distribution  whose  mean  square  of  deviation  is 

=  c?(l-2xz-9)IO—6). 
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Hence,  when  we  have  found  the  most  probable  value  of  the  mean 
square  of  deviation  of  this  distribution,  we  must  multiply  this  most 
probable  value  by  (l—ff)/(l—2xz^0)  in  order  to  get  the  most 
probable  value  of  a*.     Now,  since  0  is  small,  we  have 

80  that  z  =  jxd ; 

and  therefore  the  factor  by  which  we  must  multiply  is  approximately 

(l-^)/(l-^-a;«^)  =  1-^x^0. 

When  n  is  very  great,  aj'  is  only  moderately  great ;  aud  the  correction 
in  a*,  due  to  multiplying  by  l+ir*fl,  will  be  small  in  comparison  with 
the  probable  error  in  a'.  Suppose,  for  instance,  that  n  =  1,000,000, 
and  that  we  use  the  theoretical  range.  Then  a?  =  24,  nearly ;  and 
the  correction  in  a*  is  •000024a'.  But  the  probable  error  in  a*  is 
•00095a*,  so  that  the  correction  is  only  about  one-fortieth  of  the 
probable  error.  In  most  cases,  however,  n  is  a  good  deal  less  than 
this,  and  the  correction  must  then  be  taken  into  account.  If,  for 
instance,  n  =  1,000,  the  correction  amounts  to  about  one-third  of 
the  probable  error,  even  if  we  adopt  Chauvenet's  criterion. 

Thus  we  see  that  neither  of  these  methods  does  away  with  the 
necessity  of  correcting  the  calculated  value  of  the  mean  square  of 
deviation ;  and  that,  whichever  method  is  adopted,  the  individuals 
rejected  will  in  a  large  proportion  of  cases  be  ordinary  members  of 
the  community.  Moreover,  the  proportion  of  cases  in  which  ordinary 
members  are  rejected  is  different  for  different  values  of  w.  It  would 
therefore  appear  to  be  simpler  to  fix  on  a  definite  value  for  this  pro- 
portion, and  calculate  the  corresponding  range.  All  measurements 
outside  this  range  should  then  be  rejected.  The  range  which  I  would 
suggest  as  the  most  convenient  is  that  which  I  have  elsewhere  called 
the  probable  range.  It  extends  from  a  value  X'  to  a  value  X,  where 
L,  — X*  =  X— Lj,  and  where  X— X'  is  such  that  it  is  an  even  chance 
that,  in  making  a  random  selection  of  n  values  of  L,  one  at  least  will 
lie  outside  the  range.     If  therefore  we  write 


'  =  Li  —  ax\ 


X'  =  L^  —  ax] 
X 


the  values  of  x  are  given  by  the  condition  that 
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where  6  =  ^-    [    e'^'^  dx. 

Since  (l-l/n)»  <|<  (l-l/2n)",  1— tf  lies  between  1  — 1/n  and 
1— l/2n;  i.e.,  the  probable  range  lies  between  the  theoretical  range 
and  the  range  given  by  Chanvenet's  criterion. 

Table  I.  gives  the  value  of  x  for  the  probable  range  corresponding 
to  any  value  of  n  from  10  to  1,000,000.  The  values  are  given  to  five 
places  of  decimals,  but,  except  when  n  is  very  great,  this  degree  of 
accuracy  is  hardly  necessary.  The  table  also  gives  the  values  of  F 
and  of  logio  (P—  1),  where  P  is  the  factor  by  which  the  most  probable 
value  of  the  mean  square  of  deviation,  for  the  figure  of  frequency 
represented  by  the  individuals  retained,  is  to  be  multiplied  in  order 
to  get  the  most  probable  value  of  the  mean  square  of  deviation  for 
the  whole  distribution. 

The  table  is  arranged  by  equal  increments  of  logjo «,  beginning 
with  logion  =  1.  But  caution  must  be  exercised  in  using  the  earlier 
part  of  the  table.  When  n  is  comparatively  small,  the  most 
probable  value  of  the  mean  square  of  deviation  depends  partly 
on  the  a  priori  probabilities  of  different  values ;  and  we  have  no 
means  of  knowing  these  a  priori  probabilities.  It  is  only  when  n  be- 
comes great  that  the  difEerent  possible  values  tend  to  be  distributed 
symmetrically  about  a  mean  value  coinciding  with  the  mean  square 
of  deviation  of  the  actual  observations.* 

If,  instead  of  the  probable  range,  it  is  preferred  to  use  either  the 
theoretical  range  or  that  given  by  Chauvenet's  criterion,  the  corre- 
sponding value  of  X  can  be  deduced  from  the  table.     Thus  for  the 

theoretical  range  we  have 

e  =  1/n. 

This  will  give  the  value  of  x  corresponding  to  log,on'  in  Table  I., 
"where  n  is  given  by  the  equation 

(l-l/nr  =  i 

80  that  n  =  — — ^2 — -—  . 

-  log  (1- 1/n) 

*  This  difficulty  does  not  arise  when  the  values  of  the  mean  and  mean  square  of 
deviation  are  suggested  by  a  priori  reasoning,  and  the  object  before  us  is  to  test 
whether  the  observations  can  be  regarded  as  obtained  by  random  selection  from  a 
distribution  having  this  mean  and  mean  square  of  deviation.  For  use  in  such  cases 
I  have  given  elsewhere  [Fhil,  Trans.,  Vol.  192  (1898),  A,  p.  123]  the  values  of 
x/Q  for  values  of  n  from  1  to  20,  where  Q  =  '67448976  ...  .  For  any  larger  value 
of  ft  the  value  of  x/Q  maybe  found  from  Table  I.  of  the  present  paper,  by  multiply- 
ing the  corresponding  value  of  a;  by  1/Q  —  1*4826022. 
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Similarly  for  Chauvenet's  criterion  we  sliould  take  the  value  corre- 
sponding to  logio  **"»  where 

""        -log(l-l/2n)- 

The  foUowiag  comparative  table  shows  the  values  of  «,  for  each  of 
the  three  ranges,  corresponding  to  selected  values  of  n  : — 


ValueH  of  X  for 


Probable    jChauvenet'sl 
Rang^.     I   Criterion,  j 


10 

10 

1-64485 

100 

20 

2-57583 

1,000 

30 

3-29053 

10,000 

4-0 

3-89059 

100,000 

50 

4-41717 

1,000,000 

60 

4-89164 

1-63190 
2-70127 
3-39237 
3-97863 
4-49578 
4-96327 


1-95996 
2-80703 
3-48076 
4-05563 
4-56479 
5-02631 


It  remains  to  consider  the  effect  of  the  limitation  of»  range  on  the 
calculation  of  the  actual  average  square  of  deviation  from  the  average, 
when  the  number  of  individuals  is  large,  and  the  measurements  are 
only  given  to  the  nearest  multiple  of  a  particular  unit.  In  these 
cases  the  rule  as  to  exclusion  cannot  always  be  applied  exactly,  as 
the  limiting  values  X'  and  X  will  not  generally  coincide  with  inter- 
mediate divisions  of  the  scale.  Let  the  unit  of  measurement  be  h, 
and  suppose  that  the  range  taken  is  from  X.p  to  X^.  Let  X,  denote 
the  average  square  of  deviation,  calculated  on  the  assumption  that 
each  value  of  L  is  equal  to  the  nearest  multiple  of  h.  Then  the 
most  probable  value  of  the  average  square  differs  from  X,—- j^A* 
by  a  series  of  small  terms,  the  leading  term  being  approximately 
i^'  (&4-f«')i  where  X  p=  L^—ci^,  Xq  =  iy,  +  af,  and  z  and  z  are  the 
ordinates  of  the  standard  normal  curve  corresponding  to  abscissae 
^  and  f  .♦  If  \0  and  \6^  are  the  excluded  areas,  this  is  approxi- 
mately equal  to  -^V  {^0-\-^&),  which  is  negligible  if  ^'is  appreciably 
less  than  a*.  Hence  we  may  take  Xj— y^^/i'  as  the  average  square 
of  deviation,  without  further  connection. 


•  «  On  the  Galonlstion  of  the  most  Probable  Values  of  Frequency-Ck)nBtant8,*' 
Froe,  Ltmd.  Math.  8oe.,  Vol.  xxix.,  p.  359,  formula  (19).  The  exact  ralue  of  the 
leading  term  is  \h*  U«  +  fsO/(l-i«-iO- 
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2.  Examples. — To  illustrate  the  method,  let  ns  take  Prof.  Wei  don's 
measurements  of  the  ratio  of  carapace  to  body-length  in  Naples 
crabs.*  The  ratios  are  taken  by  increments  of  '004  as  the  unit,  com- 
mencing with  '7155  as  zei*o,  so  that  the  range  of  the  observations  is 
from -7155  to -7955. 


Batio. 

Number. 

Ratio. 

Number. 

Oto    1 

1 

10  to  11 

126 

]  to    2 

3 

11  to  12 

82 

2to    3 

5 

12  to  13 

72 

3to    4 

11 

13  to  14 

41 

4to    5 

40 

14  to  15 

28 

5to    6 

55       ' 

15  to  16 

8 

6to    7 

98 

16  to  17 

7 

7to    8 

121 

17  to  18 

0 

8to    9 

152 

18  to  19 

0 

9  to  10 

147      1 

19  to  20 

2 

Total  ... 

999 

For  n  =  999,  log  n  =  2*9995655,  we  find,  from  Table  I., 

X  =  3-39210, 
P  =  1-008668. 

For  the  average  and  the    average  square  of  deviation  of  the  999 

individuals,  we  have 

L,  =  9-185     I 

a' =  7-42585/' 

whence  a  =  2-7250. 

The  limits  of  the  range  are 

9185±(2-7250x3-39210)  =  9185±9-243  =  --06  and  +18-43. 

We  ought  therefore  to  exclude  the  two  values  between  19  and  20. 


*  JtiM/.  Soe,  Proc.,  Nov.   16th,  1893,  p.  322.    See  also  EarlPeanon,  inPAtV. 
Tram,,  VoIb.  185  (1894),  A,  p.  96,  and  186  (1895),  A,  p.  384. 
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For  the  revised  values  of  L^^  a\  and  a,  we  have 
L^  =z  9164, 

a«  =  7-22704  X 1-008668  =  7-28968, 
a  =  2-6999. 

Since  the  probable  error  in  a  is  '0411,  the  correction  made  by  the 
omission  of  the  extreme  values  is  about  f  of  the  probable  error. 

It  will  be  seen  that  different  rules  of  exclusion  might  lead  to  the 
retention  of  exactly  the  same  individuals,  and  yet  give  us  different 
factors  by  which  their  mean  square  of  deviation  should  be  multiplied. 
If,  for  instance,  the  range  were  from  9-185—9-185  to  9-185  +  9-185,  it 
would  correspond  to  logn  =  2*9654,  which  gives 
P  =  100927, 


and 


a«  =  7-22704  x  1-00927  =  7-29403, 
a  =  2-7007. 


Strictly  speaking,  it  is  not  legitimate  to  limit  the  range  by  the 
observations,  and  then  treat  the  observations  as  representing  a 
random  selection  from  this  range.  But  the  method  is  sometimes 
useful  for  finding  limits  to  the  most  probable  value  of  the  mean 
square  of  deviation.  It  will  be  seen  that  the  two  different  ranges 
give  values  differing  only  by  y\j  of  the  probable  error. 

For  another   example,   take   the    chest-measurements   of   Scotch 
soldiers.* 


Chest-measniement 
to  nearest  inch. 

Kumber. 

Cheet-measuiement 
1     to  nearest  inch. 

Number. 

33 

3 

41 

935 

34 

19 

42 

646 

35 

•    81 

'1            43 

313 

36 

189 

'            44 

168 

37 

409 

45 

50 

38 

763 

1            46 

18 

39 

1062 

47 

3 

40 

1082 

48 
Total  ... 

1 
5,732 

*  JSdinburgh  MtdiealJourtuU,  Vol.  zm.,  pp. 
(1898),  A,  p.  136. 


260-2.    See  Fhil,  Trant.,  Vol.  192 
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For  n  =  5,732,     log  n  =  3-7583062, 

we  find  X  =  3*84426, 

P  =  10018992. 
The  observations  ^ive  L^  =  39*8489, 

a  =  205301, 

showing  a  range  between  limits  39*8489  ±  7*8923 ;  i.e.,  between 
31*9566  and  47*7412.  It  is  therefore  donbtfnl  whether  the  one  valae 
between  47^  and  48f  should  be  excluded  or  not;  and  the  exact 
measurement  is  not  available.  If  we  assume  that  it  is  greater  than 
47*7412,  and  exclude  it  accordingly,  we  get 

X,  =  39*8475, 

a»  =  4-204001  x  1*0018992  =  4*211985, 

a  =  2*05231. 

If,  however,  we  alter  the  rule  so  as  to  make  the  upper  limit  of  the 
range  47^  inches,  we  find 

X  =  7*65108/205301  =  3*72676, 

logw  =  3*55308, 

P  =  10028754, 

which  gives  for  the  corrected  value 

a  =  2*05331. 

The  probable  error  in  a  is  00409,  so  that  the  variation  from  the 
original  value  2*05301  is  practically  negligible.  It  will  be  found  that, 
on  the  whole,  this  original  value  gives  a  better  fit  than  the  value 
2*05331  obtained  by  adapting  the  range  to  the  observations. 

3.  Two  Correlated  Organs, — A  more  accurate  test  of  abnormality 
can  be  obtained  when  the  joint  distribution  of  two  correlated  organs 
A  and  B  is  given.  Suppose,  for  instance,  that  the  correlation 
is  positive,  and  that,  for  each  organ  separately,  the  frequency 
diminishes  as  we  recede  in  either  direction  from  the  mean.  Then 
large  positive  (or  negative)  variations  of  A  will  generally  be  accom- 
panied by  large  positive  (or  negative)  variations  of  B ;  but  the 
combination  of  a  moderately  large  positive  variation  of  A  with  a 
moderately  large  negative  variation  of  B  may  be  very  rare.  We  may 
therefore  in  some  cases  retain  an  individual  presenting  an  extreme 
variation  of  one  organ,  if  the  variation  of  the  other  organ  is  such  a& 
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might  reasonably  be  expected  to  accompany  it ;  while,  on  the  other 
hand,  we  may  be  led  to  reject  individuals  presenting  improbable 
combinations  of  variations,  even  though  either  variation,  if  considered 
by  itself,  might  not  suggest  any  abnormality. 

In  the  class  of  cases  mentioned  above,  the  solid  of  frequency  of  the 
measures  of  A  and  B  will  in  all  directions  slope  downwards  to  its 
outer  boundary.  The  rule  will  therefore  be  to  exclude  all  the  indi- 
viduals represented  by  the  portion  of  this  solid  which  lies  outside  a 
certain  cylinder,  not  necessarily  circular.  It  might  be  possible  to 
lay  down  a  general  rule  as  to  the  relation  which  should  hold  between 
this  cylinder  and  the  solid;  but  we  shall  confine  ourselves  to  the 
cases  in  which  the  correlation  is  normal. 

Let  L  and  M  be  the  measures  of  A  and  B  ;  and  let  their  means, 
mean  squares  of  deviation,  and  mean  product  of  deviation  be  X„  M^^ 
a',  6*,  and  ah  cos  D.  Then  the  correlation-solid  of  L  and  3f,  i.e.,  the 
solid  of  frequency  of  values  of 

(L-L,)/(asinD)     and     (M-3fi)/(6sin  D), 

referred  to  coordinate  planes  including  an  angle  ir— D,  is,  in  this 
class  of  cases,  a  solid  of  revolution.  The  natural  rule  therefore 
appears  to  be*  that  we  should  exclude  all  individuals  represented  by 
elements  of  the  coiTelation-solid  lying  outside  a  circular  cylinder 
coaxal  with  the  solid  ;  the  radius  of  this  cylinder  being  determined 
by  the  total  proportion  of  individuals  which  we  decide  to  exclude. 

This  rule  is  justified  by  a  cei'tain  property  of  the  correlation-solid. 
Let  V  and  3f'  be  the  measures  of  two  organs  A*  and  J?',  whose 
development  depends  solely  on  the  development  of  A  and  J5.  It  will 
usually  be  found  that  the  distributions  of  L'  and  of  M'  will  also  be 
normal,  and  normally  correlated  ;  and  that  V  and  AT  will  be  of  the 
forms 

r  =  L\  -hi>  (i- A)  +  5  {^-M,)  I 

Af'=3f;+/(L-A)+5'(-M'-^i)r 

where  L[  and  M[  are  the  mean  values  of  L'  and  Jf ',  and  p,  jp\  q,  q  are 
constants.  But,  when  this  relation  holds,  the  correlation-solid  of  L' 
and  M'  is  identical  with  the  coiTelation-solid  of  L  and  3f,  the  relative 
positions  of  the  elements  composing  the  solid  being  unaltered.f 
Hence  we  shall  be  led  to  exclude  the  same  individuals,  whether  we 
consider  L  and  3f,  or  L'  and  M\ 

•  Cf.  Yule,   **  On  the  Theory  of  Correlation,"  Jourtial  of  the  Royal  StatUticnl 
Soeietu,  Vol.  lx.,  Pt.  nr.  (Decemher,  1897),  p.  35. 
t  Fhil,  Tram,,  Vol.  192  (1898),  A,  p.  139. 
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The  correlation-Bolid,  in  the  present  case,  is  the  solid  of  revolution 
of  a  normal  figure  whose  central  ordinate  is  l/(27r),  and  whose  mean 
square  of  deviation  is  unity.  Hence,  if  the  radius  of  the  cylinder  is 
r,  and  if  in  the  total  community  the  proportion  of  individuals  to  be- 
excluded  is  0,  we  have 

e-***  =  a. 

If,  as  in  the  case  of  a  single  organ,  we  choose  d  so  that  it  may  be  an 
even  chance  that,  after  making  a  random  selection  of  n  individuals, 
one  at  least  will  have  to  be  rejected,  the  value  of  0  is  given  by  the 
equation 

(!-«)"  =  i; 

so  that  r  is  given  by  (1— e"*'^)*  =  j. 

Table  II.  gives  the  values  of  r  and  of  r*  deduced  from  this  equation, 
for  values  of  n  from  10  to  1,000,000. 

Let  T  denote  the  total  number  of  individuals  comprised  in  the 
original  community ;  this  number  being  regarded  as  practically  in- 
finite. Then,  out  of  these,  Te**^  are  liable  to  be  rejected.  The  sums 
of  the  values  of  (L-L,)\  (M-M^)\  and  (i-Xi)(Jlf-3fO  for  the 
remaining  T(l— e"**^')  are  respectively 

T.a«  sin* D.i  {{  e'^'^'^^^^'^^^x'du,, 
T.t^sin^D.J-  [[e-*^*'-^«^^**'^2/'d<u, 

T.a6sin*D.~  {{e-^^''-^''^''*'''^xydio, 

where  «,  y  are  coordinates  referred  to  axes  including  an  angle  w— D, 
and  dio  denotes  an  element  of  area ;  the  integration  being  over  the 
section  of  the  cylinder  of  radius  r.  Taking  new  axes  of  (  and  rj  along 
and  at  right  angles  to  the  axis  of  a;,  we  have 

X  =  f-f  TycotD^j 

y  -=71  cosec  D    J 

Substituting,  and  then  transforming  to  polar  coordinates,  it  will  be 
found  that  the  sums  are  respectively 

T.a^{l-(l  +  ir«)e-*'^], 

T.y.{l-(l  +  iO«"*''}» 
r.afecosD.{l-(l  +  ir«)6-*'*}. 
VOL.  XXXI.— NO.  684  ^ 
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Hence,  when  we  have  found  the  most  probable  values  of  the  mean 
squares  and  mean  product  of  deviation  for  the  T(l— 6"*0  individuals, 
we  must  multiply  these  by 

P  =  (l-e-n/{l-(l+i'*)«-*'*}. 
in  order  to  get  the  most  probable  values  of  the  mean  squares  and 
mean  product  of  deviation  for  the  whole  community.     The  values  of 
P  and  of  10  +  logio(P— 1)  corresponding  to  the  different  values  of  n 
are  given  by  Table  11. 

It  will  be  noticed  that,  if  we  only  require  the  value  of  cos  D,  the 
factor  P  need  not  be  introduced  at  all. 

Let  X  and  Y  be  the  values  of  L  and  M  for  a  particular  individual. 
Then,  if  we  write 

(X-2i,)/a  =  ar,     (Y^M,)/b  =  y, 

and  if  p  denotes  the  distance  of  the  element,  representing  this 
individual,  from  the  axis  of  the  correlation-solid,  we  have 

p'  =  (ic*— 2icy  cos  D-\-y')  cosec'  D  ; 

and  the  individual  is  to  be  rejected  if  this  is  greater  than  r*.  Now, 
if  we  take  two  straight  lines  OA,  OB,  of  lengths  x  and  y,  and  in- 
cluding an  angle  D,  and  if  we  draw  AB  and  BB  at  right  angles  to 
OA  and  OB  respectively,  meeting  in  Bj  then  OB  =  p.  Hence  we  get 
the  following  rule  : — 

From  Table  II.  find  the  values  of  r  (or  r*)  and  P  corresponding  to 
the  particular  value  of  n.  Calculate  the  values  of  L^y  3f„  a\  h\  and 
ab  cos  D  from  the  data  ;  and  thence  find  the  values  of  (L—L^)  /o  and 
(Af— 3fi)/6  for  the  different  values  of  L  and  M,  according  to  which, 
the  classification  has  been  made.  Take  two  straight  lines  X'OX, 
TOY,  including  an  angle  D  ;  and  on  X'OX  and  TOY  mark  off  the 
values  of  (L  —  L{)/a  and  of  {M—M^fb,  0  being  taken  as  origin. 
Through  these  points  draw  straight  lines  at  right  angles  to  X'OX 
and  Y'OY  respectively ;  these  will  form  a  system  of  parallelograms 
corresponding  to  the  different  compartments  in  the  table  of  double 
classification.  With  centre  0  and  radius  r,  describe  a  circle.  Then 
all  the  individuals  represented  by  parallelograms  lying  wholly  inside 
the  circle  must  be  retained,  while  those  represented  by  parallelograms 
wholly  outside  the  circle  must  be  excluded.  The  cases  in  which  a 
parallelogram  is  crossed  by  the  circle  must  be  specially  con- 
sidered ;  the  individuals  must  be  retained  or  excluded  according  as 
aj*— 2ajy  cos  D+y*  is  less  or  greater  than  r*  sin*  D,  where 

x  =  (L^L{)/a,     y^(M-M,)/b. 
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The  values  of  L^,  M^^  a',  6',  and  ah  cos  D  must  then  be  recalculated ; 
and  the  values  of  a',  6',  and  ah  cos  D  must  be  multiplied  by  P. 

In  drawing  the  diagram  it  will  be  found  convenient  to  make  tbe 
unit  of  measurement  of  {L—L^ja  and  {M—M^jh  proportional  to 
the  numerical  value  of  a  (or  6);  thus  the  values  of  {L  —  L^ja  will 
proceed  by  equidistant  divisions  of  the  scale  that  is  used,  and  the 
values  of  (a/fe)(Jf— Ifj)  and  ar  will  be  used  instead  of  those  of 
{M^M,)/h  and  r. 

4.  Example. — The  table  on  the  next  page  gives  the  correlation 
of  strength  of  squeeze  (in  lbs.)  and  breathing  capacity  (in  cubic 
inches)  for  522  men  measured  at  Mr.  Galton's  laboratory.*  The  dis- 
tributions and  the  correlation  are  not  exactly  normal,  but  they  are 
sufficiently  so  for  purposes  of  illustration.f 

Denoting  the  measures  of  squeeze  and  of  breathing  capacity  by  L 
and  3f,  we  find 

L,=    85-374,    M,=    22657, 

a'' =  116-86,        6' =  1588-0, 
a=    10-810,        h=      39-85, 
ah  cos  D  =  171-7,     D  =  e^"  30'. 

First,  consider  each  distribution  separately.  From  Table  I.,  for 
n  =  522,  logn  =  27176705,  we  have 

a;  =  3-21008    | 
P  =  1015063  J 

so  that  thq  range  is  fix)m  50' 6 7  to  120*08  in  the  one  case,  and  from 
98-65  to  35449  in  the  other.  Thus  for  the  corrected  values,  by  the 
m.ethod  of  §§  1  and  2,  we  find 

Li=    85-374,    3fi=    226-86, 
a'  =  118-62,         h'  ^  1570-2, 
a=    10-891,        b=      39-63. 


*  Journal  of  the  Anthropological  Institute,  Vol.  xiv.  (1885),  p.  285. 

t  It  seems  clear  that  a  larger  number  of  trials  has  been  made  when  the  measure 
first  obtained  has  been  nearly  up  to  a  round  number  ;  and  this  has  caused  discon- 
tinuities in  the  distribution.  For  instance,  the  squeezes  95-100  and  100-105  have 
been  increased  at  the  expense  of  90-95 ;  and  the  same  is  true  for  breathing 
capacities  of  about  200  and  300. 

0  2 
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Strength  of  Squeeze^  and  Breathing  Capacity,  of  522  Englishmen 

aged  23-26. 


Breathing 

Capacity  in 

cubic 

inches. 

Squeeze  in  lbs. 

Total. 

1 

o 

lO 

O 

70-75 
75  80 
80-85 

O 

o 

1 

§ 
2 

OS 

100-105 
105-110 
110-115 

70-  80  '... 

1 

;               j 

'            1 

1 

80-  90 

... 

... 

0 

90-100  • ... 

\     ...     \ 

1 
..    1     ... 

0 

100-110    ... 

...  '  ...     ...  '  ...  '  ... 

...  1  ... 

0 

110-120    ... 

■  ...  1  ...      1  ,  ...  ' 

...  1  ... 

'.'.     1    ... 

1  i 

120-130    ... 

... 

1 

...     '       1     i...     '     

... 

2 

130-140    ...  ! 

1 

...     .       1          

1 

1 
..     i     ... 

2  1 

140-150      1  ; 

1 

...         1        ...    !...!. 

3 

150-160      1 

1 

3  1   1      1     ...     1 

i  1 

9 

160-170    ...  1 

"i 

2 

3     4      2      1  1  2 

, 

15  i 

170-180    ... 

... 

1 

3  1   7  '   6     3  ;   1 

i 

22  • 

180-190      1 , 

3 

3 

9    10  :   6  '   6  ;  a 

1 

i    1   ... 

44  , 

190-200      1  ' 

4      6    10      3  1   2 

3 

2     ...      1 

32 : 

200-210    ...  : 

i 

i 

10      7  i   9  1    8      9 

B 

...    1   ... 

49 

210-220    ... 

1 

4 

2      9    11  •   7      6 

5 

3    3  I  ... 

61 

220-230    ... 

1 

4 

6    11    12  ill      6 

10 

4   ... 

66 

230-240      1 

1 

3 

1^6      6  .13      5 

f» 

1      2 

i 

49 

240-250    ... 

1 

5      4    10    10  i   8 

i 

2      1 

... 

48 

250-260    ... 

i 

1  ;   2  '   4      8  '   4 

4 

3  1  2 

29 

260-270    ... 

"i 

2  i    8  1    1      7      4 

4 

1  j  ... 

28  ' 

270-280    ... 

...      2      3      5      1 

2 

1     ...     1 

15 

280-290    ... 

...  1   2      2  j    1      2 

4 

3  1   2 

1 

17 

290-300    ...  1 

...  ....      2  13      7 

4 

2      1 

1 

20 

300-310    ...  1 

"i 

...  1   3  1    2  1   3  '   6 

2 

1     ... 

18 

310-320    ...  ; 

'...  i...  1  1   ... 

1 

1     ... 

3 

320-330    ...  , 

;;! 

...  i 1   ... 

1      1 

3 

330-340    ...  ' 

... 

0 

340-350    ...  1 

1 

... 

•■■  J ' 

1      ''. 

1 

Total...    5  j 

9 

26 

49    80    88  ,91    67 

m 

28    14 

6 

522  ■ 

Next,  take  the  two  togetlier.     From  Table  II.,  for  n  —  522,  we  have 
r'  =  13-24969,     r  =  364001  \ 
P=  1-008881  J- 

Using  the  values  obtained  directly  from  the  data,  we  find 
Xi ± ar  =  4602  and  124-72, 
3fi±6r  =  81-52  and  371-63. 
We  moat  therefore  exclude  the  case  for  which  L  lies  between  65  and 
70  and  If  between  70  and  80.     To  see  whether  any  other  cases  should 
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be  excluded,  we  draw  the  diagram  shown  in  Fig.  1,  in  the  manner 


•DC  .'ItU  is9         *t$ 


described  in  the  last  section.  The  angle  between  the  straight  lines 
X'OX  and  roris  66^30' ;  the  different  values  of  (L-85-374)/10-810 
and  of  (Jlf-2-26-57)/ 39-85  are  marked  off  on  TOX  and  TOY,  and 
the  circle  is  drawn,  of  radius  3*64001,  having  its  centre  at  0.  The 
accuracy  of  the  construction  of  the  figui^e  may  be  tested  by  observing 
the  points  where  the  circle  cuts  the  set  of  lines  perpendicular  to 
X'OX  or  Y'OY.  If,  for  instance,  we  take  the  lines  perpendicular 
to  X'OX,  representing  the  different  values  of  squeeze,  we  must  solve 
the  equation 

y^-2yx  cos  Z)+  (a:'-r'  sin'  D)  =  0 

for  different  values  of  x.     This  equation  gives 

y  ■=  X  cos  D  ±  \/r*— ar' .  sin  D ; 


whence    If  =  3fj  +  6y  =  3f i  + 


6cosD 


ax± 


6sinD 


^a'r^-a'a^. 
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For  values  of  L  from  55  to  115,  by  intervals  of  5,  we  have 

ax  =  Sp- -37356, 
where  p  has  values  from  —6  to  -^6;  and  thus  we  find 


M  =  226-02193 +  7-34758p±  3-38077  x  v/l548-26063+3-7356p-2V- 
Taking  the  different  values  of  jo,  this  gives  for  the  range  of  M  for 
different  values  of  L  : — 


Squeeze 

Baage  of  Biesthing 

inlb6. 

Capaoity  in  cnbio  inches. 

55 

97-36  to  266-51 

60 

87-60  to  290-96 

65 

82-82  to  310--t4 

70 

81-52  to  326-44 

75 

82-97  to  339-68 

80 

86-89  to  350-46 

85 

93-00  to  369-05 

90 

101-26  to  365-48 

95 

111-73  to  369-71 

100 

124-56  to  371-57 

105 

140-11  to  370-72 

110 

15900  to  366-52 

115 

182-56  to  357-66 

In  practice,  it  is  sufficient  to  test  for  one  or  two  values  of  L,  Having 
done  this,  we  insert  in  each  parallelogram  (as  shown  in  Fig.  1)  the 
number  of  cases  observed.  It  will  then  be  seen  that,  except  in  the 
one  case  mentioned  above,  the  observations  all  lie  within  the  limits 
given  by  Table  II.  Recalculating,  and  multiplying  a',  h\  and  ah  cos  D 
by  P  =  1-008881,  collecting  our  results,  and  calculating  the  probable 
errors,*  we  get  the  following  tables  :  — 


X,              Ml              a-              is 

a                 b 

From  data  

Corrected  from " 

Table  I. 
Corrected  from  7 

Table  II.     J 

Probable  error.. 

85-374 
85-374 

86-408 
•317 

226-57 
226-86 

226-86 
117 

116-86 
118-62 

114-48 
4-82 

1588-0 
1570-2 

1560-7 
65-2 

10-810     39-85 
10-891     39-63 

10-747     39-51 
•214         -82 

*  The  probable  errors  here  given  have  been  calculated  on  the  assumption  of 
normal  distribution  and  normal  oorrelation.  Thej  might  have  been  calculated 
directly  from  the  observations,  without  making  any  assumption ;  but  the  additional 
labour  aeema  hardly  neoessaiy. 
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at  COB  D 

2) 

Fiom  data 

171-7 

168-3 

13-5 

66°  Sa 

66' 38' 

1°33' 

Corrected  from  Table  II.... 
Probable  error  

These  results  are  not  very  conclusive.  But  an  inspection  of  Fig.  1 
will  show  tliat  the  parallelogram  representing  the  one  excluded  case 
is  only  just  outside  the  bounding  circle.  Moreover,  if  we  had  made 
this  circle  a  little  smaller,  it  would  have  been  doubtful  whether  we 
should  not  also  exclude  the  case  of  squeeze  between  66  and  70 
and  breath  between  300  and  310.  If  we  exclude  this  case,  as  well  as 
the  former,  it  will  be  found  that  we  get  D  —  66^  31',  which  is 
practically  the  same  a«  the  value  originally  obtained.  There  is 
therefore  good  ground  for  supposing  that  the  excluded  case  is  not 
really  abnormal,  and  that  we  might  retain  it,  and  content  ourselves 
with  the  values  originally  obtained  from  the  data,  without  making 
any  correction  in  the  values  of  a',  h\  and  ah  cos  D. 


•  •  •  •  •"■=':ji*t*^f*r^  -  *  ;• 
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If  we  place  dots  in  eacK  parallelogram  in  Fig.  1,  equal  to  the 
number  of  the  corresponding  observations,  we  obtain  a  rough  repre- 
sentation of  the  correlation-solid,  the  ordinate  of  the  solid  at  any 
point  being  proportional  to  the  frequency  of  the  dots  at  that  point. 
The  result  is  shown  by  Fig.  2,  the  lines  forming  the  parallelograms 
having  been  removed  for  clearness.  The  actual  position,  in  each 
parallelogram,  of  the  dots  placed  in  it,  is  of  course  arbitrary ;  but 
otherwise  the  figure  gives  a  representation  of  the  correlation,  without 
any  assumption  as  to  its  nature.  The  circle  of  radius  r  has  been  re- 
placed by  a  circle  of  radius  unity,  to  show  the  scale.  The  square  of 
the  radius  of  this  circle  is  the  mean  square  of  the  distance  of  the  dots 
in  the  figure  from  any  straight  line  through  0. 

5.  Three  Correlated  Organs. — The  method  may  be  extended  to  the 
case  of  three  organs  whose  distributions  are  normal  and  normally 
correlated.  To  treat  the  case  geometrically,  the  ordinate  represent- 
ing the  frequency  of  any  particular  value  or  combination  of  values 
must  be  replaced  by  a  density.  Thus,  instead  of  the  standard  solid, 
we  get  a  "  standard  lamina  "  whose  density  at  a  point  at  distance 
r  from  the  centre  of  the  lamina  is  proportional  to  e"***.  Let  L,  M,  N 
be  the  measures  of  three  mutually  correlated  organs,  their  means, 
mean  squares  of  deviation,  and  mean  products  of  deviation  being 
Xi,  3fi,  ^1 ;  a',  6',  c^ ;  and  he  cos  V^,  ca  cos  D,,  ab  cos  D,.  Describe  a 
spherical  triangle  xyz  whose  sides  are  Z)„  D„  D, ;  take  planes  at  right 
angles  to  Ox,  Oy,  Oz  {0  being  the  centre  of  the  sphere)  ;  and  suppose 
a  material  solid  to  be  formed  such  that  the  frequency  of  joint 
occurrence  of  values  JD,  M,  N  is  represented  by  a  corresponding 
density  at  the  point  whose  coordinates,  referred  to  these  planes,  are 

(L— X,)  /  (Xa  cosec  Dj) ,      {M—  M^)  /  (\h  cosec  JD,) , 

where  X'  =  1  — cos'Di— cos'D,— cos'D8-l-2cosDi  cosJDj  cosD,. 

Then  every  section  of  this  solid  will  be  a  "  standard  lamina,"  and  the 
surfaces  of  equal  density  will  be  concentric  spheres.  If  therefore 
we  take  the  mass  of  the  whole  solid  to  be  unity,  and  describe  a  sphere 
of  radius  B,  the  portion  lying  outside  this  sphere  will  be 


M 


e-^^B^dB. 


Denote  this  by  B ;  then,  if  we  choose  B  so  that 

(1-0)- =i, 
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the  adoption  of  the  same  rule  as  before  will  lead  to  the  exclusion  of 
all  individuals  represented  by  points  outside  this  sphere. 
Hence,  if 

(X-L,)/a  =  a;,     (M--M,)/h  =  y,     (N^N,)lc  =  z, 
the  rule  would  be  that  we  should  exclude  all  individuals  for  which 
x^  sin*  Di  H-  y'  sin'  D^+z^  sin'  B^—2yz  sin  Dj  sin  D,  cos  8j 

— 2za;  sin  D,  sin  D,  cos  Sj  —  2xy  sin  B^  sin  D,  cos  8, 
is  greater  than 

E*  (1 — cos'  2>i — cos'  Dj — cos'  1^8  +  2  cos  Dj  cos  D,  cos  D,)  ; 

where  8i,  8j,  S,  are  the  angles  of  the  spherical  triangle  whose  sides 
are  A,  A,  A* 

Supposing  this  to  be  done  ;  then  we  are  limiting  our  data  to  the 
part  of  the  solid  which  lies  inside  the  sphere  of  radius  B,  If  T 
denote  the  whole  number  of  individuals  in  the  original  community, 
then  the  number  of  individuals  liable  to  be  rejected  is 


2    i"" 


^"^'R'dB. 


It  may  be  shown  that  the  sums  of  the  squares  and  products  (in  pairs) 
of  L—L^,  M—M^,  and  N—N^  for  the  remaining 


-v/fi: 


e-^'^E'dR 


are  r( 


espectively       T.aK\J—  \    e'^^EHB,  ..., 


'"•■'M- 


T.6ccosA-i^/—      e-<^E*(iE, ..., 


Hence,  when  we  have  determined  the  most  probable  values  of  a',  6*, 
c',  6c  cos  Dj,  ca  cos  Dj,  and  ah  cos  Dj,  for  the  individuals  retained,  we 
must  multiply  each  of  these  by 

P  =  3  [""  e-*^  Ehlrl  j ""  e"*^  B^dE, 

in  order  to  get  the  most  probable  values  for  the  complete  community. 
The  values  of  B,  E',  lO  +  log,©  (P  — 1),  and  P,  for  values  of  n  from 
10  to  1,000,000,  are  given  by  Table  III. 

*  The  angles  8i,  83,  83  are  the  **  divergences"  of  M  from  N,  of  N  from  X,  and 
of  L  from  if,  in  classes  determined  by  particular  values  of  Z,  Jf,  and  iV*  re- 
spectively. 
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6.  Arbitrary  Modification  of  Rule. — In  fixing  6,  the  proportion  of 
the  figure  (or  solid)  of  frequency  to  be  disregarded,  at  such  a  value 
that  it  may  be  an  even  chance  that  at  least  one  genuine  individual 
may  be  excluded,  we  are  adopting  a  quite  arbitrary  criterion.  If  we 
like  to  modify  the  rule  by  taking  0  to  be  of  such  a  value  that  in  one 
case  out  of  every  p  the  result  will  be  to  exclude  at  least  one  individual, 
the  corresponding  values  of  x,  r,  <fcc.,  are  easily  found  from  the  tables. 
The  value  of  d  is  given  by 

i-(i-«)-  =  i/2, 

or  (l-fl)"  =  (p-l)/p. 

Now  suppose  that  the  corresponding  value  of  {e.g.)  x  is  the  same  as 
would  be  found  from  Table  I.  by  substituting  n  for  n.     Then  we  have 

(1-9)"' =  i. 
Comparing  these  equations,  we  find 

n/  _,  log  2 

n       logp-logip-l)' 

Hence  we  have  only  to  add  log,o  (logio2)— log,o  (logioi>— log,o(l)— 1)} 
to  logio  n,  and  then  use  the  tables  without  further  correction. 

The  following  table  gives  the  values  of  this  amount  to  be  added 
for  different  values  of  p: — 


p 

io8rio»'-iosrio» 

w 

-(•8224202) 

¥ 

-(■5213902) 

1 
1 

2 

-(•3658488) 

-(•3010300) 

-(•2000190) 

•0000000 

3 

•2328720 

4 

•3819127 

5 

•4922411 

10 

•8181476 

100 

18386449 

1 
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Take,  for  example,  the  first  case  considered  in  §  2,  where  n  =  999, 
logio  **  =  2*9996656.  If  we  fix  the  range  by  the  condition  that  in 
99  cases  out  of  100  one  genuine  individual  at  least  will  be  excluded, 
we  must  take  the  values  of  x  and  P  corresponding  to 

logn  =  2-9995655- -8224202  =  2-1771453. 

If,  on  the  other  hand,  we  decide  that  this  ought  only  to  happen  in 
1  case  out  of  100,  we  should  have 

log  W  =  29996656  + 1-8386449  =  4-8382104. 

7.  Gonstruction  of  the  Tables, — For  each  of  the  three  tables  given 
at  the  end  of  this  paper,  we  have 

a-=i  (1) 

where  a  =  J^  {'e'^dx  (Table  L), 

a=  [%-»'"  rir  (Table  11.) , 

Jo 

a  =  J^  r  e'^^IPdB    (Table  III.). 

From  (1)  we  have  log,o a  =  Z:I?&o2 

n 

For  convenience,  write 

c0  =  log«  2 
=  -69314  71805  60, 

fi  =  logio  e  =  -43429  44819  03. 
Then  a  =  e-'* 

and 

log.(l-a)  = -log.  1/(1 -e-^) 


(2) 


(3; 


=  log.  («/»)- log,: 


v/n 


R— /* 


=  log.«-log.»-i(--|2-f;^+ijf-r-i6f -.-...) 
=  log.«-log. »-!«-. n->+KTV'')«-'-^^(iV»')'»»-' 
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whence  1 0  -f  log,,,  (1  —  a) 

=  (10 -h log,o «) - logio  n-2  logio  2  .  n" * 

-T^(iV«yn-«+...}.     (5) 

From  these  formulsB  the  values  of  logi,  n,  a^  log,  (1— a),  and 
10+log,o(l— a)  can  he  calculated  for  successive  values  of  logioti. 
As  thesb  latter  proceed  by  equal  intervals  of  *1,  the  significant 
figures  in  each  constituent  term  of  any  one  of  the  above  expressions 
will  recur  after  ten  values  of  logio  n  ;  so  that  the  calculation  is  very 
simple.  For  most  of  the  calculations  the  important  formula  is  (5), 
which  gives 

10  +  logio  (1- a)  =    9-84082  54610  45 

— logio  n 

-15051  49978  n'' 
+  •00869  40872  n"' 
-00003  48092  n"* 
+  •00000  02655  n"' 
-•00000  00024  n-" 
+  <fec. 
For  Table  I.,  we  have 


-M- 


-^dx 


P  = 


a''2xz 


2xz 


logio(P-l)  =  log,o-^-J 


where 


The  values  of  x,  up  to  logio n  =  45,  were  in  the  first  instance 
calculated  directly  from  a  table  based  (with  corrections)  on  Kramp's 
table  of  values  of 

logio      e-^dt; 
bnt  they  were  afterwards  verified  and  extended,  and  the  values  of 


1899.]         Statistical  Ejection  of  Extreme  Vacations,  98 

logio  (^—1)  calculated,  by  means  of  Dr.  Burgess's  recent  tables*  of 

^     {\-''dt    and       ^    -'■ 

Jo 


V^l-Jo  V 


V 


We  have 


2    P 


where  t  =  x/y/2 

2{  =  a5^/2  =  -|-e''" 
vir 

As  a  table  giving  t  in  terms  of  a  — ^.2£  was  required  for  determining 
the  values  of  B  in  Table  III.,  I  augmented  Burgess's  table  by  con- 
structing tables  of 

10-hlogio(l-a  +  ^.20     and     10  +  log,o  {(^20/(l-a  +  ^.20}, 
in  addition  to  a  table  of  10-|-log,o(l— a)   from    ^  =  2"7  to  ^  =  4*3. 
The  larger  values  of  x  in  Table  I.,  and  the  values  of  10+log,o  (P—  1), 
were  calculated  from  these  auxiliary  tables. 

For  Table  II.,  we  have         a  =  1— e"*^, 
so  that  r*  =  —  2  log,  (1— a). 

The  values  can  be  calculated  directly  from  (4),  which  gives 
r*=  4-60617  01869  88  log,on 

+  •73302  68412 

+  •69314  71806  n' 

-04003  77512  n""  ' 

4- -00016  03022  n-* 

-00000  12226  n-« 

+  •00000  00110  n-» 

—Ac., 
or  they  can  be  obtained  from  the  values  already  found  for  logio(l— a), 

♦  Tramactions  of  the  Royal  Society  of  Edinburgh,  Vol.  zzxix.,  Pt.  2,  No.  9 
(March,  1898).  There  are  a  few  errata,  which  can  usually  be  detected  by  taking 
differences.  Thus,  on  p.  321,  in  value  of  JST  for  <  =  3-6,  **  258  '*  should  apparently 
be  "  256,"  and,  in  value  for  t  =  4-1,  "  932  999  724  *'  should  be  "993  299  972." 
(I  have  not  cheloked  these  by  direct  calculation.)  There  are  also  some  mistakes 
in  the  table  on  p.  279. 
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by  multiplying  by  -2//i  = —4-60517  01859  88.    Also 

so  that  P— 1  = 


where  0  =  2  (e*^-l) 

O 


1-e-/" 


The  coefficients  of  powers  of  n"'  in  the  expression  in  curled  brackets 
are  small  multiples  of  the  coefficients,  already  calculated,  in  (4),  so 
that  they  can  be  written  down  at  once  :  multiplying  by 

2/u»  =  2-88539  00817  78, 
we  have  0  in  powers  of  n'*.     Calculating  the  values  of  0,  those  of 
P— 1  =  7^/(0^1*)  are  obtained  by  direct  division. 

For  Table  III.,  a  =  J^  T  e'^^S'dB 


-^'H 


*e-**'eiE-2E-4=e- 


Jo  V  *«• 

Or,  writing  t  =z  B/ y/2, 


2    r    -c-^,     ,    2 


a  : 

V^^  Jo 

The  values  of  t  for  the  different  values  of  10+logio(l— a)  were 
found  from  the  table  of  values  of 

104.1og.,(l--l|V^«|,+  ,^e-<-) 

mentioned  above  ;  and  these  give  the  values  of  B  and  JS'.     Denoting 

2 
—j-e'^  by  {,  we  have  then 

The  values  of  logio  (|^.2^{)  were  found  by  direct  calculation  from 
the  values  of  <,  and  thence  those  of  logw  (a— |^^.  2^)  ;  the  difference 
giving  the  values  of  log,©  (P— 1). 

All  the  values  given  are  correct  to  five  places  of  decimals.  They 
were  taken  to  7,  8,  or  9  places,  and  tested  by  successive  differences ; 
and  cases  in  which  the  sixth  and  seventh  figures  were  near  ...  60 
were  specially  tested. 

A  change  of  sign  of  A*,  in  any  table,  is  marked  by  an  asteiisk  (*). 


1899.]  Statistical  Rejection  of  Extreme  Variations. 

Table  I.     One  Organ. 
Values  ofx,  P,  and  104-%,o(P-l). 


95 


logion 


10 

1-83190 

ri 

1-93029 

1-2 

202573 

1-3 

2-11838 

1-4 

2-20839 

1-5 

2-29591 

1-6 

2-38111 

1-7 

2-46412 

1-8 

2-54507 

1-9 

2-62408 

20 

2-70127 

21 

2-77674 

2-2 

2-85058 

2-3 

2-92289 

2-4 

2-99376 

2-5 

3-06324 

2-6 

313143 

27 

3-19837 

2-8 

3-26414 

2-9 

3-32879 

30 

3-39237 

31 

345493 

3-2 

3-51652 

3-3 

357717 

3-4 

3-63693 

3-5 

3-69583 

3-6 

3-76391 

3-7 

3-81120 

3-8 

3-86774 

3-9 

3-92354 

4-0 

3-97863 

41 

403305 

4-2 

4-08681 

4-3 

4-13994 

4-4 

4-19246 

4-5 

4-24439 

4-6 

4-29674 

4-7 

4-34654 

4-8 

4-39681 

4-9 

4-44655 

50 

4-49578 

51 

454453 

5-2 

4-59280 

5-3 

4-64060 

5-4 

4-68796 

5-5 

4-73487 

5-6 

4-78136 

5-7 

4-82744 

5-8 

4-87311 

5-9 

4-91838 

60 

4-96327 

A2 


I 


9839 
9544 
9265 
9001 
8752 
8520 
8301 
8095 
7901 
7719 
7547 
7384 
7231 
7087 
6948 
6819 
6694 
6577 
6465 
6358 
6256 
6159 
6065 
5976 
5890 
5808 
5729 
6654 
6580 
5609 
5442 
6376 
5313 
5252 
5193 
6135 
5080 
5027 
4974 
4923 
4875 
4827 
4780 
4736 
4691 
4649 
4608 
4567 
4527 
4489 


313 
295 
279 
264 
249 
232 
219 
206 
194  I 
182 
172  I 
163 
153 
144 
139 
129 
125 
117 
112 
107  I 
102 
97  I 

94    : 

89  ' 

86 

82  ! 

79  I 

75 

74 

71 

67 

66 

63 

61 

59 

68 

66 

63 

53 

51 

48 

48 

47 

44 

45 

42 

41 

41 

40 

38 

37 


1-41357 

1-33791 

1-27712 

1-22790 

1-18781 

116601 

112807 

110688 

1-08756 

107242 

1-05988 

1-04950 

1-04090 

1-03377 

1-02787 

1-02298 

1-01894 

01569 

1-01283 

1-01054 

1-00866 

00711 

00583 

00478 

00391 

00320 

00262 

00214 

00176 

00142 

00116 

00096 

00077 

00063 

1-00051 

00042 

1-00034 

00027 

00022 

00018 

00015 

(X)012 

00010 

00006 

00006 

00005 

OOOOi 

00003 

00003 

00002 

00002 


10  + 
logio(i'-l) 


961666 
9-52880 
9-44266 
9-36774 
927873 
9-19037 
9-10746 
9-02482 
894232 
8-86984 
8-77728 
8-69468 
8-61168 
8-62868 
8-44609 
8-36136 
8-27728 
819286 
810810 
8-02299 
7-98762 
7-86171 
7-76566 
7-67905 
7-69223 
7-60508 
7-41763 
7-32987 
7-24181 
7-15348 
706487 
6-97600 
6-88687 
6-79761 
6-70790 
6-61807 
6-62803 
6-43777 
6-34731 
6-26666 
6-16582 
6-07480 
5-9836 » 
5-89224 
5-80072 
5-70904 
6  61721 
6-52524 
5-43312 
534987 
5  24849 


8776 
8614 
8492 
8401 
8336 
8291 
8264 
8230 
8248 
8266 
8270 
8290 
8316 
8344 
8374 
8407 
8442 
8476 
8611 
8647 
8681 
8616 
8660 


8715 
8745 
8776 
8806 
8838 
8861 
8887 
8913 


8961 
8983 
9004 
9026 
9046 
9066 
9084 
9102 
912G 
9136 
9152 
9168 
9183 
9197 
9212 
9225 
9238 


(±) 

207 

161 

122 

91 

66 

46 

27 

14 

^ 

14 
20 
26 
29 
80 
88 
86 
84 
85 
86 
84 
86 
84 
82 
88 
80 
81 
80 
27 
28 
26 
26 
28 
26 
22 
21 
22 
20 
19 
19 
18 
18 
16 
16 
16 
16 
14 
16 
13 
13 
13 
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Mr.  W.  P.  Sheppard  on  tlis 


[May  11, 


Table  II.    Two  Organs. 
Values  of  r  and  r*. 


logiow 


1 


10 

232532 

1-1 

2  41940 

1-2 

2-51054 

1-3 

2-59892 

1-4 

2-68473 

1'6 

276815 

1-6 

2-84933 

1-7 

2-92842 

1-8 

300555 

1-9 

308084 

20 

315411 

21 

3-22636 

2-2 

3-29678 

23 

3-36677 

2-4 

343339 

2-5 

3-49973 

2-6 

356486 

2-7 

3-62882 

2-8 

3-69169 

:jy 

;i -75352 

30 

3-81435 

31 

3-87422 

3-2 

393319 

3-3 

3-99129 

3-4 

404857 

3-6 

410504 

3-6 

4-16075 

37 

4-21572 

3-8 

4-26999 

3-9 

4-32357 

40 

437650 

41 

4-42880 

4-2 

4-48049 

43 

4-53159 

4-4 

458212 

4-5 

4-63210 

4-6 

4-68154 

4-7 

4-73047 

4-8 

4-77890 

49 

4-82684 

50 

487431 

51 

4-92132 

52 

496789 

5-3 

501402 

5-4 

505974 

5-5 

5-10504 

5-6 

5-14995 

5-7 

5-19447 

5-8 

5-23861 

59 

5-28238 

60 

5-32579 

9408 
9114 
8838 
8581 
8342 
8118 
7909 
7713 
7529 
7367 
7195 
7042 


6762 
6634 
6513 
6396 
6287 
6183 
6083 
5987 
5897 
5810 
5728 
5647 
5571 
5497 
5427 
5358 
5293 
5230 
5169 
5110 
5053 
4998 
4944 
4893 
4843 
4794 
4747 
4701 
4657 
4613 
4572 
4530 
4491 
4452 
4414 
4377 
4341 


317 

5-40711 

294 

5-85352 

276 

6-30281 

257 

6-75439 

239 

7-20780 

224 

7-66266 

209 

8-11868 

196 

8-57563 

184 

903331 

172 

9-49157 

162 

9-95029 

153 

10-40939 

143 

10-86877 

137 

11-32839 

128 

11-78819 

121 

12-24814 

117 

12-70821 

laj 

1316837 

104 

13-62860 

100 

14-08889 

96 

14-54923 

90 

15-00960 

87 

15-47001 

82 

15-93043 

81 

16-39088 

76 

16-85134 

74 

17-31181 

70 

17-77229 

69 

18-23278 

65 

18-69328 

63 

19-15378 

61 

19-61428 

59 

2007478 

57 

20-53529 

55 

20-99580 

54 

21-45631 

51 

21-91683 

50 

22-37734 

49 

22-83785 

47 

23-29837 

46 

23-75888 

44 

24-21940 

44 

24-67992 

41 

2514043 

42 

25-60095 

39 

2606146 

39 

26-52198 

38 

26-98250 

37 

27-44301 

36 

27-90353 

35 

28-36405 

44641 
44929 
45158 
45341 
46486 
45602 
45695 
45768 
45826 
45872 
46910 
45938 
46962 
46980 
46996 
46007 
46016 
46023 
46029 
46034 
46037 
46041 
46042 
46046 
46046 
46047 
46048 
46049 
46050 
46050 
46050 
46050 
46051 
46051 
46051 
46052 
46051 
46051 
46052 
46051 
46052 
46052 
46051 
46052 
46051 
46052 
46052 
46051 
46052 
46052 


AS 

+ 

361 

288 

229 

183 

145 

116 

93 

73 

68 

46 

88 

28 

24 

18 

15 

12 

9 

7 

6 

5 

3 
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Table  II.    Two  Organs — continued. 
Values  of  P  and  10 -\-  log^o  (P- 1). 


l0gl(j« 


1-0 
11 
1-2 
1-3 
1'4 
1^5 
1-6 
17 
1^8 
1-9 
2-0 
21 
22 
2-3 
2*4 
26 
26 
2*7 
2-8 
29 
30 
3^ 
32 
33 
34 
35 
S6 
37 

as 

3^ 

40 
4-1 
42 
4<3 
4-4 
4-5 
4^ 
47 
4-8 
49 
6'0 
6-1 
62 
63 
5-4 
5*5 
56 
67 
6-8 
5-9 
6-0 


1-24070 
1-19856 
1*16300 
1-13657 
M1214 
1'0H279 
1-07677 

i-oeaso 

1-05261 
lt>4a40 
1*03585 

1*02059 
1'02440 
H)2011 
1-01656 
1*01362 
1-01120 
1*00920 
1-00765 
ltX)6l9 
1W607 
1-00415 
1-00340 
1-00278 
liX)227 
li301S5 
1-00151 
1-00123 
I'OOIOO 
liXXB2 
100066 
1-00054 
100044 
1-00036 
1-00029 
1*00024 
1-00019 
1W015 
1TO013 
I-OOOIO 
1-00006 
I'OOOO? 
1-00006 
1-00GD4 
1-00004 
1*00003 
1-00002 
100002 
1*00002 
1-00001 
1*00001 


10  + 


9-3S159 
9-29788 
9-2]  451 
913216 
904976 
8-9(5748 
8-88619 
8-80281 
6-72026 
8-6.^748 
8-5544a 
8-47106 
8-38740 
8-30336 
8-21897 
8^3422 
8i>4909 
7'96;^G0 
7-87775 
7-79154 
770498 
7-61808 
753085 
7-44330 
7-35544 
7-26728 
7-17883 
70CI010 
700111 
6  91185 
6-82235 
673261 
6-64265 
6-55246 
6  16206 
6-37146 
6-28066 
6-18967 
6-09861 
6-00717 
5-91566 
5-82390 
6-73216 
5*64019 
6*54807 
6-45581 
5*36341 
527089 
5-17823 
5-08546 
4119257 


8371 
8307 
8265 
8240 
8228 
8229 
8238 
8256 
8278 
8305 
8336 
8368 
8404 
8439 
8475 
8513 
8549 
8686 
8621 
8656 
8690 
8723 
8755 
8786 
8816 
8845 
8873 
8899 
8926 
8950 
8974 
8996 
9019 
9040 
9060 
9080 
9099 
9116 
9134 
9151 
9167 
9183 
9197 
9212 
92S6 
9240 
9252 
9266 
9277 
9289 


(±) 
88 
64 
42 
26 

1 

9 
17 
23 
27 
30 
33 
36 
35 
36 
38 
36 
36 
36 
35 
34 
33 
32 
31 
30 
29 
28 
26 
27 
24 
24 
22 
23 
21 
20 
20 
19 
17 
18 
17 
16 
16 
14 
15 
14 
14 
12 
14 
11 
12 
12 
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Mr.  W.  F.  Sheppard  on  the 


[May  11, 


Table  III.    Three  Organs. 
Values  of  B  and  B^. 


logion 


10 
11 
1-2 
1-3 
1-4 
1-5 
1-6 
1-7 
1-8 
1-9 
20 
21 
22 
2-3 
2-4 
2-6 
2-6 
2-7 
2-8 
2^ 
30 
31 
3-2 
3-3 
3-4 
3-5 
3-6 
3-7 
3-8 
3-9 
40 
41 
4-2 
4-3 
4*4 
4-5 
4-6 
4-7 
4-8 
4-9 
50 
51 
5-2 
5-3 
5-4 
5-5 
56 
5-7 
5-8 
5-9 
60 


2-67683 
276779 
285681 
294308 
8-02682 
810818 
8-18735 
8*26446 
8*33964 
8-41304 
3-48475 
8-55488 
362352 
8-69077 
8*75669 
3-82137 
3*88486 
3-94723 
400854 
4*06883 
412817 
4*18658 
4-24411 
4-30081 
4-35670 
4-41182 
4-46620 
4-51987 
457286 
4-62519 
4-67689 
4-72798 
4  77848 
4*82842 
4*87780 
4*92665 
4*97499 
502282 
507018 
5*11707 
516350 
5-20949 
5-25505 
5*30020 
5-34493 
5-38928 
5-43324 
5-47682 
5-52004 
5*56291 
5-60543 


9196 
8902 
8627 
8374 
8136 
7917 
7711 
7518 
7340 
7171 
7013 
6864 
6725 


6468 
6349 
6237 
6131 
6029 
5934 
5841 
5753 
5670 
5589 
5512 
5438 
5367 
5299 
5233 
5170 
5109 
5050 
4994 
4938 
4885 
4834 
4783 
4736 
4689 
4643 
4599 
4556 
4515 
4473 
4435 
4396 
4358 
4322 
4287 
4252 


A2 


318 

294 

275 

253 

238 

219 

206 

193 

178 

169 

158 

149 

139 

133 

124 

119 

112 

106 

102 

95 

93 

88 

83 

81 

77 

74 

71 

68 

66 

63 

61 

59 

56 

56 

53 

51 

51 

47 

47 

46 

44 

43 

41 

42 

38 

39 

38 

36 

35 

35 

35 


m 


716007 
7-66069 
816186 
8-66175 
916162 
9-66061 
10-15918 
10-66667 
1116323 
11-64883 
12-14347 
12-63716 
13-12992 
13-62176 
1411272 
14-60283 
1509212 
15*58063 
16-06838 
1655541 
17*04175 
17-52743 
18-01248 
18-49693 
18*98080 
19-46413 
19-94693 
20*42923 
20-91105 
2139240 
21*87332 
22-35381 
22-83390 
23-31359 
23-79291 
24-27187 
24-75048 
25-22876 
25-70672 
26-18437 
26-66172 
27-13878 
27-61556 
2809207 
28-66832 
2904432 
29-52007 
29-99559 
30-47088 
30-94594 
31-42079 


A» 


60062 
60067 
60039 
49987 
49919 
49837 
49749 
49656 
49660 
49464 


49276 
49184 
49096 
49011 
48929 
48851 
48775 
48708 
48634 
48568 
48506 
48445 
48387 
48333 
48280 
48230 
48182 
48135 
48092 
48049 
48009 
47969 
47932 
47896 
47861 
47828 
47796 
47765 
47735 
47706 
47678 
47651 
47625 
47600 
47575 
47562 
47529 
47506 
47486 


(=k) 
61 

28 
62 
68 
82 
88 
93 
96 
96 
96 


88 
85 
82 
78 
76 
72 
69 
66 
63 
60 
58 
54 
53 
50 
48 
47 
43 
43 
40 
40 
37 
36 
35 
33 
32 
31 
30 
29 
28 
27 
26 
25 
26 
23 
23 
23 
21 
20 


1899.]         Statistical  Rejection  of  Extreme  Variations. 
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Table  III.     Three  Organs — continued. 
Values  of  P  and  lO+hg,o  (P- 1). 


logiflf* 

P 

10  + 

1-0 

1-17957 

925423 

ri 

1'14852 

9-37177 

la 

112291 

908938 

13 

1-10176 

9^00752 

1'4 

1-06423 

9-92546 

re 

1-06971 

8S4331 

re 

1-057B7 

876096 

rr  : 

1-047*19 

8'67&42 

rs 

1-03941 

8*59558 

19 

103254 

8-51243 

2-0 

1-02685 

8-42893 

21 

1-02213 

6-34507 

2-2 

101823 

8-26083 

2*3 

101500 

8-17622 

2^4 

101234 

8-09122 

2-5 

101014 

8-00584 

26 

1-00832 

7-92O09 

3  7 

100682 

7-83396 

2B 

1*00559 

7  74747 

29 

1-00458 

7-66063 

3-0 

1W3374 

7-67345 

SU 

1-00306 

7'4S593 

3-2 

r  00250 

7-39809 

33 

100204 

7-30995 

8-4     , 

100167 

7-221SO 

35 

100136 

7-13277 

36 

1-00111 

704377 

3-7 

1^00090 

6-95450 

3-8 

l-OtK)73 

6*86497 

39 

100060 

677520 

4^0 

rooo4S 

6-68520 

41 

1-00039 

659497 

4-2 

100032 

6*50463 

4-8 

1-O0Q36 

6*41388 

4-4 

100021 

1     0-32303 

4*5 

r 0001 7 

6-23199 

46 

100014 

614076 

47 

1-00011 

6-04936 

4*8 

1*00009 

5*95779 

4^ 

1-00007 

6-86605 

50 

1-00006 

577416 

5*1 

100005 

5-^212 

5-2 

1-00004 

6*58993 

5-3 

100(X)3 

5*49759 

6-4 

100003 

6-40513 

5  5     ' 

1-00002 

6*31263 

6-6 

1-00002 

6*21980 

6-7 

1-00001 

5-12695 

6*8 

lilOOOl 

6*08398 

6-9 

100001 

4-94090 

6^0 

100001 

4-84771 

8246 
B219 
8206 
8206 
82  L5 
823S 
8266 
8284 
8315 
8350 
6386 
8424 
8461 
8600 
8538 
8575 
8618 
8649 
6684 
8718 
8752 
6784 
8814 
'  8845 
8873 
8900 
6927 
8953 
8977 
.  9000 
I  9023 
I  9(H4 
!  9065 
9085 
9104 
9123 
9140 
9157 
9174 
9189 
9204 
9219 
9234 
9246 
9260 
9273 
9265 
9297 
9S08 
9319 


H  2 


(±) 

45 
27 
13 

18 
23 
28 
31 
35 
36 
38 
37 
39 
38 
37 
66 
36 
35 
34 
34 
32 
30 
31 
28 
27 
27 
26 
24 
23 
23 
21 
21 
20 
19 
19 
17 
17 
17 
15 
15 
15 
15 
12 
14 
13 
12 
12 
11 
11 
11 


100  Mr.  J.  H.  Michell  on  the  [April  13, 


On  the  Direct  Determination  of  Stress  in  an  Elastic  Solid,  with 
application  to  the  Theory  of  Plates.  By  J.  H.  Michjbll^  M.A. 
Read  April  13th,  1899.  Received,  in  revised  form,  Septem- 
ber 4th,  1899. 

In  treating  the  problem  of  an  elastic  solid  in  equilibrium  under 
given  volume-  and  surface-forces,  some  of  the  advantages  of  a  direct 
determination  of  the  stress  are  so  obvious  that  it  is  surprising  more 
attention  has  not  been  given  to  this  mode  of  attack.  G.  B.  Airy,*  in 
1862,  gave  a  solution  of  the  statical  equations  of  stress  in  two  dimen- 
sions in  terms  of  a  function  which  is  called  by  Maxwell  "Airy's 
function  of  stress  in  two  dimensions."  Airy  did  not  consider  the 
differential  equation  satisfied  by  his  function.  This  arises  from  sub- 
stituting in  the  identical  strain-relationf  of  St.  Yenant  the  values  of 
the  strains  in  terms  of  the  stresses.  -^ 

Maxwell,:^  in  1869,  supplied  this  equation  in  an  awkward  form, 
and  extended  Airy's  method  to  three  dimensions  by  means  of  three 
functions  of  stress.  Finally,  Ibbetson§,  in  1886,  gave  the  straight- 
forward process  for  determining  the  equations  satisfied  by  MaxwelFs 
functions  by  substitution  in  the  six  identical  strain-relations  of 
St.  Venant. 

In  the  present  paper  I  begin  with  a  discussion  of  plane  stress  in  an 
isotropic  body  under  given  volume-  and  surface-forces.  The  problem 
is  reduced  to  the  determination  of  a  function  ^  satisfying  v^  ^  =  0 
with  ^,  and  dAf/jdn  given  over  the  boundary.  It  is  shown  that  the 
stress  is  independent  of  the  moduli  of  elasticity  if  there  is  no  volume- 
force,  and  if  the  body  is  simply-connected,  and  that  the  same  is  true 
for  a  multiply-connected  body  if  the  resultant  force  (not  necessarily 
the  couple)  over  each  boundary  separately  vanishes.  Reference  must 
here  be  made  to  a  statement  of  Maxwell's  at  the  bottom  of  p.  201  of 
the  paper  cited,  which,  without  adequate  discussion,  partly  anticipates 
this  result,  but  appears  to  involve  more  than  one  oversight.     I  have 

*  Brit.  Assoc.  Report^  1862. 
t  See  A.  E.  H.  Love,  Elasticity,  Vol.  i.,  $  66. 
X  Scientific  Fapers,  Vol.  n.,  p.  161. 

§  Proc,  Lond.  Math,  Soc.,  Vol.  xvn.    Beference  should  also  be  made  to  Voigt, 
-  Wiedemaim,  Annalen,  zvi.,  1882. 
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discassed  at  some  length  the  conditions  to  be  satisfied  by  ^,  in  order 
that  the  displacements  may  be  single-valued,  as  well  as  the  form  and 
uniqueness  of  the  solution  to  be  obtained  for  that  function. 

In  the  second  part  of  the  paper  I  begin  by  obtaining  the  equations 
of  stress  in  three  dimensions,  in  a  form  analogous  to  the  ordinary 
equations  of  displacement.  It  is  not  advantageous  to  introduce 
Maxwell's  functions  of  stress,  at  any  rate  for  the  applications  I  have 
in  view.  Here,  again,  I  have  considered  the  surface-conditions  to  be 
satisfied  by  the  stresses  in  order  that  the  displacements  deduced  may 
be  single-valued. 

In  the  last  part  of  the  paper  the  stress-equations  are  applied  to  the 
theory  of  plates.  A  general  method  of  solution  for  any  distribution 
of  force  is  given.  The  essential  difference  between  this  and  previous 
solutions  is  that  no  assumption  is  here  made  as  to  the  values  of  the 
stresses  on  planes  parallel  to  the  faces  of  the  plate.  Instead,  it  is 
shown  how  to  begin  by  determining  the  value  of  the  normal  pressure 
on  such  planes  without  considering  the  boundary-conditions.  The 
possibility  of  this  rests  on  the  fact,  almost  intuitive,  that  any  local 
normal  pressure  cannot  be  transmitted  along  the  plate,  except  to  an 
utterly  negligible  extent,  a  distance  many  times  the  plate's  thick- 
ness. It  is  further  shown  that  each  of  the  tangential  stresses  on 
planes  parallel  to  the  faces  is  composed  of  two  terms,  one  of  which 
depends  on  the  form  of  the  median  plane  of  the  plate,  and  the  other 
is  determined  directly  in  terms  of  the  applied  forces.  The  other 
stresses  are  then  expressed  in  terms  of  the  curvature  and  stretch  of 
the  median  plane  and  their  rates  of  change,  together  with  the 
quantities  already  completely  determined.  Differential  equations  of 
the  fourth  order  are  next  obtained  for  the  two  unknown  functions  in 
terms  of  which  the  normal  displacement  and  the  stretch  of  the 
median  plane  are  expressed. 

Finally,  a  method  of  successive  approximation  is  indicated  con- 
necting the  solution  here  given  with  the  ordinary  approximation. 
The  elastic  solid  has  throughout  been  supposed  isotropic ;  the  method 
of  extension  to  anisotropic  bodies  is  perfectly  obvious. 

Plane  Stress. 

Under  this  heading  we  may,  following  Maxwell,  conveniently  treat 
two  problems  :  (a)  that  of  a  long  cylinder  with  applied  forces  perpen- 
dicular to  its  length,  and  the  same  at  corresponding  points  along  its 
length ;  (h)  that  of  a  thin  plate  with  applied  forces  in  its  plane. 
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w 

Case  (a). 

Adopting  the  notation  of  Thomson  and  Tait's  Natural  Philosophy 
and  Love's  Elasticity,  and  taking  the  axis  of  z  in  the  direction  of  the 
length  of  the  cylinder,  we  have  here 

g  =  const., 
and  tt,  t;  functions  of  x,  y  only. 
The  equations  of  stress  become 

assuming  a  force-potential  and  using  suffixes  to  denote  differentiation, 
where  no  doubt  can  arise  as  to  the  meaning. 

These  equations  are  satisfied  quite  generally  by 

-where  ^  is  Airy's  function  of  stress. 

Write  e  =  P+Q+^=  (3X+2/i)(e+/+gi). 

Since  P+  Q  =  2  (X+/ii)(e+/)  +2Xg-, 

3X  +  2/H 


U  -     <rxy 


we  have  0 

The  strain-relation* 
becomes  P^y  -h  Qgg 


(P-l-Q)-f  const. 


2(X+Ai) 
X 


3X  +  2/* 


V!.e  =  2Z7, 


or 


Vj,iA  +  Vj,F- 


Vj,(r?,^+2F)=0, 


that  is, 
where 


2(X+,i)''^*^ 
(X+2^)Vi,^=-2,iVi,F, 


•  Lore's  Blaitieity,  Vol.  I.,  f  66. 
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We  may  now  drop  the  suffix,  since  the  coordinate  z  no  longer  appears, 
and  write  the  equation  for  v^, 

(X-h2iu)VV=-2AiV«F,  (1) 

where  ^'  =  ^  +  |i- 

Case  (6). 

We  adopt  for  the  present  the  ordinary  approximation,  viz. :  taking 
the  axis  of  z  normal  to  the  plate,  we  put 

so  that  e=P+Q. 

The  stress-equations  are  solved  as  in  Case  (a)  and  the  strain-relation, 
which  is  equivalent  to 

as  before,  now  becomes 

V^i/r-f  V^F- ^^jA_  vi  (V^^+27)  ===  0, 

that  is  2  (X+^)  VU^  =  -  (X  -1-2^)  Vjy F, 

or,  dropping  the  suffixes,  the  equation  for  ip  is  now 

2(X+/i)  VV  =  -(\+2Ai)  V«F.  (2) 

Oonditions  for  ij/  in  a  Multiply-connected  Body. 

In  these  equations  ij/  is  not  in  general  single- valued  if  the  body  is 
not  singly-connected.  The  second  and  higher  derivatives  of  ij/  must 
always  be  single-valued  if  F  is  so,  since  the  stresses  must  be  so. 
Further,  ^  must  be  such  that  the  displacements  are  single-valued. 

Since  u,^  =  e^, 

u^  =  Cy---f„ 

we  have  u^  =z^u^+\    [e^dx-^  (c^ -/,)  dy] . 

The  strain-relation  makes  the  integral  vanish  for  a  complete  reducible 
circuit ;  but  we  must  have  in  addition 

^'  {e,dx+(c,--f,)dy}:=0  (3) 

Jo 

on  each  independent  irreducible  circuit. 


t 
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Since  w^-f-v,  =  c  is  single- valued,  the  condition  (3)  will  ensnre 
that  v,  is  single- valued,  and  hence  no  further  conditions  are  required 
for  the  first  derivatives  of  the  displacements.  We  have  still  to  ex- 
press the  conditions  that  u,  v  may  be  single-valued.     We  must  have 

(u,dx+u^dy)  =  0 


I 

I    (v,dx  +  v^dy)  =0 
Jo 


and 

for  each  irreducible  circuit. 

Now     I   Ugdx  =  [«w*]o  —  I  si^du,  =  —      a;  (e,dx'\-e^dy) 
Jo  Jo  Jo 

and  u^dy  =  [yu,]]  -      ydu^  =  ""      2/  [e,<^+(Cy-/.)  dy], 

Jo  Jo  Jo 

the  condition  (3)  being  supposed  satisfied. 

Hence  [(«e.+yey)  dx^  {xe^  +  y  (Cy-/,)}  %]  =0, 

Jo 

and,  similarly, 

[  [yfr+x  (c,-e,)  }  dx+  (xf^^-yf,)  Ay'\  =  0. 


I 


(4) 


(5) 


We  proceed  to  express  these  equations  in  terms  of  iff. 

X 


In  Case  (a),        2^e  =  P- 


=  P- 


3X-|-2ft 
X 


e 


(P-hG)  + const. 


2(X+,*) 

or  4/i(XH-/ii)e=(X-h2/u)(P-he)-2(X-h/i)Q-fconflt., 

and,  similarly, 

V  (X  +  /i)/=  (X-f  2|u)(P-h  Q)-2  (X-hAi)  P+const. 
Hence  equation  (3)  becomes 

(^+2/.)  |[  {  fy  (P+Q)  dx-  £  (P+  G)  dy] 
-2  (X+/1)  I*  {V,da-V,dy)  =  0, 
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that  is 

where  ds  is  an  element  of  arc  of  the  boundary  of  a  section  z  const., 
dn  an  element  of  normal  to  that  boundary. 

Since  \l/g„  is  single-valued,  this  reduces  to 

(X  +  2/1)  J*  £  (vV)  d«+2^  J'  |F  i,  =  0,  (6) 

which  may  also  be  written 

SK-^2fi]^dn  Jod» 

or.again.  '       (X+2.)  {[f  ^^.^f]^^. 

in  which  form  it  is  a  simple  deduction  from  the  displacement-equations 
(X+2A4)^,-2^tir,=  F.,' 

viz.,  we  deduce  (\ + 2ii)  ^  =  4^ + 2/i  ^"^ ; 

an       dn  ds 

and,  integrating  around  a  boundary  and  remembering  that  tr  is  single- 
valued,  the  equation  at  once  follows. 

If  there  is  no  volume-force, 

over  each  boundary. 

The  existence  of  the  corresponding  equation 

(£"«=» 

over  each  bounding  surface  in  a  three-dimensional  solid  under  no 
volume-force  may  here  be  noted.  It  is  of  importance  in  connexion 
with  solutions  in  which  a  determination  of  0  is  the  first  step.  For 
example,  in  the  problem  of  the  stress  of  a  cylindrical  or  a  spherical 
boiler  under  uniform  pressure  it  shows  at  once  that  0  is  constant. 
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The  equation  (4)  becomes 

2  (X+/t)  J* #.+  (X+2m)  £  { »£  (P+  Q)-y  ^(P+  Q)  J  ds 

or  2  (X+/.)  [^-];+(X+2^)  f'  («|  vV-y  £V^)  *» 

and,  similarly,  equation  (5)  becomes 

2  (X+m)  W+(X+2/i)  I*  (y|  vV+'l^v'^)  *> 


(7) 


(8) 


In  Oase  {6), 


2/ue  =  P—  ; 


(P+O), 


3X  +  2/i 

or  2/ii  (3X+2^)  ^  =  2  (X+/u)(P+G)-(3X+2/i)  Q 

and  2fi(3X+2/u)/=  2(X+,i)(P+Q)-(3X+2/i)P, 

so  that  the  appropriate  equations  in  this  case  are  derived  from  those 
of  Case  (a)  by  substituting  for  X  according  to  the  equation 

\'  X 


that  is,  putting 


3\'+2/i      2(X+/i)' 


The  meanings  of  ['/'*]°»  \_^vY  ^^^^  appear  from  the  next  section. 

The  Stresses  at  the  Boundary, 
With  the  usual  notation, 

ZP+m[7  =  P, 

where  I  =  dy/ds,    m  =  —  dx/ds, 

and  F,  Gaxe  the  a;,  y  components  of  the  external  stress. 
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Hence*       F^fu^^V)^  X^^  =  .4  (^.)  +  ^$ 


da 


ds 


ds 


ds 


and 
8o  that 


o=-l.(^^)-v^ 


ds' 


^.  =  -  \'Gds-{'v^ds+a' 
Jo  Jo     «* 

f,=      (' Fds-[' r^ ds+li 
Jo  ]o     d3  J 


(9) 


where  a,  /3  ai^  constants. 
We  may  therefore  write 

where  H,  K  are  known  functions  for  each  boundary,  and  a,  P  are  nn- 
known  constants,  different  of  course,  in  general,  for  each  boundary. 
Hence 


#  =  H^  -K-  +a^  -fi^ 
dn  ds         ds        ds         ds 


(10) 


where  y  is  another  unknown  constant  to  be  determined  for  each 
boundary. 

If  the  body  is  singly-connected,  the  values  of  a,  )8,  y  for  the  single 
boundary  do  not  affect  the  result,  for  the  addition  of  a  solution 

w^hich  does  not  affect  the  stresses,  makes  the  constants  disappear. 
The  same  is  no  longer  true  if  the  body  is  multiply-connected.  We 
must  then  apply  the  equations  (6),  (7),  (8)  to  determine  the  three 
constants  corresponding  to  each  boundary.  Of  course,  the  three  con- 
stants corresponding  to  one  of  the  boundaries  are  still  arbitrary. 

It  appears  from  equations  (9)  that,  if  there  is  no  volume  force, 


w:=  ^/^^ 


Cf.  Maxwell,  loc,  eitf  p.  193,    Maxwell's  process  is,  I  think,  erroneous. 
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so  that  the  quantities  on  the  left  are  the  resultant  forces  in  the 
directions  of  the  two  axes,  on  the  boundary  considered.  If  these 
resultants  vanish  for  each  boundary,  the  function  ijf  is  determined  by 
the  following  conditions  : — 

VV  =  0  throughout,  (11) 


Jo 

'^  —  W"^  — TT— -I-    ^— /3^ 
dn  da  da        ds        ds 


(12) 


at  each  point  of  each  boundary,  and 


(13) 


for  each  boundary. 

Form  of  Solution, 

If  the  constants  a,  )8,  y  are  fixed,  the  equations  (11),  (12)  will 
determine  ^  uniquely.  The  properties  of  the  solutions  of  such  equa- 
tions have  been  discussed  by  Mathieu*  in  connexion  with  other 
problems.  Mathieu  considers  only  singly-connected  regions  or  single- 
valued  functions,  but  we  can  easily  extend  his  result  in  the  present 
connexion.  If  ^j,  ^,  are  two  solutions,  ^  =  ^j— i/r,  will  satisfy 
y*^  =  0  and  make  ^  =  0,  d<l>/dn  =  0  over  the  boundaries.  The 
function  ^  is  therefore  a  single- valued  functionf  in  the  region,  and 
Mathieu's  proof  shows  that  ^  =  0,  or  that  the  two  assumed  solutions 
are  identical.  The  solution  having  been  obtained  with  arbitrary  con- 
stants a,  /3,  y,  their  actual  values  are  found  by  substituting  the 
solution  in  equations  (6),  (7),  (8),  or,  in  the  particular  case  above, 
in  equations  (13).     Now  the  moduli  of  elasticity  do  not  appear  in 


♦  Journal  de  Math,,  T.  xiv.,  2™«  s^r.,  1869,  p.  391. 

t  Make  the  region  simply-connected  by  cross-cuts.  The  first  derivatives  of  p 
have  the  same  value  (zero)  at  an  end  of  a  cross-cut  on  its  two  sides,  and  the  second 
derivatives  are  single-valued ;  therefore  the  first  derivatives  have  the  same  values 
on  the  two  sides  along  the  whole  cross-cut.  Similarly,  ^  itself  is  the  same  on  the 
two  sides  of  the  cross-cut. 
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equations  (13).  Hence  the  stresses  are  independent  of  the  moduli^  pro- 
vided  the  resultant  force  on  each  boundary  vanishes.  This  condition  is, 
of  course,  always  satisfied  where  there  is  only  a  single  boundary,  so 
that  the  stresses  are  always  independent  of  the  moduli  in  this  case. 
It  must  be  remembered  that  we  have  assumed  the  absence  of  volume- 
force. 

Supposing,  now,  that  the  resultant  forces  on  the  boundaries  do  not 
vanish,  we  can  add  any  convenient  type  of  stress  over  the  boundaries 
to  reduce  the  resultants  to  zero,  so  that,  if  there  are  n  boundaries, 
the  function  ij/  will  be  of  the  form 

where  i/r,,  ^j,  ..,,  ^2n-a  involve  the  moduli  of  elasticity  and  depend 
only  on  the  form  of  the  body  and  the  types  of  stress  added,  not  on  the 
given  distribution  of  surface  stress,  while  Ci,  Cj,  ...,  Ca,,.,  are  constants 
depending  only  on  the  magnitudes  of  the  resultant  forces  on  the 
boundaries.  Finally,  \p'  is  independent  of  the  moduli.  We  can 
proceed  further  in  this  direction.  Add  any  (n— 1)  convenient  types 
of  stress  which  reduce  the  couples  on  the  boundaries  also  to  zero. 
We  may  then  write 

where  tj/'  is  now  single- valued,  and  xf/in-i  ...  ^5»-j  are  functions 
depending  on  the  types  of  stress  chosen  and  iudependent  of  the 
moduli.  To  prove  this  it  is  only  necessary  to  show  that,  if  the  forces 
on  each  boundary  equilibrate,  if/  is  single- valued.  Now,  since  in  this 
case 

i/^^,  ^^  are  single-valued.     And 

=  r  (Gx-Fy)  ds 
=  0, 
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since  the  couple  of  the  stresses  on  a  vanishes.     Hence  ^  is  single- 
valued  in  this  case. 

Introduction  of  Curvilinear  Coordinates, 

For  application  to  carved  boundaries  the  expressions  for  the 
stresses  in  curvilinear  coordinates  are  required.  These  may  be 
readily  obtained  as  follows.  We  have  seen  that  the  components  of 
stress,  in  the  directions  of  the  axes,  across  any  element  of  arc  (i?,  are 

L 
da 


^=      ^M.)> 


giving  for  the  stress  normal  to  the  arc 

where  k  is  the  curvature  of  the  arc  and  dn  is  an  element  of  noi*mal 
to  it,  in  the  direction  opposite  to  that  in  which  the  curvature  is 
measured. 

The  tangential  stress  is 

=s(e*-|*-)-(0*.-0*-) 

da  \dnl         da 
Introducing  orthogonal  curvilinears,  so  that 

da  =•  hjdff, 
dn=  hid$j 

-  Jl-  ^ 
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these  expressions  give  at  once  for  the  corresponding  elements  of  stress 


h]  drf  h\     dtf  dfi      liW  d(  di 

h]    de  h]      di  d('^  hlh-^  dri    dn 

7r=-.^_^4.-^      ^h  #  .     1     d\  d^ 
h,h,  d(dv      h]\  dfi  di  "*"  h\\  di  dfi  ^ 

For  example,  in  plane  polars, 

r»    dff''^  r    dr' 

dr\r    dOr 


(14) 


and  the  general  form  of  solution  for  a  cylindrical  shell  is 
0^=    A,r^+B,7^(logr-l)  +  G,logr+D,$ 
■\-(A^r+B^r-^'^B{$r-^Cy-\'D^rlogr)cose 
+  {E^r-i-Fir-'-^F;Or  +  Gy+H,rlogr)Bin$ 

+  1  (J.r^  +  B,r-'*+  ar»*H  D^r-"**)  cos  nO 
a 

+  1  (Kr"+F„r-"  +  6?„r"*'+S;.r-*»)  sinntf. 
a 

I  will  conclude  this  part  of  the  paper  by  remarking  that  Betti*8 
"  Reciprocal  Theorems  '**  here  take  the  form  of  generalized  Gh:*een 
theorems  for  if/,  some  of  which  are  given  by  Mathieu.f  The  particular 
case  of  a  circular  boundary  would,  I  think,  repay  a  detailed  treat- 

ment.J 

Stress  Equations  in  Three  Dimensions, 
Writing  the  displacement  equations  in  the  form 

(X+/i)  ^.+yxV«t*  =  -  X,  Ac.,  (15) 


*  Love,  Elattieity^  Vol.  i.,  ch.  viii.  t  Loe,  eit, 

X  See  Borchwrdt,   "  Ueber  Deformationen  elasticher   ifiotroper  Korper,"  &c., 
Berlin  Monattberiehtey  1873  ;  Hertz,  Miscellaneous  Papere,  p.  261. 
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(X+2/*)  V»^  =  -  (X,+  Y,+Z,) 
=  —  A,  say. 
Since  P  =  X6+2/ie, 

V'P  =  2/uV*e-AX/(X+2/ti). 
Differentiating  (16)  with  respect  to  «, 

therefore         V*P+2  (X+^)  ^^  =  -2Z,-A\/(X+2/*), 

or  V«P+ice„  =  — 2X,-vA^ 

similarly,  V«0+ice,^= -2ry-M  •,  (16) 

v*E+j«e„  =  -  22.— fA- 

where  k  =  2  (X+/u)/(3X+2^), 

F  =  X/(X+2/i). 
Equations  (16)  involve 

V«e  =  -(2v+l)A.  (17) 

Again,  from  (15), 

2  (X+/i)  0,«+ftV'  (w'v+v,)  =  -  2,-r., 
that  is,  V*/g+ KGy,  =  —  Z^—  F.  ^ 

similarly,  V»T+  kG^  =  -  Z„ -Z,  ■ ,  (18) 

We  proceed  to  show  that  equations  (16)  and  (18),  together  with 

P.+  ?7^,+!r.  =  -X' 

^^.  +  Qy4-S,  =-r  .,  (19) 

imply  the  existence  of  the  identical  strain-relations.     Take  first  the 

*yP*  e„+U  =  c^-  (20) 

From  (19),  we  have 

2V^+P^+Q„-B„  =  2Z.-A, 
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so  that  (20)  becomes 

or  P„r  +  Gx.-X(d„  +  d,,)4-P«+Qy,-E„  =  2Z.-A, 

or  V*(P+Q)-0^-X(^„+fl^)  =2Z.-A, 

which,  using  (16),  becomes 
-K(0„+0J-e„-(l-ic)(0„+0j  =  2Z.-A-|-2(X,+ Y,)+2vA 

=  (2^  +  1)  A, 
so  that  (20)  becomes        V*0  =  -  (2^+1)  A, 
which  is  (17). 

Take  now  the  second  type  of  strain-relation 

20y,  +  a„=6;ry  +  C^  (21) 

or  P^-^^^-\-8„  =  2%+  U^. 

Now,  from  (19), 

so  that  (21)  becomes 

P^-  (1-K)  0^+ v'S+  Qyn  +  n^  =  -  z,-  r., 

that  is  V^iS + ic0^  =  -  Zy—  Y., 

which  is  one  of  equations  (18). 

The  strain-relations  are  therefore  satisfied,  and  conversely  they 
lead  by  a  reversal  of  the  above  proofs  to  the  stress-equations 
obtained.     Hence  the  complete  stress-equations  are 

V»P  +  ic0„  =  -2Z,-vA, 
V'Q  +  K0^  =  -  2ry  — fA, 
V«JB-|-K0„  =  -2Z.-wV, 
V'i8  +  n0^  =  -   Z,-Y., 

V*ir-hic0,,=-    Y.-Z„ 
P.+  I^,+T.  =  -X, 
17,4.Q,+S.=-Y, 
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where  0  =  P-fQ-fi2. 

Of  course  similar  equations  can  be  obtained  for  anisotropic  bodies. 

As  in  the  case  of  plane-stress,  the  satisfaction  of  the  strain-relations 
does  not  ensure  that  the  displacements  and  their  first  derivatives  are 
single-valued  in  the  case  of  a  multiply-connected  solids  The  addi- 
tional conditions  are  obtained  as  in  two  dimensions.    We  have 

Hence  for  each  irreducible  circuit 

r  {6,(2aj-Kc,-/,)  dy+i  (c.+^-a,)  dz]  =  0. 

There  are  ti^o  similar  conditions  derived  from  a  consideration  of  v. 
and  w^ 

Further  du  =  u^dx-^-Uydy  -\-  m,  dz. 

Hence  I    (u^dx +u^dy-{- m, dz)  =  0 

for  each  irreducible  circuit.     This  is  equivalent  to 


fo 


;• 


(xdug+ydu^+zdu,)  =  0, 


if  the  conditions  already  obtained  are  satisfied.    Hence 

I    [(«e.+y^+^.)  dx^  [xe^+y  (c^—fr)  -f  i«  (c.  +  6,— a,)}  dy 

+  {xe,+y  (c.-h6,-a,)-|-2f  (6.-flr.)}  dz]  =  0. 

There  are  two  similar  equations  derived  from  v  and  tr. 

We  have  therefore  six  conditions  which  can  be  at  once  expressed 
as  stress-conditions  by  substitution  for  the  strains. 

Theory  of  Plates. 

Lot  the  faces  of  the  plate  be  z  ==  :hh,  and  suppose  at  first  that  it 
extends  to  infinity  in  all  directions.  We  may  then  find  the  stresses 
in  the  plate  in  the  following  manner.     From  the  equations 

V*e  =  ^(2F  +  l)A, 
we  obtain  V*B  =  -  2V«Z.- I'V'A  -f  (i' -M)  A„,  (22) 
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remembering  that       2f + 1  =         ^^ , 


so  that 


<^-')'='-si?='^'- 


Over  the  faces  «  =  ±  ^  we  have  E,  S,  T  given ;  let  them  be  H,  F,  Q 
over  J5  =  A,  and  H\  F\  Ot  over  «  =  —  ^,     Since,  throughout  the  plate, 


we  have 

also  known  over 


Now  E  is  completely  determined  by  (22)  when  B  and  <2E/(2z  are 
given  over  the  faces  of  the  plate,  and  its  value  can  be  written  down, 
«-^->  ^y  means  of  Fourier-integrals.  But,  without  entering  into  the 
different  ways  of  obtaining  the  solution,  we  may  now  assume  B 
known.  This  is  the  fundamental  point  of  the  present  theory.  It 
may  be  noted  that,  if  there  is  no  volume-force,  or  if,  more  generally, 

-2V%-vV*A-|-(v  +  l)  A„  =  0  (23) 

throughout,  the  stress  B  is  independent  of  the  moduli  of  elasticity. 
If  (23)  holds  and  if  B  and  —  Z— T,— iSy  vanish  over  the  faces,  then 
jR  =  0  throughout,  and  these  are  the  necessary  and  sufficient  conditions 
that  B  may  vanish  throughout  the  platCy  a  point  about  which  there  has 
been  so  much  discussion. 


Taking  now  kQ„  =  —  2Z,— fA— V'E, 

we  have       k0  =  -  T  T  (2Z,  -h  vA  -h  V*B)  d^  +  Kzjd,  +  ic0,, 

where  JB^^  6^  are  the  values  of  9„  0  at  («,  y,  0).     Also 

V«0  =  - (2^-1-1)  A, 
and  therefore  V*0,  =  —  (2k  -f- 1)  A„ 


(24) 


so  that 


K  K  K 

=  --A.+  ^Z„+^V'B,. 

K  K  K  . 


Hence 


«v'„e.  =  2,Z„-,A.+  (v'i?=)« 


(25) 


v'L 
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(26) 


and,  similarly,  icV^G^  =  2 o^.- A^+  (V*B\. 

Further  V*S+ ic0^  =  -  T,-  Z^  ; 

therefore  V«  (vll^S)  +« (Vj,0)^  =  -Vj,  (r.  +  Z^) ; 

80  that  V*  (vJyS)  =  A^-2Z^-V«E^- <,  (T.+Z^),  (27) 

-and,  since  T^S  is  known  over  a?  =  ±  ^,  being  [obtained  by  differentia- 
tion of  the  known  valnea  of  £,  equation  (27)  determines  V^S  through- 
out the  plate.    Also 

and  icGy^  =  —  2Z^— kA^ — V*Ey, 

80  that  '    iS«  =  -viyiS.+KAy+V"JBy-r„-h^^; 

and  therefore  <S«a  is  known  throughout  the  plate.     Hence 

^iA+Bz+Cs^+S'y  say, 
where  F  =^  A+Bh+Oh^^S'  (A), 

F=zA-Bk+Ch*'\'S'{''h) 
are  known,  giving 

m  =  I  [F-jr-sr  (^)+fir(-^)} 

and  ^-|-CA«=i{F+F-S'(A)-S'(-A)}, 

80  that  we  may  write 

S  =  (r(«'-^*)4-iS", 
where  iS"  is  known,  but  cr  is  an  unknown  function  of  x,  y. 

Similarly,  T  =  r  (i^-^*)  +  T\ 

where  T"  is  known,  but  r  is  an  unknown  function  of  a;,  y. 

Substituting  these  values  in 

v'r-fK0«  =  — z,-x„ 

we  get  2(r  =  -.Ke^-r.-Zy-SIi-V^S; 

or,  patting  ;5  =  0,  o-  =  —  J*c  (oO«)y+<r', 

where  a'  is  a  known  function  of  «,  y. 


(28) 
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Similarly,  r  =  —  |jc  (oOi),+r , 

where  r  is  known.     Hence 

s  =  -iK(,e.).(«'-A')+s"'| 
r  =  -|K(,e.). («•-&*) +r" J ' 

where  iST' =  5"+ »'(«»-*»). 

'i""=2"'+r'(«'-fc'X 
and  S",  T""  are  known. 
Now,  take  the  equation 

{b-o-k)  e}„+[p-(i-K)e}„  =  2r„ 

which  is  the  strain-relation 

expressed  in  terms  of  the  stresses. 
It  gives,  using  equation  (24), 

P..  =  -  2k  (oe.)„«  +  (l-K)(o0.)«i5+ (1 -k)(0o)«+p:„ 
where  P^  is  known.     Hence 

P  =  (1-3k)  -^  (A)-+(l-«)  !>  (e,)„+^,P.+P,+P",    (29) 


where 


"<\/-''- 


(29) 


but  ^^.  and  P^  are  undetermined  functions  of  ar,  y. 
Similarly, 

Q=  (1-3k)  |.  (.e.)„+(i_K)  |.(e.U+«.Q.+G.+G" 
17=  (i-3k)^(a)^+(1-«)-|  (e,)^+^,i7-.+  ir,+  u" 

the  last  being  derived  from  the  equation 

{B-{\-k)  e}^+  U„-S„-T.^  =  0, 

which  is  the  equivalent  of  the  strain-relation 

2^,y-hc„— a„— 6,y  =:  0. 

It  remains  to  connect  and  find  differential  equations  for  the  un- 
knowns oBc,  Oo>  o^«  -Pw  oQ.»  Oo'  o^«  ^0- 
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Now,  first,  from  the  equations 
we  have  (■?,).+  (F,),  =  -  X,-X'\ 

(i^.).+(0.),  =  -r.-s;"; 

and  hence  P^=f„+  V, 

and  thei-efore  9,  =  V*,f  +  V+  W-\-  S„. 

where  F,  W  are  known. 

Substitnting  in       icV^e,  =  2  ,Z,- A,+  (V»B)^ 
we  have      icVi,^  =  2,Z.-A,+  (VE),-kVJ,  (F+  TF+i?,),  (30) 

which  is  the  differential  equation  for  i^ 

Similarly,  P,+  F,+ T.  =  -  X, 

ZT^+Q^+iS.  =-r 
give  (^.).+  (.^=),  =  -  .x,-«'i'^'+«  Ge.),, 

Hence  ,P. — « jG.  =  ^„  +  F', 

,Q=-t«e.  =  ^„+TF', 

0^.  =  -^^; 

and  therefore        (1-2k)  ,9,  =  vl,^+  F'+  IF'+jB., 

where  F',  W  are  known. 

Sabstitnting  in  the  equation 

KV*^jd.,  =  2,Z„-.A,+  (y*B.x, 
we  obtain 


or  (..  +  1)V;^  =  -2,Z^+.\.-(VE,).-(..+  l)  Vi,(r+TF'+,E,). 

The  unknown  functions  are  now  reduced  to  two  functions  (p,  ^  of 
a;  y  tor  which   the    differential    equations  (30),  (31)  hold.      The 
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differential    equation    for  the  normal  displacement  of   tlie  median 
plane  is  derived  at  once. 

We  have  w„  =  («,+«?,),—«,. 

Hence  2ytitr„=  27,— {P— (1-jc)0}, 

and        2fi  ,w„  =  +  kV  (oe.)„+2.T;"  +  (l-2c)  ,9.-^^-7" 

=  '^h'  (oe,),,+2  0^;'+^,,+ Tr'+^.. 

Similarly, 

2,1  ^w,,  =  M  (oO.)^+2  oS;"+^,,+ r +0^" 

Therefore        2/i  t^o  =  jc^'  o®. +^  +  ^ 


"  iS"/^^^'^  ^'"^ ^'■*"«®'^ ■^*"*'"' 


where  O  is  a  known  function  of  a;,  y ;  a  linear  function  of  a;,  y  denoting 
a  rigid  body  displacement  of  the  median  plane  being  neglected. 

Also 

2;*Vt,tro=  r/i«V:,(,0,)  +  2  Gr/'+oSD  +  Vi,^+^'+ ^'  +  2^.. 
This  simplifies  very  much  by  use  of  the  equation 

which  gives       on'+oSr  +  oRz  +  i^cZ^^V^  (o0.)  ^-Z,. 

Hence  2/i  v\y  w^  =  v',  <^  +  F'  +  TF'  -  2Z^ 

=  (l-20oe.-al2.-2Zo, 

so  that  <^  =  2^tro+2/i  (.'  +  1)  Vv\,w^-\- {v ^-l)  V GB.+2Zo)  -O, 

and  t^o  is  known  in  terms  of  ^  and  conversely.     The  differential 
equation  for  w^  is  therefore 

This  result  is  more  easily  obtained  from  the  equation 

or  Ke,+2/iV^M;+i2s- (I— »f)  0,  =  -  Z. 

Putting  2?  =  0,  we  have 

2/iV>o=  a-20oex-o^.-2Zo, 

the  same  equation  as  before. 
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Application  to  Finite  Plates, 

If  the  plate  is  finite,  the  equation 

V*E  =  -  2V*Z.- vV*A+  (2v  + 1)  icA„, 

with  B  apd  B^  given  over  2?  =  ±  7t,  does  not  theoretically  completely 
determine  B,  The  prohlem  is  of  exactly  the  same  nature  as  that  of 
the  ordinary  plate  condenser.  The  potential  hetween  the  plates  is 
not  completely  determined  by  V*F  =  0,  with  V  given  over  5?  =  ±  ^. 
In  each  case  i2  or  F  is  practically  determined  with  great  accuracy  by 
the  conditions,  except  for  points  at  a  distance  less  than  a  small 
multiple  of  tbe  thickness  2h  from  the  edge.  The  same  remark 
applies  to  the  determination  of  V\^S  and  Vj^T.  The  above  solution 
then  applies  without  modification  to  the  finite  plate.  The  edge  con- 
ditions for  ^,  ^  are  written  down  as  in  the'  Thomson-Boussinesq 
theory,  using  the  principle  of  equipollent  loads,  and  tbere  is  no 
occasion  to  enter  on  their  discussion  here. 

The  nature  of  the  transmission  of  stress  in  the  plate  will  perhaps 
appear  more  plainly  if  we  suppose  that  there  is  no  applied  force  on 
part  of  it.  The  solutions  for  JB,  V^,iS,  v\^T  in  that  part  are  then 
simply 

throughout.     Hence 

T  =  -|«(.e.),(«'-A'), 

p  =  (i-3«)  ^  (,e.)„+(i-K)  |-(e,)„+«  (.:.e.+o  +"/',^ 

Q  =  (1  -3r)  ■|-(,e.)„+  (1-0  ^  (e.)„+«  («,e.+^„) + ^„. 
u-=  (1  -3«)  |-(.e.).,+  (i-r)-|  (e.u-^,-^^ 


where 


(1-20.0.  =  '^^^, 

vj„e.  =  v!,e,  =  0, 
vi,w,  =  0, 
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and  hencd  V^^  =  S/tVi^tCj. 

Introdaoing  the  corvatnres  «„  v,  and  the  twist  r,  we  have 
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•••   =  oW,: 


«»  =  nWifi 


v:,  (*.+«,)  ==0, 

and  hence     S  = /.  (►+l)(«,  +  «,),  («•— '*'). 

+2,.  (.'+l)zA«  («,+»,)„ 

+  (1-«)|-(P,+  Qi)„+P 
=  —  2/u«{(i'+l)  w,+v«j} 

+  V  {(v+2)|--(..  +  l)«A' J  (»,+«,)« 

Similarly  for  Q,  and 

tr=  -2/iaT+2^(v+2)4  («r,  +  «r,)^-2M  (v+l)«A»vi,r 
o 

Approximate  Solution, 

Taking  the  unit  of  lengtli  as  of  tlie  same  order  as  the  thickness  of 
the  plate,  if  we  assume  that  the  rates  of  variation  of  the  functions 
of  the  forces  in  the  equations  and  conditions  for  E,  V^fif,  VJ^T, 
parallel  to  the  plate,  are  small,  we  may  apply  the  method  of 
Huccessive  approximations  to  find  those  quantities  to  any  order  of 
accuracy.  To  keep  the  algebra  within  bounds,  let  us  consider  the 
particular  case  in  which 

X=F  =  0,     Z,  =  0, 
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so  that  the  plate  is  under  normal  pressnres  on  its  faces,  and  normal 
volume  force.     For  a  first  approximation,  we  write 


and  hence  in  this  case 


0, 


where  B  =  ^+B^+  CV-k-DV, 

B,(h)=-Z  =  B-^2Gh-\-SDh\ 
E,  (-^)  =  -  Z  =  B'-2Ch'\-SDh\ 
Hence  0  =  0, 

2A  =  jgr-hH; 

4m»  =  -  (JB'-Jff')  -2AZ, 
and      E  =  HB'+flO  +  ^  (^-H-)  (Szh'^^)  -h  ^  Z  (zfc«-^). 

This  is  the  first  approximation  for  B ;  for  a  farther  approximation 
we  must  substitute  this  value  in  the  terms  of  V*Z2  previously  neglected, 
and  repeat  the  above  process.  Contenting  ourselves  with  the  above 
value  of  B,  we  have 


or 

Now, 
when 
so  that 
when 


i9f  =  0,    E,  +  Z  =  0, 


Hence  the  equation  gives 


V^i8+Z,+E,.  =  0 
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throughout,  and  this  is  true  whenever 

Ro  that  in  this  case  the  trouble  of  successive  approximations  is  con- 
nected with  the  determination  of  B  alone. 


Since 
we  have 

neglecting 


Hence    S  =  A-^Bz^C:^^  J;^-^iH,^H;)  z'^ -^^Z^z*, 

80  that  S  =  <r(^-tf)-  Ij (H,-E;){^-V)- ^^Z,  (z*-h*), 
and,  similarly, 

where  2o-.=  -  k  QQ.),—Z,—V%St 

=  -«(«©.)» +  (oRx), 

=  -''(.e.)r+|^(fl,--ff;)+iz,. 

and,  Bimilarly,    2t  =  -  k  (,G,),+  |^  (fl^-fl;)  +iZ„ 

«o  that  S  =  -U (.9.),  (^'-A')  +  ^,(E,-H;X^-h*)(2h'->^) 

and        T  =  -  Ik  (,e.)x  (^-A')  +  ^ (fl-,-fl:)(*'-A')(2&'-*') 

The  differential  equation  for  w^^  is,  therefore,  neglecting  the  second 
and  higher  differential  coefl&cients  of  the  applied  forces  with  respect  . 
to  »,  y, 

or  4fjL{y  +  l)Vvi,w^  =  S{2hZ-\-E-H'}, 
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Since  ,+l  =  2iX+^^ 

A  +  2/* 

this  is  the  equation  which  would  be  obtained  according  to  tbe 
ordinary  approximation,  2^Z+fl'— JET  being  the  normal  force  per  unit 
area  of  plate. 

The  processes  here  developed  are  obyiouslj  well  suited  to  the  treat- 
ment of  the  problem  of  Cerutti  and  Boussinesq,  viz.,  to  determine  the 
stress  through  an  infinite  solid,  bounded  by  an  infinite  plane,  oh 
which  the  forces  are  given.  As  a  matter  of  fact,  the  processes  lead 
directly  to  a  potential-solution  of  the  form  given  by  the  authors 
named,  but  the  present  is  hardly  a  fit  occasion  to  give  a  mere  revision 
of  this  famous  problem. 


The  Stress  in  a  Rotating  Lamina.  By  J.  H.  Michell,  M.A.. 
Bead  April  13th,  1899.  Received,  in  revised  form,  Septem- 
ber 4th,  1899. 

In  a  paper*  recently  presented  to  the  Society  I  have  given  a 
general  theory  of  plates  under  any  forces.  I  propose,  in  the  present 
note,  to  apply  the  theory  to  the  case  of  a  lamina  rotating  about  a 
fixed  axis  perpendicular  to  its  plane.  The  notation  is  that  of  the 
paper  referred  to. 

Taking  the  axis  of  z  normal  to  the  lamina,  let  nr  be  the  angular 
velocity  of  the  lamina,  p  its  density,  so  that  the  component  forces  are 

X  =  p^x^ 

and  hence  X,4-  F^  =  A  =  2pm^, 

so  that  V*i2  =  0. 

Since  B  and  dB/dz  vanish  on  the  faces  j5  =  ±  ^,  supposed  free  from 
stress,  it  follows  that  E  =  0  throughout  the  plate  (except,  of  course, 
at  points  close  to  the  edges,  as  explained  in  the  former  paper). 

*  **  On  the  Direct  Detenninatlon  of  Stress  in  an  Elastic  Solid,  &c.,"  pp.  100-124. 
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Farther,  k0„  =  —  y  A — V^B 

so  that  kG  =  -  ypm^z^-^KO^, 

since,  by  sjmmetry,  ,,G,  =  0. 

Substituting  in  the  equation 

V'0  =  -  (2k  +  1)A 
=  -2(2v  +  l)p«», 

we  find  kV%0^  =  —  2pm^, 

{.  . 

i«membering  that  <t(2i'+l)  =  ^^^"'"^^.  =  v  +  1. 

A+2/i 

Also,  since  in  the  equations 

V*T+kB„=zO, 

e^  =  e„  =  0, 


we  have 

and  therefore,  since 

over  the  feces, 


8=T=zO 
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(1) 


(2) 
(3) 


througbout  the  plate.      We  see,  therefore,  that,  in  this 
famous  equations 

are  satisfied,  except,  of  course,  close  to  the  edges. 
The  equation 

{i2-  (1-r)  e}„+  {p-(i-ic)  0}„-2r„  =  0 

now  gives  P„  =  (1— f)  0..-I-  (1— «)  o®« 

oii  p  =  p,-  ?^ii=^  P«v+i  (i-<)  ,e„is», 


I,  the 


since  ^P,  =  0,  by  symmetry. 
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Similarly,     Q  =  Q,- 


(1-0 


p«««'+Hi-«).e,,«'. 


we  derive 

by  patting 
and  hence 


tlie  last  being  derived  from  the  equation 

U„+  {E-(i-ic)  0}^  =  8„+T^. 
Further,  fi-om  P,  + 17^  +  2\  =  —  pnr'ar, 

which,  on  substitution  in 

^ives  «^*vly^  =  2  (2ic— 1)  pw*, 

while  e,  =  Vi,  J.-.pm»  («'+y'). 

It  is  necessary  to  introduce  curvilinear  coordinates  in  applications  of 
these  formulae.  Let  the  curvilinear  cylindrical  coordinates  be  iy  rj,  z, 
and  write 

ds  =  hid(,     da  =  h^dri 

for  the  elements  of  arc  along  the  two  curves  ri,  z;  ^,  z.  The  a;,  y 
components  of  stress  per  unit  area  across  the  element  drjde  are 


da 


ds 


da  at.  K 


vhere 


r^  =  »?W- 


(4> 
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Hence  the  normal  and  tangential  stresses  across  the  same  element  are 


t'd-ic) 


hP^r' 


p«rV 


where  Kj,  k,  are  the  curvatures  of  the  arcs  ds,  da-  reckoned  positively 
from  X  to  y. 

Hence,   substituting  the  curvilinear  coordinates,  the  elements  of 
stress  are 

h.drjKh.dJ'^hlh,  di   d$ 

IC 


-5P< 


,v-  "(^""^ . 
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TT'--  J—  (  '^\  +  J-  ^  # 

^»^^     "^"U.diWr,}      h\h,  dr,     d(r 
Thus,  e,g,,  in  plane  polars, 


Q'= 


dr   \r    del      *^        '     dr\r     Ml 

The  boandaiy  oondiiioiis  can  now  be  written  down.  That  the  re- 
saltant  force  per  nnit  length  across  the  edge  i;  may  vanish,  we  must 
have 

\d(  \h,dil  ^hX  dr,  dy,^'^         '      \h,dri  \A,dq/  ^aJA,  d$    d(  ) 

1    /  d4,\        1     dh^d^ 

Kdn\Kdil     hA  d(  dr, 

-♦<'-.)-{^(S)-4tt}=»- 

If  the  lamina  is  not  singly-connected,  we  must  add  the  conditions 
which  ensure  that  the  displacements  are  single-valued.  We  may 
suppose  the  irreducible  circuits  taken  in  the  plane  a;  =  0.  The 
question  is  then  reduced  to  that  treated  in  the  previouB  paper,  and 
the  conditions  are,  for  each  boundary. 


(2V-H1)  [^.]:+(.+l)  (;  (y£  rV+-£  V^)  ds+\l  (,f  +«f )  «^  =  0 


(5) 
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-trhere        F=— jpwV, 

M:;  =  -j[e<fe+i(i-«)z'£^(.e')<fo 
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-*'••[. 


mf^ds' 


pw*«*    mds. 


taking  for  the  moment  the  circuit  s  in  the  plane  z ;  and  this,  on 
integrating  with  respect  to  ^,  gives 

the  edge  being  supposed  free  from  stress.     Similarly, 

[w: = -i  (i-«)  A'  ££(.»')  *+i/"^  f[  ^'«^- 

Consider,  in  particular,  the  case  of  a  circular  disc  of  internal  and 
external  radii*  a,  h  respectively.  Here  9^^  will  be  a  function  of  r  only, 
so  that 


j;£(A)«fc    and    (;|-(A)i. 


will  vanish,  and  the  conditions  (5)  just  investigated  reduce  to  the 
single  one 


The  equation 


18 


»tV«4-  =  2(2«-l)|i)«r» 


(6) 


giving  *V»i/«  =  1(2*  - 1)  pi^r* + ^  log  r + B. 

The  condition  (6)  gives 

(2jc-l)(v+l)p«»r+(i-+l)il/r  =  icp.«r, 

and.  since  2*-!  =  Al^L  =  «  ;A±2m^  , 


(2«-l)(v+l)=K, 

ul  =  0. 


BO  that 
this  gives 


which  gives     k^  =  ^  (2«— 1)  f»«V*+i5r*+  0  logr+ A 
VOL.  XXXI. — NO.  687. 
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remembering  that  P',  Q'  must  be  single-valiied,  and  that  from 
symmetry  CT  =:  0. 

The  stress-conditions  at  the  bonndary  give 

\  (2ic-l)  pm^a*"iKpmW'\'\B  +  0/a*^i  (1-ic)  h^pfB" 

-iv  (i-K)  hW  =  0 

or  iB+0/a«  =  i(2K+l)p«Pa«+ivAW, 

1^+  G/V  =  i  (2ic+ 1)  piir«6«+ivfeV«r*. 
Hence  (7  = -|(2K+l)pfr«aV, 

^=      i(2ic-|-l)p««(a«  +  6«)-hiv^W; 
so  that  10^  =  A  (2^-1)  pw'r^+T^ff  (2k-|-1)  pm*  (a^  +  V)  r« 

-i  (2ic+l)  pt.rV6Mogr+-iVv/M**AV4-i> 
and      xe,  =: -|p«»r>+i  (2ic+l) pw« (a'+6«)  +i»'^W. 
The  elements  of  stress  are  therefore  given  by 

kF  =  i  (2K  +  l)ptir'(r»-a>)(6«-r*)/^  +  >P«r'(^'-3i5«), 
KG'  =  iptir>{(2ic-3)r«+(2K  +  l)a«6Vr«  +  (2ic-hl)V  +  6«)} 

+  i"ptir'(A*-3A 
17'  =  0. 

These  expressions  for  the  stresses  agree  with  those  given  by  Chree  in 
his  paper  "  On  the  Theory  of  Rotating.  Isotropic  Disks/!  Proc.  Oamb. 
Phil.  Soc,  1891. 


The  Uniform  Torsion  and  Flexure  of  Incomplete  Tores,  with 
application  to  Helical  Springs,  By  J.  H.  Michsll,  M.A. 
Bead  April  13th,  1899.  Received,  in  revised  form,  Septem- 
ber 4th,  1899. 

The  object  of  the  present  paper  is  to  g^v«  a  theory  of  the  uniform 
torsion  and  flexure  of  incomplete  tores,  corresponding  to  that  which 
St.  Venant  has  long  since  given  for  cylinders.  The  theory  can  be 
applied  to  stout  helical  springs  of  small  pitch,  and  serves  to  de- 
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termine  the  degree  of  approximation  arrived  at  in  tlie  wire- theory 
of  springs.  1  have  considered  in  detail  a  particular  family  of  tores  of 
approximately  circular  section  in  order  to  make  some  numerical 
comparisons.  The  general  result  is  that  the  stiffness  of  the  spring 
of  circular  section  under  axial  force  is  given  in  all  ordinary  cases, 
with  suflScieut  accuracy,  by  the  wire-theory,  but  that  the  magnitude 
of  the  stresses  in  very  stout  springs  may  be  considerably  in  excess  of 
those  given  by  that  theory.  The  tore  of  rectangular  section  is  also 
considered,  but  uot  numerically.  The  fundamental  equations  for  the 
torsion  of  straight  bars  of  varying  circular  section  are  deduced  from 
those  for  a  tore,  but  I  have  not  entered  on  a  detailed  treatment  of 
the  problem  in  the  present  paper. 

I.  Torsion. 

The  uniform  torsion*  of  an  incomplete  tore,  isotropic  or  of 
cylindrical  eeolotropy  of  a  certain  degree  of  generality,  is  of  the 
following  nature.  Each  meridian  section  shifts,  without  deforma- 
tion in  its  own  plane,  a  distance  along  the  axis  of  the  tore  propor- 
tional to  the  angular  distance  of  the  section  .from  a  fixed  meridian. 
At  the  same  time  each  meridian  section  receives  the  same  distortion 
at  right  angles  to  its  plane.  The  problem  is  therefore  reduced  to 
the  determination  of  a  single  function  in  terms  of  which  this  dis- 
tortion is  expressed.  The  magnitude  of  the  torsion  may  be  defined, 
in  terms  of  the  axial  shift,  as  follows. 

Let  r  be  the  radius  of  the  circle  of  centroids,  which  we  may  call 
the  central  line  of  the  tore,  X  the  geometrical  torsion  of  this  line 
after  deformation,  k  the  axial  shift  per  unit  angle ;  then,  since  the 
lines  of  a  meridian  section  are  unrotated  in  that  section,  one  may 
define  the  torsion  r  by  the  equations 

.       sin  a  cos  a 
r  =  X=_— _. 

where  a  is  the  small  angle  of  the  helix  formed  by  the  central  line. 

Since  , , 

sin  a  =  k/r, 

this  gives  r  =  Aj/r*, 

neglecting  the  square  of  a. 


*  [A  comiment  by  the  referee,  on  the  lue  of  the  word  **  torsion  "  here,  BUggesta 
a  reference  to  Thomson  and  Tait,  Natural  Fhiloiophy,  }}  604-608.] 
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We  use  cylindrical  coordinates  r,  6,  z,  the  axis  of  z  being  the  axis 
of  the  tore.  The  strain-elements  corresponding  to  these  coordinates 
are  denoted  by  e,  /,  g,  a,b,c;  the  stress  elements  by  P,  Q,  E,  8,T,U; 
the  displacements  by  u,  v,  «;,  as  in  Love's  EUuHcUy^  Vol.  i.,  p.  216. 

The  deformation  described  is  expressed  in  symbols  by 

u  =  0, 

t;  =  V  (r,  z\ 

which  gives  for  the  strain-elements 

da      ri 
•  =  -=0. 

•^        r  «W  ^  r         ' 

r    <20      dz      dz       r  ' 
oz       or 

and  for  the  stress-elements 

P=Q  =  JB  =  r  =  0, 

where  the  energy-function  W  is  supposed  of  the  form 

2Tr=  {A,  B,  (7,  F,  G,  H'^eJ,  gy+La'  +  m'+Nc" ; 

so  that  we  have  cylindrical  aBolotropy. 

The  volume-equations  reduce  to  the  single  equation 

dU^2U_^d8_Q 
dr        r        dz 
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or 


A(^t7)  +  |(^S)=0; 


80  that  we  may  pnt 


Now 


dz 

dr 
dc  ^  d  I  dv 
dz         dr   r    dz 


d    1   I         k\ 
N  dz  1*  dz         dr  r  \jLr*  dr       r  I 


or 


or 


The  sorface-conditions  over  the  curved  boundary  reduce  to 
Udz^Sdr  =  0 

^dz+^dr=^0, 
dz      ^dr  ' 


that  is, 
If  we  write 

we  have 


0  =  const. 


"(^-ff)*-^-. 


d^ 


^'  =  Ar^*  +  const. 


with 

oyer  the  boundary. 

The  differential  equation  for  0'  is  derived  from  the  generalized 
Laplace's  equation 


by  putting 


80  that  the  general  solution  for  0'  requires  no  discussion  here. 

We  shall  now  suppose  the  coefficients  Zr,  N  equal,  and  write  fi  for 
each  of  them. 
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The  problem  then  rednces  to  the  solation  of 

dr        r    dr       d^ 
with  the  condition  f  ^  const, 

over  the  curved  surface ;  or  of 

dr*         r    dr       dsf 
with  0'  =  W+ const, 

over  the  surface. 

The  resultant  of  the  stresses  across  any  meridian  section  must  be 
a  single  force  Z  in  the  axis  of  the  tore.  For,  since  Q  =  0,  the  stress 
is  all  in  the  plane  of  the  section,  and  therefore  reduces  to  a  single 
force  or  a  single  couple  in  that  plane.  Since  the  part  of  the  tore 
between  two  meridian  sections  must  be  in  equilibrium  under  the 
pair  of  forces  or  couples  across  those  sections,  the  result  at  once 
follows. 

The  analytical  investigation  of  the  resultant  is  easy.     We  have 


11 


Sdrdz 


=  11^  S'^'^^. 


and  this  may  be  written 


Z=2{{-^drdz, 
on  integrating  by  pai*ts,  if  ^  =  0  over  the  boundar3% 


Also 


=  0 


=  0. 
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Particular  Gases. 

Any  solution  of  the  differential  equation  for  0  will  give  a  solution 
of  the  problem  in  which  any  one  of  the  curves  0  =  const.,  not  cutting 
the  axis  of  z,  may  be  taken*  as  the  meridian  section  of  the  tore,  with 
an  obvious  limitation  as  to  the  nature  of  ^  within  the  curve  chosen. 
And,  of  course,  two  of  the  curves  p  =  const,  may  be  taken  as  meridian 
sections  of  the  bpundaries  of  a  toroidal  shell  for  which  the  torsion 
problem  is  solved. 

A  very  simple  solution  will  give  us  a  section  sufficiently  close  to 
the  circular  form  in  all  ordinary  proportions  to  enable  us  to  avQid, 
the  direct  consideration  of  the  circular  form  by  toroidal  functions 
which  are  not  yet  tabulated. 

Consider  the  solution 

where  p,  g,  k  are  independent  constants. 
The  possible  boundaries  are 


(.r*-^q/py+^^^  =  a\ 

or,  writing 

qlp  =  -h\ 

4q—iih  =  jM?, 

they  are 

{r*-Vy+<?^  =  a\ 

where 

0=j,{(r'-fc«)'  +  c'*'}. 

If  6'>a*,  the  bounding  curve  is  an  oval  not  cutting  the  axis  off  «. 
This  oval  is  inscribed  in  the  rectangle  - 


The   lines  r  =  6,    z  =  0,   we  may  call  the  axes,   of    lengths  2a7c, 
\/6'-f  a'—  \/6'— a',  which  we  write  2a,  2/3  respectively. 

Since  6«  +  a^-  (&'-«*)  =  2a*, 


we  have  v^6*  -h  o*  +  V'fe' — A*  =  (flP  \ 
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2v/6Ha*  =  oV/3+2/3, 


2\/V^*  =  aV/3-2/3, 

o«  =  4f3»(6'-^'). 
fe*-o«=(M-2/30', 


l_yi_a«/6«=?(3«/6«    [6»>2/P]. 
Also  since,  q/p  =  —h* 

and  4gr— /ifc  =  jjc", 

=  -(46'+aVa') 
=  -4{6«(««+^)-i3'}/«'. 
The  area  of  the  oval  is 

c   Jo  v/(6»-a")  8iii*tf  +  (6'+a*)  cos*  i 
putting      t^  =  (6*-  a«)  sin*  6  +  (6" + a«)  cos*  6. 


Hence       A  =  |.2^^!±5!  [6*^,  (K)-(6«-a«)  F^ (ic)], 


where  ic  =  v^2aV(6«+a«) 

and  Fij  E^  are  the  complete  elliptic  integrals  nsaallj  so  denoted. 
The  centroid  is  at  a  distance  r  from  the  axis  given  by 

-      2fzrdr 
r  =— J— : 


-^r 


sm2ede 


'2c  A' 
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The  resnltant  axial  force  is 

-4pU-^drdz 

^  c  J.  ^     c   J.  (fc'-aOsin'fl+CfcVo') 


COS** 


=--f($-V^-)" 


^  jT/afc- 


g'ffl 


y6'-/r{6'(o'+/3')-i3«} 
If  b  is  lai^e  compared  with  a,  this  is  approximatelj 


irftK    a 
b* 


or,  introduciDg  the  torsion,   -^ s^m  » 

80  that  the  moment  of  the  force  abont  the  centre  of  the  section 
approximates  to 


w^r 


This  is  the  ordinary  formula  for  the  torsion-oonple  of  an  elliptic 
prism  of  axes  2a,  2/3,  as,  of  course,  it  should  be,  since  the  section 
approximates  to  such  an  ellipse  when  the  curvature  of  the  tore 
approaches  zero. 

Numerical  Examples. 

We  proceed  to  make  application  of  these  formulas  to  the  case  of 
the  circular  section,  and  in  particular  to  compare  the  actual  stiffness 
and  the  greatest  stress  or  strain  with  those  which  the  wire-method 
gives.  The  approximatelj  circular  sections  are  obtained  by  putting 
a  =  /3,  which  makes  the  axial  force 


Z=  wfik 


-/V^=^(26«-a«)' 
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The  maximum  stress  or  strain  is  got  by  making  a  maximum 

This  is  a  maximum  for  a  given  value  of  r  when  is  is  a  maximum,  so 
that  the  points  of  greatest  stress  or  strain  lie  on  the  boundary.  In> 
serting  the  value  of  z  for  a  point  on  the  boundary,  we  have 


=  olJ^i  ^'^+^'  (36'  -a«)/r«-(6«-2a')'  (6«-a»)/r*^(36*-a«). 

Denoting  the  maximum  value  of  tha  square  root  by  M,  the  maximum 
shearing  stress  is 

and  the  ratio  of  this  to  the  average  axial  force  per  unit  area  of  cross- 
section  is 


E  = 


VW--^AM 


Let  a  be  the  radius  of  the  circle  of  the  same  area  as  the  actual 
section.  The  maximum  shearing  stress  due  to  torsion  r  =  fc/r*  of  a 
prism  of  this  section  is 

fira  =  fika/r^, 

and  the  couple  of  torsion  is  |irfira* ;  so  that  the  correspondiug  axial 
force  given  by  the  wire-method  is 

and  the  axial  force  per  unit  area  is 

If,  then,  we  adopt  the  common  assumption  of  the  wire-method  that 
the  maximum  shear  is  the  maximum  due  to  torsion,  together  with 
the  average  axial  force,  we  have  for  this  maximum 

and  the  ratio  of  this  to  the  average  axial  force  is 

ir  =  2F/«-fl; 
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so  that 


B         s/V'-a^aAM 


-B'         flra*(2r  +  a) 

The  calculations  have  been  performed  for  the  cases 

6=  2a,  3a,  ...,  7a, 

which  are  suflBiciently  close  to  cover  all  cases  not  given  with  close 
approximation  by  the  common  assumption. 
The  diagrams  represent  the  cases 

h  =  2a,  3a,  4a, 

where,  in  the  distances  assigned,  a  =  10.     The  points  of  greatest 


AT^iS      OF     TORE 


stress  have  been  indicated  by  small  black  circles ;  those  of  least  stress 
by  small  white  circles.  The  curves  numbered  from  1  to  64  are  curves 
of  equal  normal  displacement  relative  to  a  plane  section  turned 
through  the  angle  /;/6,  so  as  to  be  normal  to  the  helix  formed  by  the 
circle  r  =  &,  js  =  0  after  deformation.  The  numbers  attached  to 
the  curves  are  proportional  to  the  displacements  along  them.  The 
formula  for  such  displacements  is 

A:     f       ,vr6— 6»+a* 

so  that  the  displacement  of  the  parts  outside  r  =  &  and  inside 
r  =  h—a^jh  is   greater  than  that  corresponding  to  the  rotation  hlh. 
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The  light  oircalar  boundary  in  each  figure  is  the  circle  of  equal  area 
described  with  the  centroid  as  centre. 


b 

r 
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70 
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1-08 
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It  appears  that  the  wire-method  gives  a  sufficiently  close  approxi- 
mation to  the  stiffness  for  ordinary  purposes  of  design,  especially 
having  regard  to  the  uncertainty  of  the  value  of  ft  arising  from 
irregularity  of  temper. 


Rectangular  Section, 
Let  r  =  a,     r  =  6, 

2;  =  0,     z=:h, 
be  the  sides  of  the  rectangular  section.     Put 
^  =  fjikz  (h—z)  +^'. 
Taking  ^  =  0  as  the  boundary  condition,  we  have 

over  «  =  0,    «  =  A, 

and  we  may  put 

where  n  is  an  integer,  and  J„  K^   are    the    Bessel's  functions  so 
denoted  by  Gray  and  Mathews,  pp.  66,  67,  viz.. 


and 


ir  /  V        3    P  cos  (x  sinh  6)  ,^ 
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We  have  then  ♦'  =  —  A*^«  (h—z) 

over  r  ^  a,     r  =  6 ; 

and  therefore 

«-'.(=r)+^-'-(x)=-'^1/(»-')"»x*' 
CI.  (f )  +D.Z.  (f )  =  -  5|£.  (.-„  ™  ^^ , 

so  that  C^  =  D^  =:  0 

and 
f,      r  f  (2«+llL£o7    .  7,       1^  ((2n+l)TO)  _  SpfcV 

(7-mI,[         ^^ j+I>....^.| j^ l=-(2n+l)»»*a" 

which  determine  the  constants. 
The  resnitant  axial  force  is 

Z=:2{{{ft^/7»)drdz. 
Now  f  1  J,  f 5^)  dr  =  A  i^  +oonst., 

f±2r,  (^)  dr  =  A  jr,  +  const. 
J  r        \  h  /  nirr 

Hence 

^=»M»-(i-i) 

which  determines  the  stiffness  of  the  tore. 

Torsion  of  a  Bod  of  Varying  Circular  Section. 

If  in  the  general  solution  for  the  torsion  of  tores  we  put  ik  =  0,  we 
obtain  the  general  solution  for  the  torsion  of  a  straight  rod  of  varying 
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circular  section.     We  have  here 

ti  =  u;  =  0, 

v  =  V  (r,  «), 

dv 

dz 


r^S  =  Lr^a=i 


dr' 


where  0  satisfies  the  equation 

vrfr*        r   dr/  dz* 

and  is  constant  over  the  curved  surfaces. 
The  stress  on  an  end  z  is  given  by 

the  resultant  couple  on  the  end  being 

-and  the  rate  of  torsion 

ffr  _ L  A  ^ 

dz  Xf    r*  .dr  ' 

which  is,  in  general,  a  function  of  both  r  and  z,  as  might  have  been 
expected. 

The  application  of  this  theory  to  shafting  of  varying  diameter 
should  lead  to  information  of  value ;  but  on  this  I  do  not  enter  at 
present. 

II.  Flexure. 

We  here  consider  the  clearly  possible  uniform  flexure  of  the  tore 
into  a  tore  of  slightly  different  radius.  The  fundamental  fact  of  this 
kind  of  deformation  is  that  the  meridian  sections  remain  plane  and 
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become  meridian  sections  in  the  new  tore.  This  result  is  derived  at 
once  from  a  consideration  of  symmetry,  as  in  the  case  of  the  flexure 
of  a  cylindrical  beam.  Suppose,  for  the  sake  of  definiteness,  that  the 
new  tore  is  coaxial  with  the  old.     The  displacements  are  then 

-    u  =  t*  (r,  «), 

.      w  ssw  (r,  z), 

where  )3  is  a  constant,  and  we  have  supposed  the  new  position  such 
that  t?  =  0,  when  0  =  0, 

The  strains  are  then 

du 
^  =  57' 

dw 

h  —  —  -u  — 
dz       dr  * 

a  =  c  =  0; 
8o  that  the  stresses  are 

S=  [7=0, 
where  the  solid  is  supposed  isotropic,  to  simplify  as  much  as  possible. 
The  stress  equations  are 

dr       dz  r 

r     dr       dz    ' 
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The  latter  is  aatisfied  by  putting 

dz  \dz       d/rf 

The  equations  £  (^  -i^)  =  /« ^ . 

A  (^+|X^+Xr«) (X+2,1)  ^ 

are  satisfied  by  putting 


^— /it*=  — , 
r  ar 


d^ 


whicli  make 
leading  to 


X  =  -(X+2,)g, 

and  these  introdace  the  function  ^  in  terms  of  which  all  the  other 
quantities  can  be  expressed. 

We  now  have 

1     (?vt 
r    drdz 
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80  that  the  strains  are  given  by 

-  i  i^ 

^        r    drd^' 

r    d^         dr  r    drdz 
a  =  c  =  0. 

It  remains  to  find  the  equation  satisfied  by  ^  by  substituting  in  the 
stress-equation 

dP+^  +  iziQ^O. 
dr       dz  r 

I^ow  the  dilatation  is  given  by 

1    d^*^Jf  _^    ^ 
r       dr 


where 


A  Jl  A  +  ^ 
dr   r    dr      dz^ 


r    ar      ar      aa? 


7J_  1      (^    ..   rf 


Hence,  writing  P  =  (\  +2/*)  5-2/i  (Z+gr), 

the  equation  becomes 

(X-h/«)(X+2f.)^+2a(X+/i)- 
ar  r 


.(X  +  2,.)2^1^^  +2;.'i--f  rAl  #_2^(X+2,Oi8/r 


-^'^^^'^T^h 


-(X+2,i)M^^+V 


l^+x„'«  JL/P-A.^ 


r    dz* 


dr    r   drd^ 


=  0, 


VOL    XXXI. — NO.  688. 


146     On  Uniform  Torsion  and  Flexure  of  Ineompleie  Tores. 
that  in, 

(X  +  ^)(X+2,i)f +2,i(X+,i)i. 
ar  r 

or,  inserting  the  valne  of  8, 

where  a*=  (r ----+-)  , 

and  the  identity  _1  i.  A'  =  V^  --  4 

r    c/r  r    ar 

mnst  he  home  in  mind. 

The  surface-conditions  reduce  to 

Pdz-Tdr  =  0, 

Tdz-Rdr=:0, 

If  we  put  )8  =  0,  we  have  the  reduction  of  the  symmetrical  deforma- 
tion of  a  solid  of  revolution  to  the  determination  of  a  single  function 
\l/  corresponding  to  the  reduction  already  made  in  the  case  of  plane 
sti'ess. 

No  attempt  is  here  made  to  solve  the  equation  for  ij/  in  special 
cases. 
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ThtiVMiay,  June  8th,  1899. 
Lord  KELVIN,  6.C.V.O.,  F.R.S.,  President,  in  the  Chair. 

Present,  twenty- two  members. 

The  President  announced  that  the  Council  had  awarded  the 
De  Morgan  Medal  to  Prof.  W.  Bumside  for  his  researches  in  mathe- 
matics, particularly  in  the  theoiy  of  groups  of  finite  order.  Prof. 
Bumside  briefly  thanked  the  Society  for  the  honour  conferred  upon 
him. 

The  Secretary  (Mr.  Tucker)  announced  a  recent  loss  the  Society 
had  sustained  through  the  premature  death  of  Mr.  S.  0.  Roberts, 
who  was  elected  a  member  of  the  Society,  January  8th,  1885. 

Prof.  Mittag-Leffler  was  admitted  into  the  Society,  and  then  made 
an  interesting  communication  (in  French)  "  On  the  Convergency  of 
Series."  Messrs.  Elliott,  Hobson,  and  Love  offered  some  remarks  to 
which  Pix>f.  Mittag-Leffler  briefly  replied.  At  the  request  of  the 
meeting  he  promised  to  put  his  communication  into  the  form  of  a 
paper  for  the  Proceedings. 

The  President  next  spoke  on  "  Solitary  Waves,  Equivoluminal  and 
L'rotational,  in  an  Elastic  Solid."  Prof.  Love  expressed  himself  as 
having  been  much  intei*ested  in  the  President's  diagram  and  remarks. 
He  then  gave  a  sketch  of  a  paper  by  Mr.  J.  H.  Michell,  '*  On  the 
Transmission  of  Stress  across  a  Plane  of  Discontinuity  in  an  Isotropic 
Elastic  Solid  and  the  Potential  Solutions  for  a  Plane  Boundary." 

The  following  papers  were  taken  as  read : — 

On  seveitil  Classes  of  Simple  Gix)ups :  Dr.  G.  A.  Miller. 

On  Theta  Differential  Equations  and  Expansions  :  Rev.  M.  M.  U. 

Wilkinson. 
Finite  Current  Sheets :  J.  H.  Jeans. 
(1)  On  a  Congruence  Theoi'em  having  reference  to  an  Extensive 

Class  of  Coefficients  ;    (2)   On  a  Set  of  Coefficients  analogous 

to  the  Eulerian  Numbers  :  Dr.  Glaisher. 
(1)  On  the  Reduction  of  a  Linear  Substitution  to  its  Canonical 

Form ;  (2)  On  the  Integration  of  Systems  of  Total  Differential 

Equations :  Prof.  A.  C.  Dixon. 

The  following  presents  were  made  to  the  Library : — 
**  Educational  Times,*'  June,  1899. 

"  Indian  Engineering,"  Vol.  xxv.,  Nos.  16-19,  April  22-May  13,  1899, 
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«* Memoirs  of  the  National  Academy  of  Sciences,"  Vol.  vin.  (3rd  Memoir); 
Washington,  1899. 

**Periodioo  di  Matematica,"  Serie  n.,  Tomo  i.,  Fasc.  6  ;  Livomo,  1899. 

The  following  exchanges  were  received : — 

*•  Proceedings  of  the  Royal  Society,"  Vol.  lxv.,  Nos.  413,  414,  1899. 

**  Bulletin  of  the  American  Mathematical  Society,"  Vol.  v..  No.  8 ;  New  York, 
May,  1899. 

**  Monatshefte  fiir  Mathematik  and  Physik,"  Jahrgang  x.,  Pt.  3  ;  Wien,  1899. 

**  Atti  deU*  Aocademia  delle  Scienze  Fisiche  e  Matematiche,"  Serie  2,  Vol.  ix. ; 
Napoli,  1899. 

**Rendiconto  dell'  Aocademia  delle  Soienze  Fisiche  e  Matematiche,"  Serie  3, 
Vol.  v.,  Fasc.  4  ;  Napoli,  April,  1899. 

*  *  Journal  fiir  die  reine  und  angewandte  Mathematik,"  Bandcxx. ,  Heft  2 ;  Berlin, 
1899. 

**  Annali  di  Matematica,"  Serie  3,  Tomo  n.,  Fasc.  2,  3  ;  Milano,  April,  1S99. 

**  Archives  N^landaises,"  S6rie  2,  Tome  u.,  Livr.  6  ;  La  Haye,  1899. 

'*Atti  della  Reale  Aocademia  dei  Lincei — Kendioonti,"  Sem.  1,  Vol.  vnz., 
Fasc.  8,  9  ;  Roma,  1899. 

'*  Nyt  Tidfiskrift  for  Matematik,"  Aargangx.,  A,  Nr.  5,  B,  Nr.  1  ;  Copenhagen, 
1899. 

'*  Vierteljahrsschrift  der  Naturforschenden  G^sellschaft  in  Zurich,"  Jahrgang 
xxxiv..  Heft  4,  February  15,  1898. 

**  Proceedings  of  the  Physical  Society,"  Vol.  xvi.,  Pt.  5  ;  May,  1899. 

'*  Sitzungfsberichte  der  Kunigl.  Preuss.  Akademie  der  Wissensohaftenzu  Berlin," 
i.-xxn. ;  1899. 

**  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society, '  * 
Vol.  xun.,  Pt.  1  ;  1899. 

**  Proceedings  of  the  Royal  Irish  Academy,"  Vol.  v.,  No.  2  ;  Dublin,  1899. 

•*  Proceedings  of  the  Canadian  Institute,"  Vol.  n.,  Pt.  I,  No.  7  ;  Toronto,  1899. 


On  Several  Glasses  of  Simple  Oroups.     By  G.  A.  Miller. 
Received  June  8th,  1899.     Bead  June  8th,  1899. 

Let  O  be  any  primitive  substitution  group  of  degree  Jcp,  p  being 
any  prime  number,  and  of  order  g  =  pm,  m  being  prime  to  p.  Since 
a  primitive  group  cannot  contain  any  intransitive  self-conjugate  sub- 
group, every  self -con  jugate  sub-group  of  O  that  differs  from  identity 
must  include  all  its  substitutions  of  order  jp.  It  is  easy  to  prove  that 
these  substitutions  of  order  jp  generate  a  simple  group. 
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If  this  group  were  compound,  it  would  have  to  contain  a  self- 
conjugate  sub-group  whose  order  could  not  be  divisible  by  /j.  This 
sub-gixjup  would  therefore  be  intransitive,  and  hence  it  could  not  be 
self -con  jugate  in  0,  Hence  the  sub- groups  of  order  j?  that  would  be 
contained  in  O  would  generate  a  characteristic  sub-group  of  G  which 
would  not  coincide  with  O.  If  this  characteristic  sub-group  were 
compound,  it  would  have  to  contain  a  system  of  largest  self -con  jugate 
sub-groups  whose  orders  would  not  be  divisible  by  p.  As  this  is 
clearly  impossible,  w^e  have  the 

Theorem  I. — If  a  primitive  group  is  of  degree  hp  (p  heing  any  prime 
number)  and  of  order  mp  (m  bei^ig  prime  to  p\  all  of  its  sub-groups  of 
order  p  generate  a  simple  group,  Wlien  k  exceeds  unity  this  simple  group 
must  always  be  of  a  composite  order. 

Corollary  I. — If  the  degree  of  a  primitive  group  is  divisible  by  2,  its 
order  must  be  divisible  by  4.* 

Corollary  II. — The  sub-groups  of  order  p  that  are  contained  in  any 
transitive  group  of  degree  p  generate  a  simple  gfroujp.f 

The  quotient  group  of  O  with  respect  to  the  given  simple  sub- 
group has  a,l,  pn  isomorphism  with  the  group  formed  by  all  its  sub- 
stitutions that  transform  any  one  of  its  sub-groups  of  order  p  into 
itself,  np  being  the  number  of  these  substitutions  that  are  found  in  the 
simple  sub-group.  Hence  we  observe  that  G  cannot  have  more  than 
one  composite  factor  of  composition  whenever  k  is  less  than  6.  When 
k  =  1  the  given  quotient  group  must  be  cyclical.  A  given  simple 
group  can  therefore  be  self -con  jugate  in  only  one  transitive  group  of 
degree  p  and  of  a  given  order.  To  determine  all  the  transitive  groups 
of  degree  p  that  contain  a  given  simple  group  as  a  self -con jugate 
sub-group,  it  is  only  necessary  to  determine  the  largest  sub-gronp  of 
the  metac^clic  group  which  contains  any  one  of  the  sub-gronps  of 
order  p  that  is  included  in  the  given  simple  group,  and  transforms 
this  simple  group  into  itself. 

It  is  known  that  a  cyclical  substitution  of  order  p  cannot  occur  in 
any  primitive  group  that  does  not  include  the  alternating  group 
unless  the  degree  of  the  group  is  p,  jp-|-I,  or/)-|-2.J  The  case  when 
the  degree  is  p  is  included  in  the  preceding  considerations.     When 
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the  degree  is  2?  + 2*  the  group  must  be  triply  transitive.  We  proceed 
to  prove  thai  all  the  substitutions  of  order  p  that  ai'e  contained  in 
such  a  group  generate  a  simple  group  of  composite  order.  If  the 
triply  transitive  group  which  is  generated  by  the  substitutions  were 
compound,  it  would  contain  a  transitive  self -con  jugate  sub-group  whose 
order  could  not  exceed  (jp-f  l)(p-t"2),  since  every  self -conjugate  sub- 
group of  a  transitive  group  of  degree  j?  includes  substitutions  of 
order  p. 

Since  the  maximal  sub-gix)up  of  degree  p  +  1  would  be  doubly 
transitive,  it  could  not  contain  any  intransitive  self -con  jugate  sub- 
group. Hence  the  given  transitive  self -con  jugate  sub-group  would 
be  either  of  order  (p-^l)(p-}-2)  or  of  order  jj+2.  In  either  case  it 
would  involve  just  jp-f  1  substitutions  of  degree  p-h2.  This  is  clearly 
impossible  since  the  group  contains  substitutions  of  order  p.  Hence 
we  have  the 

Theorem  II. — If  a  primitive  group  of  degree  jp  -h  2  contains  suhstitu- 
tions  of  order  p^  all  of  these  substitutions  generate  a  simple  group  whose 
order  is  divisible  by  p  (p-\-l){p-^2). 

When  a  primitive  group  of  degi-ee  p  +  1  contains  substitutions  of 
order  j9  these  substitutions  must  generate  either  the  entire  group  or 
a  characteristic  sub-group.  Since  this  group  is  doubly  transitive,  it 
cannot  contain  an  intransitive  self -con  jugate  sub-group.  If  it  is 
compound,  it  must  therefore  involve  the  regular  group  of  order  jp  4- 1 
as  self -con  jugate  sub-group.  Since  this  regular  group  cannot  con- 
tain any  sub-group  besides  identity  that  is  commutative  to  one  of  the 
given  substitutions  of  order  p,  it  must  involve  p  conjugate  sub- 
groups ;  i.e.,  p  + 1  must  be  a  power  of  2.     Hence  the 

Theorem  III. — If  a  primitive  group  of  degree  p-^-l  contains  substitu- 
tions of  order  p,  all  of  these  substitutions  must  generate  a  simple  group 
whose  order  is  divisible  6y  p(jo4-l),  whenever  p-\-\  is  not  a  power  of  2. 
When  p-f  1  is  a  power  of  2  the  group  generated  by  these  substitutions  of 
order  p  cannot  contain  any  self-conjugate  sub-group  except  the  regular 
group  of  order  p-\'\  which  contains  p  sub-groups  of  order  2  and  identity. 

Corollary  I. — If  a  primitive  group  coiUains  substitutions  of  degree 
and  order  p,  it  cannot  have  more  than  one  composite  factor  of  composiiiov. 

Corollary  II. — If  the  substitutions  of  order  p  that  are  contained  in 
such  a  primitive  group  do  not  generate   tJie  entire  group,  they  generate  a 

*  In  what  foUowB  we  shall  asnume  that  p>2. 
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characteristic  sub-group  vnih  respect   to  which  the  entire  group  is  iso- 
morphic with  a  cyclical  group  whose  m-der  is  a  divisor  of  p—1. 

Most  of  these  results  can  be  readily  applied  to  the  theory  of 
abstract  groups.  If  a  gi"oup  contains  a  maximal  sub-group  that  does 
not  include  any  self -conjugate  sub-group  of  the  entire  group  besides 
identity,  and  if  the  order  of  this  maximal  sub-group  is  the  quotient 
obtained  by  dividing  the  order  of  the  entire  group  by  n,  then  it  is 
possible  to  represent  the  entire  group  as  a  primitive  substitution 
group  of  degree  n.*  Hence  it  follows  from  what  precedes  that  the 
operatoi-s  of  order  p  which  are  contained  in  a  group  in  which  n  may 
be  equal  to  p  or  p-\-2  generate  a  simple  group,  and  that  such  a  group 
cannot  have  more  than  one  composite  factor  of  composition.  Similar 
remarks  can  evidently  be  made  in  regard  to  most  of  the  other 
results. 


Finite  Current- Sheets.  By  J.  H.  Jeans.  Received  May  30th, 
1899.  Commnnicated  by  G.  T.  Walker,  M.A.,  June  8th, 
1899. 

1.  The  theory  of  the  currents  induced  in  an  infinite  current  sheet 
has  been  completely  worked  out  by  Maxwell  (Elect,  and  Mag., 
§§647-666).  I  have  attempted  to  develop  a  similar  theory  for  the 
case  of  a  finite  current-sheet. 

As  in  the  case  of  the  infinite  current-sheet,  the  mathematical  dis- 
cussion falls  naturally  into  two  parts :  in  the  former  it  is  necessary 
to  determine  the  currents  induced  by  an  instantaneous  change  in  the 
inducing  field;  in  the  latter  to  examine  the  dissipation  of  these 
currents  under  the  action  of  resistance  and  self-induction. 

In  §§4  and  5  I  have  discussed  these  two  questions  for  the 
particular  case  of  a  semi-infinite  plane,  but  the  method  is  quite 
general,  as  I  have  tried  to  show  in  §  8.  §  7  contains  the  extension 
of  former  results  to  the  two  cases  of  an  infinite  strip  with  parallel 
edges,  and  an  infinite  plane  from  which  such  a  strip  has  been  re- 
moved.    In  §  6  Maxwell's  theory  for  an  infinite  plane  is  deduced 

*  Dyok,  Jfathematische  Atmalen,  Vol.  xzn.,  1883,  p.  102. 


152 


Mr.  J.  H.  Jeans  on  Finite  Ourrent" Sheets.      [Jane  8, 


from  the  results  obtained  for  the  semi-infinite  plane  bounded  by  a 
straight  edge  by  supposing  the  straight  edge  to  be  at  infinity. 

§  2  merely  contains  the  transformation  of  the  ordinary  electrical 
equations  into  a  form  suitable  for  dealing  with  any  finite  current- 
sheet. 


2.  We  start  with  a  current-function  ^  defined  as  by  Maxwell 
(§  64j8).  a  knowledge  of  ^  at  every  point  will  give  us  a  complete 
knowledge  of  the  currents  in  the  sheet.  The  magnetic  efEect  of  the 
current-sheet  at  any  external  point  is  the  same  as  that  of  a  magnetic 
shell  of  strength  (7+*,  where  G  is  &  constant  so  chosen  that  (7-f  <fr 
vanishes  at  the  boundary. 

In  dealing  with  plane  finite  current-sheets  we  shall  suppose  * 
measui*ed  from  a  point  on  the  boundary,  so  that  0  =  0. 

We  next  introduce  Maxwell's  function  P,  defined  for  all  points  in 
space  by  the  equation 

p=  [|  ^(iajvy,  (1) 

where  dx'dy  is  an  element  of  the  current-sheet  at  which  the  current- 
function  is  O,  and  r  is  the  distance  fi*om  this  element  to  the  point  at 
which  we  are  evaluating  P. 

P  is  the  gravitational  potential  due  to  a  distribution  of  density  4> 
over  the  surface  of  the  sheet,  and  therefore  the  magnetic  potential 
O  due  to  the  currents  in  the  sheet  is  given  by 


0  =  - 


dP 

dz 


c^) 


Also,  since  the  value  of  P  is  symmetrical  as  regards  the  two  surfaces 
of  the  sheet,  we  have  at  the  positive  surface 


dz 


and  at  the  negative  surface 

O  =  -  ^  =  -  27r4». 
dz 

If  F^  (?,  JET  are  the  components  of  the  vector  potential  due  to  these 
currents,  we  may  take 

F=f-,     0  =  -f,    H  =  0,      " 
dy  dx 
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for  these  satisfy  the  equations 


dy        dz 


dF 

dz  ' 

dO 
dx 


dH, 

'  dx  ' 

dF^ 
dy 


dq 

'  dx 

do 

dy 

dn 

dz 


in  virtue  of  equation  (2). 

Let  F',  0',  fl'  be  the  components  of  the  vector  potential  of  the 
inducing  field,  and  P'  a  quantity  analogous  to  P,  defined  by 

'^  (3) 


0'=- 


dz 


where  Q.*  is  the  scalar  potential  of  the  inducing  field. 

P*  is,  so  far,  defined  except  for  an  arbitrary  function  of  \r  and  y, 
and  this  can  be  so  chosen  that  P'  shall  be  the  potential  of  matter 
none  of  which  is  indefinitely  near  to  the  current-sheet.  For  a  value 
of  P  which  satisfies  equation  (3)  is  the  potential  of  thin  cylinders  of 
matter  starting  from  each  pole  of  the  external  field,  and  going  to 
infinity  in  the  direction  of  the  positive  axis  of  z,  the  line-density  of 
any  cylinder  being  equal  to  the  strength  of  the  pole  fix)m  which  it 
started.  Take  as  the  additional  arbitrary  function  of  x  and  y  the 
potential  due  to  a  series  of  cylinders  coinciding  with  such  of  the 
above  cylinders  as  pass  through  the  current-sheet,  and  of  equal  but 
opposite  strength.  Then  P  will  satisfy  the  condition  mentioned 
above. 


Exactly  as  in  the  former  case,  we  may  take 


dy  dx 


It  is  now  possible  to  write  dowu  the  electrical  equations  for  the 
current-sheet  in  the  form 


Y  = 


d(^ 

dy 

d<t> 


(4) 
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(5) 


Let  us  now  in  trod  ace  two  new  functions  x>  X  defined  for  all  space 
by  the  equations 

At  the  positive  surface  of  the  current- sheet 

dy  dy      dt 

=  -p  ,   by  equation  (4), 
dx 

^  =  -^^  +  .^(0+0) 
dx  dx      dt 

=  —  ~  ,  by  the  same  equation. 
Hence,  at  all  points  on  the  positive  side  of  the  current-sheet 

and,  similarly,  at  all  points  on  the  negative  surface 

dx}  ^  df 

But  x»  X  are  potentials  due  to  gravitating  matter  none  of  which 
lies  just  outside  either  surface  of  the  sheet,  and  therefore  at  either 
surface 

dx^  ^  dy'      dz* 


die*      df^d!* 
The  electrical  equations  can  therefore  be  put  into  the  form 

dz' 
at  the  positive  surface  of  the  current-sheet,  and 


^X- 


dz^ 


=  0 


at  the  negative  surface  of  the  current-sheet. 
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The  expression  of  the  fact  that  O  vanishes  at  all  points  on  the 
boundaiy  takes  the  simple  fonn 

X  =  X 
at  the  boundarv. 

3.  Following  the  method  adopted  hj  Maxwell,  we  begin  by  con- 
sidering the  currents  induced  by  a  sudden  change  in  the  external 
field. 

Wilting  i?  for        ,  we  have  seen  that  at  the  positive  surface  of 

the  sheet 

dt 

and  at  the  negative  sui-face 


s[S<^^^)]=«f.  <^) 


Integrating  either  equation  with  respect  to  the  time  throughout 
the  indefinitely  short  period  during  which  the  change  is  supposed 
to  occur, 

=  0, 

if  r  is  supposed  to  vanish  in  the  limit,  since  -  7-  is  finite. 

asr 

Xow  h^  (P-hP')     or  —  [O+O']  is   the  potential   due  to  an  un- 
known distribution  on  the  current-sheet  and  a  known  distribution  in 
external  space.     Denoting  this  potential  by  w,  the  electrical  equa- 
tions express  that  — —  vanishes  at  both  surfaces  of  the  current-sheet. 
dz 

Also  the  poles  of  vr  are  known  in  the  space  external  to  the  current- 
sheet,  being  identical  with  those  of  —  [C],  and  vr  vanishes  at  infinity. 

Hence  sufficient  is  known  about  xr  to  uniquely  determine  its  value 
for  all  space.  It  is,  in  fact,  the  velocity  potential  in  an  incompressible 
fluid  in  which  the  current-sheet  is  a  rigid  boundary,  and  in  which  a 
system  of  sources  and  sinks  exists  such  that  the  velocity  potential 
due  to  it  in  a  fi-ee  unbounded  fluid  would  be  —  [n']. 

If  the  hydrodynamical  problem  of  finding  this  velocity  potential 
can  be  solved,  we  can  find  the  currents  induced  by  a  sudden  change 
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in  the  external  magnetic  field  at  the  moment  immediately  after  the 
change.  If  the  current-sheet  is  perfectly  conducting,  the  solution 
thus  found  will  represent  the  currents  at  any  time. 

The  next  two  sections  deal  with  the  case  of  a  semi-infinite  current- 
sheet  bounded  by  a  straight  edge ;  the  fuHher  discussion  of  the 
general  case  is  postponed  until  §  8. 

4.  In  dealing  with  a  semi-infinite  plane,  let  us  take  cylindrical 
coordinates  ^,  r,  ^.  Let  the  axis  of  ^  coincide  with  the  free  edge  of 
the  current- sheet,  the  positive  side  of  its  surface  coinciding  with  the 
sectorial  plane  ^  =  0,  and  the  negative  side  with  0  =  2ir. 

To  find  the  value  of  the  potential  «r,  we  shall  use  the  method  of 
multiform  potentials  introduced  by  Dr.  Sommerfeld.* 

Let  us  construct  a  Riemann's  space  of  two  windings,  such  that  the 
branch-line  coincides  with  the  edge  of  our  current-sheet,  and  let 
the  position  of  a  point  in  this  space  be  determined  by  the  cylindrical 
coordinates  (,  r,  0,  so  that  the  point  I'eturns  to  its  original  position  if 
ut  is  increased  by  4n',  but  not,  of  course,  if  it  is  increased  by  ^tt. 
Moreover,  let  that  sheetf  of  the  space  in  which  ^  varies  fi-om  0  to  2ir 
be  identical  with  our  original  real  space,  in  which  ^  varied  from 
0  to  2x. 

It  can  be  shown  that  ti,  a  function  of  position  in  Riemann's  space, 
is  uniquely  determined  throughout  any  region  of  that  space  which 
does  not  include  a  branch-line,  by  the  following  conditions : — 

(i.)   Its  infinities  in  this  region  must  be  known. 

(ii.)  It  must  be  finite  and  continuous  and  satisfy  ^hi  =  0  at  every 
point  of  this  region,  except  at  the  infinities. 

(iii.)   -  -  must  be  given  at  every  point  of  the  boundary,  and  n  must 
an 

vanish  at  infinity  (supposing  the  region  to  extend  to  intiiiitv),  to  a 

degree  at  least  equal  to  that  of  the  inverse  distance. 

The  proof  depends  on  Sommerfeld's  theorem^  that  Green*s  theorem 
can  be  applied  without  altei*ation  to  Riemann's  space.     Thus,  if  ?fp  lu 


•  ••  ijber  verzweigte  Potentiale  im  Raum,'*  Pt-oc,  Land,  Math,  Soc.,  Vol.  xxviii., 
p.  396. 

t  Exemplar. 

X  L,e.  antfy  p.  403. 
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be  two  values  of  u  satisfying  the  above  conditions, 

=  f  j («,  - «,)  £  (".-«,)  dS-  ff f  («.-«,)  V  («,-»,)  dv 

=  0, 

for  the  surface  integral  vanishes  by  the  third  condition,  and  the 
volume  integral  by  the  second. 

Thus  «j  — 1«,  =  0  at  every  point,  and  therefore  any  solution  is 
unique. 

Let  us,  then,  try  to  find  a  solution  for  that  region  of  our  Riemann's 
space  which  extends  from.  0  =  0  to  9  =  2r,  such  as  shall  satisfy  the 
following  special  conditions  : — 

(i.)  Its  infinities  must  be  the  same  as  those  of  —  [O']. 
(ii.)  It  must  satisfy  V*w  =  0  except  at  these  infinities. 

(iii.)  It  must  vanish  at  infinity  and  —  must  vanish  over  the 
boundaries  ^  =  0  and  ^  =  2ir. 

Then,  by  what  we  have  already  proved,  u  will  at  all  points  within 
this  region  be  identical  with  the  potential  which  has  been  denoted 
by  vr. 

It  is  easily  seen  that  a  value  of  u  which  satisfies  the  specified  con- 
ditions may  be  obtained  as  follows. 

In  the  section  of  the  Riemann's  space  in  which  ^  vaiies  from  —  2ir 
to  0  (or,  what  is  the  same  thing,  from  2ir  to  inr)  place  a  magnetic 
system  which  shall  be  a  positive  image  with  respect  to  the  plane 
0  =  0  of  the  system  whose  potential  is  —  [O],  and  calculate  the 
potential  due  to  the  combined  systems  in  the  manner  appropriate  to 
a  Riemann*s  space  (Sommerfeld,  l.c,  ante,  p.  405).  This  will  have 
the  required  infinities  between  0=0  and  9  =  27r,  it  will  be  a  solution 
of  Laplace*s  equation,  and  its  normal  differential  coefficients  are 
easily  seen  to  vanish  both  at  0  =  0  and  at  9  =  2v. 

This,  then,  is  the  solution  sought,  and  it  may  be  immediately 
identified  witli  ar. 

In  Sommeifeld's  paper  the  potential  function  is  specially  calcu- 
iHted  for  tlio  case  of  the  space  of  two  windings  with  which  we  are 
dealing.     If  $,  r,  9  be  the  coordinates  of  the  point  P  at  which   the 
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potential  is  to  be  estimated,  f',  /,  ip  those  of  a  single  pole  of  unit 
strength  at  Q,  then  the  potential  at  P  due  to  this  pole  is  shown  to  be 


12. 
-— -        tan 

R        IT 


1     /cr-hr 


"where 


7?2  -  pQf  =  (f-^a-Hr'  +  r'»-2rr'  cos  (^-f ), 
r  =  008-^^, 


and 


vhere 


costa  = 


(f-n'  +  r'  +  r^ 


In  the  above  expression,  the  sjrmbol  tan"^  is  to  denote  that  particular 
value  which  lies  between  0  and  7r/2,  the  i^adical  being  always  taken 
positively.     It  will  be  noticed  that  a  and  therefore  <r  are  the  same 

for  the  image  of  a  pole  as  for  the  pole  itself.     Thus,  since     —  can  be 

1  . 

written  in  the  form  —     ^    ,  the  combined  potential  of  a  pole 

of  strength  m  and  its  image  is 

.^  j        1  ...  tan-V^+  -J^_tan- V-  -K 

where  r'  =  cos  — ^  - , 

and  the  complete  value  of  tsr  is  obtained  from  this  expression  l)y  a 
summation  extending  to  all  the  poles  of  the  original  system. 

The  potential  —  [O']  is,  however,  given  by 

-[n']  =  5|- 


=  2- 


2v/rr'  v'<T»-r' 


(n 


Incidentally  we  have  shown  that  the  potential  in  ordinary  space  due 
to  a  pole  at  $,  r,  <j>  is  equal  to  the  value  of  the  Riemann's  potential  in 
either  region,  due  to  a  pole  at  $,  r,  0  and  an  equal  pole  at  $,  r,  ^-j-^tt. 


1899.]         Mr.  J,  H,  Jeans  on  Finite  Omrent- Sheets.  159 

Subtracting  the  above  value  for  —  [O']   from  that  already  found 
for  tBT, 


- [O]  =  2  -^^-  J  -^JL=  ta^-> . /?±1 ^L=  tan-' .  fcl  [  . 

'■    -■  ■^y/rr'lVa^-r''  V  <r-r'       y<r'-r'  V<r  +  r) 

(8) 

At  the  positive  surface  of  the  cun^ent-sheet  ^  =  0 ;  and  therefore 

r  =  /  ^=  cos  0/2. 

If  ^  be  the  current  function  due  to  the  currents  arising  from  the 
instantaneous  change  under  consideration,  27r4>  is  equal  to  the  value  of 
[O]  at  the  positive  surface  of  the  current-sheet,  and  this 


— ;^      , _  ]  tan  ^  x/ *^^     \/— ^—  r  ; 


771 


therefore 


*=^5?s^->Vi5-;!-        <'> 


This  expression  gives  ^  at  every  point  of  the  cuiTent-sheet.  The 
boundaiy  condition  that  ^  shall  vanish  at  the  edge  of  the  sheet  has 
been  implicitly  involved  throughout  in  the  continuity  of  [O]  at  the 
edge  of  the  sheet.  It  is,  however,  easy  to  verify  that  the  above 
equation  does  give  a  zero  value  of  ^  at  the  edge. 

For  at  a  point  on  the  edge,  r  =  0,  cr  =  00  ;  and  therefore 


tan 


1     /o-Ht 


in  accordance  with  the  restnctions  already  laid  upon  the  meaning  of 
the  inverse  symbol,  must  be  taken  equal  to  7r/4,  and  this  gives  the 
expected  result. 

Before  proceeding  further,  it  will  be  convenient  to  express  the 
results  arrived  at  in  Cartesian  coordinates,  and  in  a  somewhat 
symbolical  form. 

Let  X,  y,  z  be  the  coordinates  of  any  point  in  ordinary  space,  the 
axes  of  reference  being  so  chosen  that  the  cuiTent-sheet  is  that  part 
of  the  plane  of  x\j  for  which  x  is  positive.  This  is  identical  w^ith  the 
first  region  of  the  Riemann's  space  in  which  9  varies  from  0  to  2w. 
When  the  point  is  supposed  to  lie  in  the  second  region,  for  which 
23r  <  ^  <  47r,  its  cooixiinates  will  be  denoted  by  x\  y\  z\  Here  x  =  aj', 
y  =  y\  z=-  z\  if  the  sign  (=)  is  regarded  as  simply  asserting  the 
algebraical  equality  of  the  magnitudes  which  it  separates. 
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Any  system  of  poles  in  ordinary  space  can  be  denoted  by /(a?,  y,  z), 
and  any  system  in  the  second  region  of  the  Riemann*s  space  by 
/ {x\  y\  z).  In  dealing  with  our  Riemanu*s  space  of  two  windings 
the  positive  image  of  f(x,y,  z)  in  the  cmrent-sheet  (^  =  0)  will  be 

The  Newtonian  potential  of  the  system  /  («,  y,  z)  will  be  denoted 
by  n  {/ (a;,  y,  z) }  and  the  Riemann's  potential  by  P  {/ (»,  y,  z)].  In 
future  the  word  potential  will  refer  to  Newtonian  potentials  in 
ordinary  space,  unless  the  contrary  is  stated. 

As  has  already  been  noticed  (p.  158),  the  following  equation  holds 
for  any  system,  viz., 

n  {f(x,  y,  z)]  =  P{f(x,  y,  z)]+P{f(x',  y',  z')}. 

Identifying  f(x,  y,  z)  with  the  magnetic  system  whose  potential 
is  — [fi'],  we  have 

(i.)       -[ai  =  n{f(x,y,z)] 

=  P{f(x,y,z)}      +P{fix,y',z)], 
(ii.)  -[O+O']  =  P{f(x,  y,  z)]      +P{f{x',  y',  -«-)}, 
(iii.)  -m=P{f(x',y',-z'))-P{f(x',y,z')},  (8a) 

(iv.)  *  =  I;  [^  (/  (*''  y''  ''O  }  --P  {/  (^'.  y ,  -O  }  ] .        (9a) 

the  last  equation  having  reference  only  to  points  for  which  0  =  0. 

5.  We  have  thus  arrived  at  a  complete  knowledge  of  the  currents 
induced  by  a  sudden  change  in  the  external  field  ;  let  us  now  examine 
how  these  currents  become  dissipated  under  the  influence  of  their 
own  induction  and  the  resistance  of  the  sheet,  no  external  field  being 
supposed  to  act. 

It  is  impossible  to  follow  Maxwell's  method  any  further  :  his  dis- 
cussion of  this  case  depends  on  the  fact  that 

J^  "  [/  (^0,  yo.  ^o)  ]  =  n  I  — /  (a-o,  yo,  ^o)  I  . 

an  equation  which  is  not  true  if  P  be  substituted  for  EI. 

;;7-/fe  y,  z)  will,  of  course,  be  the  symbolical  expression  for  the 
dz 

ftystem  obtained  by  changing  each  pole  of  /  (a?,  y,  z)  into  a  doublet  of 

the  same  strength  whose  axis  is  parallel  to  the  positive  axis  of  z. 
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To  avoid  the  confusion   wbicli   might  arise  as  to  the  meaning  of 

-;-/(«,  y.—z)^  let  the  system  —  f  (x,  y,  z)  be  denoted  by  /'(«,  y,  z), 
dz  dz 

dV 
Then,   if   V  be  the  potential  of  f(x,y,z),  ---  is  the  potential   of 

dz 

f'(3f,  y,  z),  and  so  on.     The  positive  image  of  f'(x,  y,  z)  with  respect 

to  the  plane  «  =  0  will  be,  in  ordinary  space,  —fix,  y,  — «). 

In  the  case  now  under  discussion  the  electrical  equations  {Qa^  66) 

taker  the  form 


dtldz]  Idz'A 


at  the  positive  surface, 


d 
dt 


[f]=--[S] 


(lOa) 


(106) 


at  the  negative  surface. 

In  the  last  section  we  evaluated  tBr  or  —  [O-fO']  at  the  moment 
immediately  following  a  sudden  change  in  the  inducing  field.     We 

can,    in   a   similar   manner,    nnd   — -  or  —    — —  -f  — —   ,    since   the 

dz  Ldz        dz  J 

electrical   equations  express   that    this    potential   vanishes    at   the 
boundary. 

The  result*  is  easily  seen  to  be 

and  therefore,  since 

we  have,  by  subtraction, 

The  solution  of  equations  (10a)  and  (106)  in  terms  of  initial  con- 
ditions is   unique.      For,   knowing      -7-      at  any  instant,   we   are 


*  Thif)  problem  18  discussed  by  Sommerfeld  (/.<;.  anle^  p.  414).  His  result  [equa- 
taon  (3),  p.  417]  is  stated  inaccurately  :  the  corrected  form  is  given  in  the  Froe, 
Lond,  Math.  Soc,,  Vol.  zxx.,  p.  163. 

VOL.  XXXI. — NO.  689.  M 
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explicitly  given  the  rate  of  increase  o^      j-     *W  over  the  boondaiy, 

and  therefore,  since  this  rate  of  increase  is  itself  a  potential,  at  every 

point  of  space.     Hence     -7-  Ms  known  at  the  next  instant,  and  so  on. 

I  shall  now  show  that,  corresponding  to  the  initial  condition 
expressed  by  equation  (11),  a  solution  which  satisfies  (10a)  and 
(IC^)  is 

[f  ]  =  ^  ^-^'  ^^''  ^''  ''^^^  ^  ""^  ^^'  ^"^'^  ^''  -z^m } ,  (12) 
the  equation  being  supposed  to  hold  for  all  space  external  to  the 
current-sheet. 

For  at  the  positive  surface 

[f ] = ^  { l/'(^ '  y-  ^'+^'>  }-^[  1/  (*'•  ^'  -^'-^> } 

=  B[P{r  (X,  y,  z'+Bt) }+P{r  (x,  y,  -z'-Rt) ]  ] 
=  E[P {f"(x,  y',  z'+Bt)]  +P{r  (x,  y,  z+Bt)}'\ 
=  BU{r(.x,y,z  +  Bt)} 

c^B^Jnf(x,y,z+Bt)] 

=  B£[P{f(x,y,z+Bt)]+P{r(x,y',z'  +  Bt)]] 

=  Iil[  -P  {rix\y',  -z'-Bt)}  +P  {fix',  y',  z'+Bt)]] 

dz  Ldz  J 


d 
dt 


Since  the  solution  contained  in  equation  (12)  makes 


[f] 


sym- 


metrical abont  the  surface  of  the  sheet,  it  follows  at  once  that  at  the 
negative  surface 

dtldzA  Id^l 

A  verification  exactly  similar  to  that  following  equation  (9)  will 
show  that  this  solution  makes  <t  vanish  at  the  boundary  for  all 
time.     For  we  have  already  verified  that  (12)  satisfies  the  boundary 
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conditions  when  ^  =  0,  and  the  verification  cannot  depend  on  /,  since 
z  is  entirely  arbitrary. 

Thas  equation  (12)  contains  the  solution,  for  all  space  and  time,  of 
the  potential  due  to  the  cui^rents  induced  by  a  single  sudden  change 
in  the  external  field.  We  pass  at  once  to  the  case  of  a  continuously 
changing  field  by  a  method  exactly  analogous  to  Maxwell's  "  Trail  of 
Images.'**  Clearly,  if  the  pair  of  images  (in  the  second  sheet  of  the 
Riemann's    space)    of  which    the    Riemann's    potential   represents 

—     [equation  (11)]  be  formed  at  every  instant,  and  made  to  pass 

away  each  with  velocity  B,  the  one  whose  Cartesian  coordinates  are 
equal  to  those  of  the  original  system  parallel  to  the  positive  axis  of  Zy 
and  the  other  parallel  to  the  negative  axis  of  z,  then  the  Riemann*8 
potential  due  to  the  two  continuous  trails  of  images  so  formed  will 

at  any  time  and  at  any  point  in  real  space  be  equal  to  — ,  where  O 

is  the  magnetic  potential  due  to  the  currents  in  the  sheet. 

The  same  theory  can  be  put  in  a  more  symbolical  form  in  the 
following  manner : — 

Let  t,  T  both  be  used  to  express  the  time  :  they  are  to  be  in- 
dependent variables  as  regards  differentiation.  The  magnetic  system 
at  any  instant  will  be  a  function  (the  word  being  used  in  the  same 
extended  sense  as  the  symbol  /)  of  the  time  as  well  as  the  coordinates, 
and  may  properly  be  denoted  by  /  (a?,  y,  z,  r). 

The  system  previously  denoted  by/(a;,  y,  z)  will  now  be 
j^/(^,  y,  ^,  T)ar, 

and  after  a  time  t  its  image  will  be 

j^fix.y.z-k-Bt,  T)dT. 
Equation  (12)  therefore  becomes 

-P  [£f  ix,  y\  -z'-m,  r)  j  ]  dr,  (13) 

•  **  On  the  Induction  of  Electric  Ourrenta,  &c.,'*  Froe.  Roy,  Soe,,  Vol.  xx.,  p.  160, 
i§  2-10. 

h2 
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where,  if  we  are  evaluating  — -  at  the  origin  of  time,  t  must  be  put 

dz 

equal  to  —  r  after  differentiation. 

Dividing  by  cr  and  integrating  with  respect  to  r  from  —  oo  to  0, 

-P  {£/(»',  y',-/-J^^r)  I  ]8r.  (13) 

Integrating  with  respect  to  z^ 

The  first  step  towards  the  evaluation  of  ^  will  be  the  evaluation  of 
P  [f  (x,  y,  ^)  } ,  where  the  system  /  (x,  y,  z)  consists  of  a  single  pole, 
for  the  right-hand  member  of  equation  (14)  can  be  found  from  this 
by  summation  and  integration.  In  other  words,  we  require  the 
Riemann's  potential  due  to  a  doublet. 

That  due  to  a  single  pole  has  been  seen  to  be 

Denoting  this  by  p,  and  the  corresponding  potential  for  a  doublet 
byp', 

y  =  -^     (where  f  =  r'  sin  0') 

=  -j^,  cos  ^'-h  --^  sin  <p' 
r  df^  dr 


^    COS0  sin-   ^ 

"     Or   " 


-v 


sin0' 


.9& 


sin^ 


8r'r  -^    2/ 

8<m-'» 
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After  a  certain  amoant  of  reduction  this  takes  the  form 


166 


tE/ 


where  B  is  now  the  distance  between  the  points  $,  r,  ^  and  $\  r\  ^'. 

Combining  this  with  the  corresponding  expression  for  the  potential 
due  to  the  image  of  this  doublet,  we  get  for  the  combined  potential 

sin< 


cos<6' 


08«^'fl     .    <^-<^'        .1     i^T        1     .    <*  +  <*',      .,     /ff  +  r") 


rcosc 


The  currents  arising  from  the  creation  of  a  single  pole  at  a;,  y,  z 
can  now  be  obtained  in  the  following  manner.  Let  the  point  f ',  r',  ^' 
in  the  above  expression  be  made  identical  with  the  point  aj,  y^  z-\-vi 
(r  is  the  velocity  of  the  images,  the  B,  of  §  4).  Then  the  above  ex- 
pression is  the  value  of  -—  at  the  point  f ,  r,  <^.  An  integration  with 
dz 

respect  to  z  between  the  limits  0  and  oo  will  give  the  value  of  —  2ir^ 
for  any  values  of  a;,  y,  and  U 

Lastly,  the  above  theory  can  be  stated  in  a  form  which  shall  con- 
tain no  reference  to  Riemann's  space  in  the  following  manner. 

Any  continuous  change  of  a  magnetic  system,  whether  arising  fix)m 
changes  in  the  strength  or  position  of  the  magnets,  or  both,  can  be 
represent-ed  by  the  continued  creation  or  annihilation  of  poles,  or, 
what  is  the  same  thing,  by  the  creation  of  positive  or  negative  poles. 
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Let  each  pole,  immediately  it  is  created,  move  parallel  to  the  axis  of 
z  with  constant  velocity  v.  Then  at  any  time  we  have  a  number  of 
continuous  series  of  poles.  Substitute  the  cylindrical  coordinates 
of  any  such  pole  in  the  expression  found  above,  multiply  by  the 
strength  of  the  pole,  and  sum  the  expression  so  found  for  every  pole 
of  the  system. 

The  result  gives  the  valae  of  -j- ,  and,  as  before,  the  current  f unc- 

dz 

tion  at  a  point  in  the  sheet  is  found  by  an  integration  with  respect 

to  z, 

6.  Maxwell's  theory  for  the  complete  sheet  may  be  deduced  from 
equation  (13)  by  supposing  the  edge  of  the  semi-infiuite  sheet  re- 
moved to  infinity. 

We  are  now  dealing  only  with  pairs  of  points  for  which 

r  =  /  =  00  , 

4,^4;  =  0     or     2r ; 

therefore  la  =  0,     <r  =  1, 

and  r  =  1     or     —  1, 

according  to  whether  the  continuous  path,  in  the  Riemann's  space, 
which  joins  the  two  points  is  finite  or  infinite. 

In  the  former  case 

•P  {/(«.  y,  *)}  =  2^-  =  n  {fix,  y,  z)]. 

In  the  latter  case  P  [/  («,  y,  ^)  j  =  0. 

Thus,  due  to  any  system  on  the  negative  side  of  the  sheet,  we  have 
at  any  point  on  the  positive  side,  by  equation  (13), 

Integrating  twice  with  respect  to  z, 

|n(iz  =  j'     n[£^f(x,y,z^Bt,T)dz^dT, 
and  this  is  the  same  as  the  equation  which  Maxwell  writes  in  the  form 

Jo     «« 

r^Uct.  and  Mag.,  §663,  equation  (27)]. 
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7.  After  the  semi-infinite  current-sheet,  the  case  which  comes  next 
in  order  of  simplicity  is  that  in  which  the  boundarjr  consists  of  two 
parallel  and  infinite  straight  lines,  giving 

(i.)  An  infinite  current-sheet  from  which  an  infinite  strip  has 
been  removed. 

(ii.)  A  conducting  strip  bounded  by  two  parallel  straight  lines. 

A  complete  investigation  of  the  potential  function  for  case  (i.)  is 
given  by  Sommerfeld  (§  5,  p.  419),  and  there  is  no  difficulty  in 
extending  it  to  case  (ii.).  I  shall  accordingly  only  quote  results, 
slightly  altering  Sommerfeld's  notation.  ■ 

We  again  take  cylindrical  coordinates  f,  p,  6,  where  p,  0  are  con- 
nected with  r,  <l>  by  the  transformations 

/re^-^a\ 


(ii.)p+i<?  =  iog(r!^), 

\re**—a/ 


the  former  referring  to  case  (i.),  the  latter  to  case  (ii.).  The  variable 
o  is  now  to  be  given  by 

(i.)  cos  la  =  cos  t  (p^p')  +  2  (cos  ip— cos  0) (cos  tp'— cos  0')(i-"O'» 

(ii.)  cos  ia  =  cos  *  (p — p')  +  2  (cos  tp  -f-  cos  0)  (cos  tp' + cos  0')  (f— f  )^ 

o",  r  have  now  the  same  expression  in  teims  of  a,  p,  0  as  they 
formerly  had  in  terms  of  o,  r,  ^,  and  Sommerfeld's  result  [given  in 
equation  (10),  p.  424,  for  case  (i.),  and  easily  seen  to  be  true  also  for 
case  (ii.)  when  the  quantities  concerned  have  the  meanings  assigned 
to  them  above],  states  that  in  either  case  the  potential  function  is 

1    Atan-^^. 

B     TT  \  cr-T 

On  account  of  the  identity  of  form  between  this  potential  function 
and  the  one  already  dealt  with,  all  the  results  of  §  4  can  be 
immediately  applied  to  this  case. 

Corresponding  to  equation  (7),  we  obviously  have 


and  equation  (8)  will  apply  to  this  case  if  put  in  the  form 
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Equatiou  (9)  is  true  without  change, 

It  will  be  noticed  that  at  the  two  edges  of  the  sheet  p  =  db  QO  ; 
therefore  o-  =  oo .  The  same  veHfication  as  before  now  shows  that  ^ 
vanishes  at  both  edges. 

It  will  also  be  noticed  that  all  the  symbolical  work  of  §  5  holds 
good  without  alteration  for  the  cases  now  under  discussion,  and  con- 
sequently the  value  o^      "t"      found  in  equation  (12)  holds  if  we 

assign  the  altered  meaning  to  the  symbol  P.  The  alteration  is 
necessitated  by  the  fact  that  the  equations  of  transformation  from 
B,  <T,r  to  Xf  y,  z  are  no  longer  the  same.  Hence  equations  (13)  and 
(14)  contain  the  symbolical  solution  for  the  cases  now  under  con- 
sideration. 

The  calculation  of  p'  which  follows  equation  (14)  does  not,  of 
course,  apply  to  this  case.  The  calculation  could,  however,  be 
effected  in  an  exactly  similar  way,  either  for  the  potential  function 
now  under  discussion  or  for  any  other  potential  function. 

8.  It  will  now  be  seen  that  the  method  adopted  in  these  two  cases 
is,  in  its  main  principles,  quite  general. 

The  first  step  towards  the  discussion  of  any  given  shape  of  current- 
sheet  consists  of  the  construction  of  a  Riemann's  space  of  two  regions,* 
one  of  which  is  to  be  identical  with  the  ordinary  space  containing  the 
inducing  system,  and  the  other  of  which  will  contain  certain  images 
of  the  system. 

The  current-sheet  itself  must  be  the  bi^anch  membranef  of  the 
space,  and  the  boundary  of  the  cun'ent-sheet  its  branch  line.J 

If  we  can  find  three  systems  of  mutually  orthogonal  surfaces,  each 
filling  all  space,  such  that  all  the  surfaces  of  one  system  are  bounded 
by  the  edge  of  the  cuiTcnt-sheet,  and  one  of  them  coincides  with  the 
current-sheet,  then  the  calculation  of  the  potential  function  for  this 
space  will  consist  of  a  series  of  known  processes  in  pure  mathematics. 
The  mode  of  procedure  is  g^ven  in  §  6  of  Sommerfeld*s  paper. 

Independently,  however,  of  the  form  which  the  potential  function 
assumes  for  any  particular  space,  and   independently  even  of  the 


*  Exemplar,  f   Verziveignngamembrane.  %   Verztceigungtlinie, 
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possibility  of  calculating  it,  the  symbolical  work  of  §§  4  and  5  will 
hold  good  for  the  most  general  case. 

For  the  symbolical  equation 

n  {/(<r,  y,  z)]  =  P  {fix,  y,  z)]  +P  [fix',  y',  z')} 

is  true  for  any  Riemann's  space  of  two  regions. 

If  a  formal  proof  of  this  statement  is  required,  it  is  sufficient  to 
remark  that  throughout  real  space  each  member  of  the  equation 
satisfies  the  four  following  conditions  : — 

(i.)  It  is  a  solution  of  Laplace's  equation. 

(ii.)  It  becomes  infinite  at  the  poles  of  /(a?,  y,  z)  to  the  same  order 
and  with  the  same  residues  as  II  [/(«,  y,  z)]. 

(iii.)  It  vanishes  at  infinity. 

(iv.)  It  is  continuous  everywhere,  including  the  branch -membrane 
and  the  branch-line  of  the  Riemann's  space. 

Those  conditions  are  sufficient  to  uniquely  determine  a  function  of 
position  in  real  space,  and  therefore  the  validity  of  the  above  equation 
is  established. 

It  only  remains  to  remark  that  the  only  quantity  entering  the 
original  equations  which  is  not  entirely  symbolical  is  z^  that  differ- 
entiation with  respect  to  z  remains  the  same  in  our  new  system  of 
coordinates,  and,  lastly,  that  nowhere  in  the  course  of  the  symbolical 
work  of  §§  4  and  5  has  any  account  been  taken  of  the  form  of  the 
special  functions  which  the  symbolical  notation  is  there  supposed  to 
suggest. 

This  establishes  the  generality  of  the  method,  and  therefore  we 
conclude,  since  II  {f{x,  y,  z)^  has  the  same  meaning  in  connexion 
with  every  problem,  that,  if  the  right  interpretation  be  assigned  to 
the  symbol  P,  equations  (13)  and  (14)  will  contain  the  solution  of  our 
problem  for  a  plane  current-sheet  bounded  by  any  given  curve  in  the 
plane  of  xy. 
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The  Reduction  of  a  Linear  Substitution  to  its  Canonical  Form. 
By  A.  C.  Dixon.  Received  June  5th,  1899.  Read  June 
8th,  1899. 

The  following  is  another  solution  of  the  problem  discussed  by 
Prof.  Bumside  (Proc,  Lond.  Math.  Soc.,  Vol.  xxx.,  pp.  180-194), 
namely,  the  reduction  of  a  linear  substitution  to  its  canonical  form. 

Take  the  substitution  8  as  at  p.  183,  namely, 

x:=:l,a^Xt     (*.  e  =  l,  2,  ...,w). 

Let  0^^^  be  a  root  of  the  characteristic  equation 


A  = 


«ii— ^»     ^v 


«U»        .••»       «lii 


«ii» 


«i.i> 


««-«, 


...,     a,«-tf 


=  0. 


Then  at  least  one  set  of  quantities 
can  be  found  such  that 


^1" 


(»  =  1,  2,  ....  n) 


2a^xi"  =  tfV     (»  =  1,  2,  ...,  n). 

t 

and  at  least  one  set  7^^^  such  that 

S«..yJ"  =  e'V'     (»  =  1,2,  ...,n). 
Take  one  such  set  in  each  of  the  two  cases,  and  write 

x,  =  X,x^\     x.^X.x'i'-^-X.     (5  =  2,  ...,!»).• 
The  equations  of  the  substitution  8  then  become 

X\Xi    ^Xi'XaitXt  +  2  aifXf 


=  0    aJi  Xj  +  2  ttit  Xt , 


*  We  may  suppose   ^[^^  ^  0 ;   if  this  is  not   so,  chang^e    the  order  of   the 
iables  x. 


1899.]         Linear  Subatiiniion  to  its  Oanonieal  Form.  171 

2 

=  0'"»1"X,   +  2  a^X,     («  =  2,  3,  ...,  n)  ; 

2 

whence  Z;  =  2  ( a^ ^^  ai J  Z<. 

It  also  follows  that 

^i-««#  y.  +2iL,y,    =«    JLi2,x,  y,  -{-  2,  [A,Za,,y.  j 
2  <-2   ^         •  ' 

There  are  now  two  cases  according  as  2  a;,  y,  =  0  or  not.  Suppose, 
first,  2a;i"y;":^0,  and  write  ^,  for  X,2ai!"yi"  +  2X,y*,",  that  is, 
2  y^'x.,  I  for  X.  (»  =  2,  3,  ....  n).     Thus 


i:  =  %0^i,  (*=2,  ...,n), 


where 


/?-  =  «--% 


au» 


«i 


that  is,  the  substitution  is  broken  up  into  two,  one  of  which  affects 
only  f„  and  the  other  only  the  other  n—  1  variables.  The  same  pro- 
cess of  reduction  may  then  be  applied  to  this  last  substitution  and 
repeated  until  the  canonical  form  is  at  last  reached,  unless  at  some 
stage  it  happens  that 

If  2x?'y:"  =  0, 

the  functions  f„  $„  ...,  £,  as  jnst  given  are  not  linearly  independent. 
We  may,  however,  put* 

^.  =  2y™<i..  =  SX.yS", 

l=X.    (*  =  1,  2,  ...,«- 1). 


*  It  is  aasomed  tliat  y^'  doee  not  vanish. 


172  Mr.  A.  C.  Dizon  on  the  Beduetion  of  a         [June  8, 

Thus  «:  =  e'«^., 

i:  =  Sy.,f,     (*=2,3,.. .,«-!). 

The  substitution  has  thus  been  transformed,*  so  that  in  the  charac- 
teristic determinant  A  the  first  column  and  last  row  contain  zeros 
only,  except  where  they  meet  the  dexter  (or  principal)  diagonal,  and 
the  two  constituents  at  the  ends  of  this  are  each  0^^^—d, 

If  we  suppose  (n  =  0,  we  have  a  linear  substitution  affecting 
(v  iii  "">  in~i  only  for  which  the  characteristic  determinant  is  formed 
by  striking  out  the  first  and  last  rows  and  columns  of  the  one  just 
arrived  at.  This  substitution  in  n— 2  variables  can  be  further  re- 
duced by  one  of  the  two  processes  given,  and  the  restoration  of  f„ 
will  only  affect  the  last  column  of  the  determinant  A. 

Thus  by  successive  reduction  the    substitution    is   brought  to  a  ' 
form  in  which  all  constituents  of  the  determinant  below  the  dexter 
diagonal  vanish,  and  possibly  some  above  it. 

The  next  step  is  to  destroy  as  many  as  possible  of  the  constituents 
above  this  diagonal. 

The  substitution  may  now  be  written 

n 

x,==  l,a,tXt. 
$ 

If  Oji  rjfc  Ojj,  we  may  destroy  a,,  by  putting 

^1  =  ^i-l-      ^*     ^,  -X:  =x,  (8  =  2,  ...,  w). 


Thus  X{  =  a^x,  +  2  (a»  -h  -"^-^^  )  x, 

2     \  «11  — ««/ 

8  \  an— Offl/ 

n 

Z;  =  2a,<Z,     (s  =  2,  ...,  71). 
In  this  way  any  constituent  just  above  the  diagonal  may  be  destroyed. 


*  By  the  substitation 


J^i 


ei-^i/^i^    6-^.-^i^j,    en-2gy-''^,    (»-2,  3,.. .,«-!). 


^1 
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unless  the  adjacent  constituents  in  the  diagonal  are  identically  equal, 
that  is,  we  may  put 

unless  a«  =  a.+i,.+i. 

In  the  same  way,  going  on  to  the  next  line  parallel  to  the  diagonal 
we  may  reduce  «,.,.,  to  0, 

unless  a„  =  a.+2,.+2» 

and  so  on ;  so  that  ultimately  we  destroy 

unless  a„  =  au . 

Then,  by  changing  the  order  of  the  variables,  we  may  gather 
together  all  the  constituents  in  the  diagonal  that  are  identically  the 
same,  and  so  divide  the  variables  into  sets 

•^u  •'^j*    •••»  *^p^ 

^p*q*l^    •••>    '^p  +  q-¥ri 


in  such  a  way  that  each  set  is  transformed  independently  of   the 

others,  that  is, 

p 
X,     =Aaj.    4-    2   a,tXt         («  =  1,  2,  ...,2>), 

p*q 
«p+,  =  /^p+.+    2     S,,,«'«  («  =  1,  2,  ...,g). 
p*t  +1 

Each  set  may  now  be  considered  separately.  Take,  for  instapce, 
a^,  a*,,  ...,  Xp.  The  first  step  is  to  bring  any  zeros  there  may  be  in  the 
line  just  above  the  diagonal  to  the  lower  end  of  that  line,  and,  in 
fact,  to  arrange  that  the  number  of  zeros  immediately  following  the 
diagonal  constituent  in  any  row  shall  be  at  least  as  great  as  in  the 
row  above,  unless  all  the  constituents  of  both  rows  vanish  except 
those  in  the  diagonal.  It  is  the  same  thing  to  say  that,  if  a^i  {t>i)  is 
the  first  constituent  in  the  i^  row  not  to  vanish  after  the  t^,  then 

for  some  value  of  r  <  /,  but  >  t — 1. 
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Sappose  this  not  to  be  the  case ;  then  the  equations  of  substitution 
include  p 


Put 


Xi     =  Aaj<    +  S  a^x,. 

t 

^i-i  =  aJ<»     Xi  =  Xi^i ^-^=^  Xi, 

X,  =  x,     (js^i—l.i). 


This  transformation  will  not  affect  the  rows  below  the  t***,  and  it  will 
reduce  a„  to  zero ;  by  applying  it  successively,  and  always  to  the 
lowest  pair  of  rows  in  which  the  desired  condition  is  not  fulfilled,  we 
get  the  result.  The  transformation  giving  this  result  is  not  unique, 
and,  in  fact,  the  arrangement  will  not  be  interfered  with  by  any 
transformation,  such  as 

X,  =  iC,      {szfi  i). 

Suppose  then,  leaving  out  the  diagonal,  that  the  first  constituent 
not  vanishing  in  the  first  row  is  the  a"*,  in  the  a^  row  the  a'*^,  in  the 
a^  row  the  a"*^,  and  so  on.  The  series  1,  a,  a',  a",  ...  will  come  to 
an  end,  since  it  can  contain  no  number  >p. 

Let  h  be  the  first  number  not  included  among  1,  a,  a\  a'\  ...,  and 
let  the  first  constituent  not  vanishing  in  the  h^  row  be  the  5'"*,  in  the 
h'^  row  the  5"^,  and  so  on. 

Let  c  be  the  first  number  not  included  among  l,a,  a',  ...,  6,  h\  h'\  ..., 
and  form  with  it  another  series  c,  c',  c",  ...,  and  so  on  until  the 
numbers  1,  2,  ...,  j?  are  all  exhausted. 

Then  the  transformation 


Xb      =  «4, 

Xy  =  Xi,  — Xajft, 


Xa     =  X[   — Aa?i, 
Xa'    ^-Aa— AJCa, 
Xgft  =  X„>  —  A-Xa', 
<&C., 

reduces  the  substitution  for  arj,  a?,,  ...,  «p  to  its  canonical  form,  except 
for  the  order  of  sufl&xes. 
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As  an  example  take  the  sabstitution  8  on  p.  191, 
aji'  =  — 2a'i—  jc,-.iP,-far4  +  2a-5, 

a»J=  a-i-f  x^  — Sa-^— 2ar5, 
a!4  =  —  4i', — 2ar3— iP,  +  5^-^  +  x^, 
xi=      4a»i4-  aJa+ir,— 3X4. 

The  characteristic  equation  is 

Take  tf-^^  =  2  ;  then  the  five  equations  to  be  satisfied  by  x^.^\  x^^\  x^^\ 
x^^\  ajj  ^  reduce  to  three  only,  namely, 

-.4ci-  a-,-  a?,+3ar,  +  2ar5±=0, 
a;,+  aj,-2ajs-3a'4-2a^  =  0, 
-4ari-2a?j-  3:3+33:4+  a^  =  0. 
We  may  then  put 

a*!    =  -  ar,   =  a;^    =  1,     a?,    =  a^^   =  0. 
In  like  manner,  the  equations  for  yj'^ ...  reduce  to  three  only, 
2/.=  0,    2/4=0,    .Vi+y,-y6  =  0. 

Now  it  is  desirable  that,  if  possible,  ^x^^^y]^^  should  not  vanish;  we 
therefore  put 

yi  =  1  =  2/5 »    yj  =  2/8  =  y*  =  0. 

The  first  transformation  is  therefore 

•^i=^+*i>     -Xjssa^,     X,  =  aj,+a^,     Z4=a:4— a?!,     Xg  =  a%. 
The  substitution  £>  as  transformed  is 

x{  =  2*1, 

aji=  a?,— «a+3ar4+2a:5, 

«8  =  — aJ|» 

a'i=      -Ot        +2a;4—  ara, 

Xi^  ajj  +  ajj— 3aj4. 


BO  that 

In  like  manner, 
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We  now  ignore  x^  and  take  the  root  —  1  of  the  characteristic  equa- 
tion.    Then  x'^\  xl\  x^\  x^^  satisfy  the  equations 
2ir,-ar,+3a;,+2a'5  =  0, 
— «,        +3a?4—  oTj  =  0, 
a?j+aj|— 3*4+  aJj  =  0; 

(1)  1  (1^  (1)  0)  A 

The  new  substitution  is  then 

Xi=a^,     Z,  =  0^,     X,  =  074,     Z4  =  a;,+a^,     Zjsa?,, 
and  8  becomes,  when  transformed  by  it, 
x{  =  2a;i, 

xi=      — iff  +  3«,  +  2ar4— otb, 
a;i=  2a;,—  a?^, 

a;i  =  2a;4 

xl  =  — ajj. 

To  reduce  this  finally,  put 
X,  =  «i,     Xj  =  aj,  — or,— a*4,     X4  =  —  arg,     X,  =  a*,,     X,  =  —  x^, 
and  it  becomes 

a?;  =  2a^,     xi^  2aj„     ajj  =  2a;,+a;„     a?;  =  -  a?^,     arj  =  —  a^+a;4, 
which  is  the  canonical  form. 

The  successive  transformations  used  are 
X;'>  =  x,-^x,,  X;^^  =  aj,,       X;^^  =  a^^+a^,,  X^^^  =.a;4-a4,         X^^^  =  x,, 

Y'->  —   T'f'J  ir^>  —   Y^*^        Y<*)  —   Y^*^  tW  _   Y<*>_i_  Y<»J      Y^'^  —   T<*> 

-A  J     —  -A^    ,  -A.,     —  -Aj    ,       -A. J     —  -d.4  ,  -A.4     —  -A.J    -t-^Aj   ,     -A.5     —  -A,   , 

-\,     —  -i,  ,         -i,    —  —  A4  ,  -A,    —  A,  ,  u\4     —  — -Aj  ,  -H  —  -^f         -^1         -^4 

the  resultant  transformation  being 

X,  =  ari+a-j,     X,  =  — ar,-.r5,     X,  =  ar4— Xi,     X4  =  —  .^1— a?„ 
Xj  =  a?!— 3*4    3*5. 
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On  the  Integration  of  Systems  of  Total  Differential  Equations. 
By  A.  C.  Dixon.  Received  Jane  5th,  1899.  Bead  Jane 
8th,  1899. 

In  general,  the  least  possible  number  of  equations  in  an  integriil 
equivalent  of  a  system  of  q  Pf affian  equations  in  m  (g  + 1)  variables 
is  mq  (Forsyth,  Theory  of  Differential  Equations^  Part  i.,  p.  315). 
The  principle  on  which  the  proof  given  by  Dr.  Forsyth*  depends  is 
that,  if  a  certain  number  of  unknown  functions  are  connected  by  a 
greater  number  of  equations,  in  part  differential,  conditions  need  to 
be  satisfied  which  will  destroy  the  generality  of  the  expressions 
under  consideration.  This  principle  needs  qualifying  on  two  grounds. 
In  the  first  place,  the  way  in  which  the  equations  are  formed  may 
possibly  be  such  that  the  ctonditions  for  their  compatibility  are 
necessarily  satisfied  ;  secondly,  such  conditions  may  arise  even  when 
the  number  of  equations  is  not  greater  than  that  of  the  uiiknown 
functions.f 

*  After  Biermazm. 

t  [Dr.  Forsyth's  argument  (p.  314)  is  that,  since  there  are  mn  equations  in- 
Tolving  p  +  nq  quantities,  therefore 

mn  <p  +  nqf 

for  otherwise  conditions  would  need  to  be  satisfied,  restricting  the  generality  of 
the  fonns  A. 

But,  on  the  other  hand,  from  any  one  of  his  equations  (B)  we  have  m  +  n  equa- 
tions, and  from  each  pair  of  these  another  can  he  formed,  in  the  same  way  as  (4)  in 
the  present  article  ;  thus,  since  the  multipMers  are  not  eliminated,  we  have  in  all 
*i .  4  (m  -f  n){m  +  n  + 1)  equations  and  p  +  ftq  +  n*f  that  is  p  {n  +  1),  unknown  functions 
tt,  U,  p.    It  may  therefore  equally  well  be  argued  that 

\n  (m  +  m) (w  +  «  +  1)  ^p{n+l). 

Neither  argxunent  is  sound,  since  the  deduction  from  the  mere  numbers  of  equa- 
tions and  of  imknown  functions  does  not  hold  imiversally.  For  instance,  the  two 
equations  with  one  unknown  u, 

dM  _  ax    ^«-^^       

can  he  satisfied  without  any  restriction  on  the  g^yen  function  X ;    on  the  other 
hand,  the  two  equations 

dx       dx         dx  t^t/       dy         dy 

with  three  unknowns  cannot  be  satisfied  unless  X,  Y  fulfil  a  condition 

dX  ^  ar-i 
dy  "  ax 'J 
voT .  xxxT. — NO.  690.  ^ 
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In  this  paper  I  have  sought  to  give  a  proof  of  the  theorem  which 
shall  be  free  from  this  difficulty.  The  proof  depends  ultimately  on 
finding  solutions  in  series,  and  it  is,  in  fact,  shown  how  such  solutions 
of  the  extended  PfafE  problem  may  in  theory  be  found. 

Take  a  system  of  q  total  differential  equations  in  m(9  +  l) 
variables,  say 

n^')  =  o   (z  =  i,2,  ...,g),  (1) 

where  Qt"  =  '2  "-^i'^ia?*. 

kml 

Suppose  a^,  ...,  ^m  to  be  independent  variables,  and  let  y^  stand 
for  ic^+r-  I^et  the  value  X,  (a^  a*,,  ...,  xj)  be  assigned  to  yi{l  =  1,  2, 
...,9)9  when  x^  has  the  particular  value  a,.  Then  the  values  of  the 
other  dependent  variables  y,^,.(r  =  1,  2,  ...,  mq—q)  for  this  value  of 
Xi  must  be  such  as  to  satisfy  the  system  of  equations 

O<"  =  0    (J  =  1,  2,  ....  3), 

where  O^'^  is  what  O^''  becomes  when  x^  is  constant  and  =  Oj  and 
Vv  Vty  •••>  ^ff  h&ye  the  assigned  forms  in  terms  of  a:,, ...,  x^.  Thus  the 
number  of  variables  involved  in  12^'^  is  (w— l)(g'  +  l)  and  in.— 1  of 
them  are  supposed  independent;  the  i*educed  problem  is  therefore 
of  the  same  form  as  the  original  but  with  a  lower  value  of  m. 

Thus,  if  we  seek  a  solution  in  which  the  dependent  variables  shall 
be  expressed  in  series  of  powers  of  a^i  —  Oj  with  coefficients  depending 
on  x^^  x^^  ...,  x^y  and  if  we  assign  the  forms  of  the  absolute  terms  in  q 
of  these  expansions,  the  absolute  terms  in  the  rest  are  to  be  found  by 
solving  a  system  of  equations  of  the  same  form  as  at  first,  but  in 
fewer  variables. 

The  same  applies  to  the  reduced  system,  and  we  are  thus  led  to 
the  following  system  of  initial  conditions  to  be  imposed  on  a  solution 
of  the  original  system  (1)  : — 
when  aji  =  04,  y^  =  Aj'\a5„aj„...,aj^),  (Z  =  l,2,...,g') 

when  Xi  =  a,,       ar,    =  a,,   y,^i         =  \[^ii  (a-,, ...,  xj 

when  a:,  =  a^,  ...,  ar,  =  a,,    y(<-i),,i    =  a1I-i),w  (Xi^u  •^^i+a.  ...»  »-.) 
when  Xi  =  0,,  ...,  x^  =  a,„,  yini-\}q*t  =  \Z-i)q*i,  a  constant 

Now  the  system  (1)  is  equivalent  to  the  system  of  partial  differ- 
ential equations  m       n     ^y       -i    r,  .-ir^  v,«v 
^                         u^^P^^O     (Z  =  l,2,  ...,5;  t  =  l,2,  ...,tn),    (3) 
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where  w<   =      2-4*      *  =  J,   +    2  AJ,r-f^ . 

From  these  may  he  deduced 

««  =0     (i  =  1,  2,  ....  9;  i,j  =  1,  2,  ....  m),  (4) 
where 

*-i         «-i     V3a;^       9aj;fe  /  d«<  dxj 

—  »i^  T     ^     "m  +  rj-^ r     -*     tt|,inft3 —  +     **         -*     ^m  +  r,  m  +  #-r~     j      » 

Now,  let  [i]  denote  the  series  of  equations 

0=1  +  1,  1  +  2,  ...,m;  Z  =  l,2,  ...,5); 

these  contain  no  derivatives  with  respect  to  a^i,  ...,  ari.j. 

Take  the  equations  {m]  which  only  contain  derivatives  with 
respect  to  »„ ;  in  them  put  aj^  =  a^,  ...,  ar^.i  =  a,„«i,  and  assign  to 
Vm  •••>  Vmq-q  *^®  forms  given  by  (2)  ;  thus  we  have  a  system  of 
q  ordinary  differential  equations  connecting  ym«-,+i,  ...,  ymq  with  «„,. 
These  are  to  be  integrated  with  the  initial  conditions  that,  when 

««  =  am» 

ymq^q*l  "~"  '^q-q-^l* 

Suppose  the  integrals  to  be 

ym-q*i  =  >Z''Ui  («-.)      Q  =  1,  2,  ...,  q). 

Then  take  the  equations  {m— 1]  which  are  2^  in  number  and  con- 
tain derivatives  with  respect  to  a^^.,  and  x^^.     In  them  put 

a;^  =  Oj,    ,..,  Xfn.2  =  ain.|9 

and  for  y^^  y„  ...,  ym«-2«  the  forms  given  by  (2).     We  thus  have  2q 


partial  differential  equations  connecting  y«,.j,+i, 


with  x^ 


"*  Here  d  is  used  to  indicate  that  that  a^i,  a-j,  ...,  a-«  are  the  independent  variables; 
for  strictly  partial  differentiation  we  shall  use  d. 


N-2 
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Suppose  the  integrals  of  these  with  the  initial  conditions  that  when 

to  be  ym^.^,t  =  ^IZi'-liu  («— 1»  «-.)  (t  =  1,  2,  ...,  25). 

This  process  may  be  carried  on  until  the  equations  (3),  (4)  are 
exhausted;  for  instance,  the  equations  {*}  are  (m— t  +  l)gr  in 
number,  and  contain  derivatives  with  respect  to  «<,  «<+i,  ...,  ««,.  In 
them  put 

and  assign  to  y„  y„  ...,  y*,.,  the  forms  given  by  (2).  Thus  we  have 
a  system  of  (m— *  +  l)g  partial  differential  equations  connecting 
the  same  number  of  dependent  variables  y,,-,+i,  ...,  y*,  with  the 
independent  variables  a;,-,  af^^i,  ...,  x^.  Let  the  integrals  of  these  with 
the  initial  conditions  that,  when 
Xi  =  a,, 

be  y*9-k'*i  =  Kq-q*t  (a*,*  a?ui,  ...,  a*^) 

[^  =  1,2,...  (m-t+l)^]. 

Then  this  solution  of.  [t]  will  also  satisfy  [i  +  l],  ...,  [vn].  This 
inay  be  proved  by  induction  ;' suppose  it  true  for  i+1.  Lety,  k  be 
any  two  numbei'S  of  the  senes  i-l-l,  ...,  m  ;  then 

d     (I)        d     (i)       (/) 

thus,  if  the  equations  [i]  are  satisfied,  wj'^  and  wj*  are  independent 
of  aj, ;  but,  by  hypothesis,  they  vanish  when  Xi  =  a^,  and  therefore 
they  vanish  always. 

Hence,  if  yr  =  )^T  (a-j,  a'„  ...,  ic.„)     (r  =  1,  2,  ...,  mq)      (5) 

is  the  result  of  integrating  the  equations  [  1  ]  with  the  initial  con- 
ditions that,  when 

••     y,.  =  X;^  (a-j,  a?8,  ...,d;„.), 

we  have  in  (5)  a  solution  of  the  system  of  equations  (3),  (4),  that  is, 
of  the  system  (1). 
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The  intep^tions  necessary  in  the  foregoing  process  are  all  of  the 
type  shown  to  be  possible  by  Frau  von  Kowalevsky  (Crelle  80 ;  se^ 
also  KOnigsberger,  in  Crelle  109),  that  is  to  say,  the  number  of 
dependent  variables  is  equal  to  the  number  of  equations ;  it  ought, 
however,  to  be  shown  that  the  exceptional  case,  when  the  method  of 
solution  in  series  fails,  does  not  arise  here,  at  least  in  general.  We 
may  assume  that  the  functions  A  which  are  the  coefficients  in  (1), 
and  the  functions  \  which  occur  in  (2),  have  "  ordinary  "  points  in 
common  ;  then  all  that  is  necessary,  say  in  the  case  of  the  equations 
[*},  is  that  it  should  be  possible  to  solve  for  the  derivatives  of  the 
unknown  functions  with  respect  to  Xt,  that  is,  that  a  certain  determ- 
inant Ai  should  not  vanish  identically.  It  will  be  enough  if  we 
show  this  in  a  particular  case.     Take,  for  instance, 

Q^'>  =  dy,-^pfdx,     (Z=l,2,  ...,5), 

and  suppose  j9j*\  ...,  y^  to  be  explicitly  known  functions  of 

(1)  (9)  (1)  (9) 

Assign  arbitrarily  chosen  forms  to 

j9^'\  ...,p^'\  in  terms  of  a;,,  ,  a?^„    when    iCi  =  Uj, 


pT. 


„         iC,-,    iC|>l»     .«.)    X.„^ 


0^  =  01, 


)  «•-!  =  «i-l, 


and,  lastly,  arbitrary  constant  values  to 

yi>  .••>  y,»     when     a?i  =  aj,  ...,  x„,_^  =  a«.,. 
The  equations  {i]  are  in  this  case 


J^  rlJ<^) 


dx^  *  '         dXi  dXj 

.••  '      (1=  1,2,  ...,5;  j=t  +  l,  ...,''0; 
so  that  the  value  of  A,  here  is  1. 

The  equations  {1}  are 


dxi  dx^        dxj 


so  that  Ai  is  also  1. 


(Z  =  l,2,  ...,5;i  =  2,  ...,m); 
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Hence  Aj,  Aj,  .,.,  A^  do  not  vanish  identically  in  the  general  case, 
and  thus  the  result  holds  good  that  in  general  the  equations  (1)  are 
equivalent  to  an  integral  system  consisting  of  mq  equations,  and  that 
this  system  is  unique  if  the  initial  conditions  (2)  are  imposed. 

If  the  number  of  variables  in  the  equations  (1)  is  not  a  multiple 
of  g  + 1,  let  it  be  M.  Then  the  number  of  variables  that  may  be 
supposed  independent  in  a  solution  is  in  general  not  greater  than 
3f/(5-f-l).  For  suppose  the  number  of  independent  variables  to  be 
m,  and  let  them  be  again  a;,,  «„  ...,  or,.  Then  by  supposing  x^  =  aj, 
and  substituting  for  yi,  y„  ...»  y,  {i.e.^  «i«+i*  .•.,**«+,)  the  values  given 
to  them  in  any  solution  for  this  value  of  x^^  the  equations  may  again 
be  reduced  to  the  form 

n"  =  o, 

q  equations  in  if— (g  +  1)  variables. 

Let  fi  be  the  greatest  integer  in  Af/(g  -h  1)  ;  then  by  repeating  this 
process  we  come  at  length  to  a  system  of  q  equations  in  M—fi  (9  +  I) 
variables  which  must  be  satisfied  by  the  values  of  t/^+i,  y^^v  ..., 
yx-mi  a^M+i»  ^/•+2»  •••»  ^Hi'  when  a;,,  ...,  x^  are  constants,  and 
yv  yv  '-">  y,^  8,re  replaced  by  the  values  they  have,  in  virtue  of  the 
supposed  solution,  in  terms  of  ar^^,,  ...,  a:,,,,  when  a*,,  ...,  x^  are 
constants.  But  Jf— /n  (g-f-1)  >  (? ;  so  that  now,  unless  conditions 
are  fulfilled,  the  differentials  of  y^+i,  ...,  yn-mt  ic^+b  •••»  *m  niust 
vanish;  that  is  to  say,  ic^+i,  ...,  a*,,,  are  constants,  when  x^^  ...,  a?^  are 
so,  which  is  inconsistent  with  the  supposition  that  they  are  in- 
dependent variables.  It  will,  of  courae,  happen  in  particular  cases 
that  more  than  /a  variables  may  be  supposed  independent,  but  it  is 
easy  to  construct  an  example  to  show  that  the  conditions  necessary 
for  this  are  not  generally  fulfilled.     For  instance,  take  the  equations 

dyy^  =  a^jda?!— a^iiajj-f-  S  pi  dxi, 
•  ■s 

dy,  =  S  pT  dx,     (I  =  2,  3,  ....  3). 

t-a 

Here  there  are  q  equations  and  7nq-\-m—l  variables 

and  it  is  not  possible  to  form  an  integral  system  satisfying  these  with 
m  independent  variables. 

It  is  clear  that  in  any  case  M—fi  (g  +  1)  of  the  dependent  variables 
may  be  equated  to  arbitrary  functions  of  the  /a  independent ;  this 
reduces  the  problem  to  the  original  one  in  which  If/ (5 -hi)  was 
integral. 
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The  Transviissimi  of  Stress  across  a  Plane  of  Discontinuity  in  an 
Isotropic  Elaniic  Solid,  and  the  Potential  Solutions  for  a 
Plane  Boundary.  By  J.  H.  Michell,  M.A.  Received 
May  80th,  1899.     Read  June  8th,  1899. 

1.  The  volume  equations  of  equilibrium  and  the  surface 
conditions  are  expressed  in  a  form  which  leads  directly  to  the 
potential  solutions*  of  Boussinesq  and  Cerruti.  The  method  is 
applied  to  cases  where  different  sets  of  conditions  hold  on  different 
parts  of  the  plane  boundary.  The  method  of  images  is  shown  to  be 
applicable  to  the  determination  of  the  stress  due  to  volume  forces  in 
the  semi-infinite  solid.  Finally,  by  the  use  of  the  method  of  images, 
a  potential  solution  is  given  for  the  transmission  of  stress  across  a 
plane  of  discontinuity  (I)  when  two,  elastically  different,  isotropic 
solids  are  soldered  together  over  the  plane,  (2)  when  there  is  free 
slipping  over  the  plane. 

2.  Let  a  semi-infinite  solid,  supposed  isotropic,  lie  on  the  positive 
side  of  the  plane  z=^0.     The  volume  equations  to  be  solved  are 

(\  -hft)  0* +M  V*«*  =  -  -X",     &c. 

The  sets  of  boundary  conditions  to  which  the  methods  apply  are 
those  treated  by  Boussinesq,  viz. : 

(1)  B,S,T; 

(2)  jB,  u,  v; 

(3)  w,S,T; 

or  (4)  w,  u,  V  ; 

given  over  the  plane  z  =  0. 

We  proceed  to  transform  these  equations  and  conditions. 

If  we  write  in  /iV*w;+  (^+a*)  0^  =  —Z 

2/i 

♦  Todhunter  and  Pearson,  Histoty,  n.,  §  1489  et  aeq, ;  Loye,  Elaaticity^  i., 
dbap.  ix. 
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we  get         2fi  (X-f  2^)  vV  =  2/i  (X+fi)  zA-2  (\+2fi)  Z; 
and,  in  addition,  we  have,  the  well  known  equations 

(X+2/i)V«^  =  -A, 

2,iV'ir  =  X,-r,, 
where  A  =  X,+  T^+  Z„ 

2v  :=  Vg — tiy. 
Thuf)  the  Laplacians  of  6,  w\  m  are  known  throughout. 
On  «  =  0,  we  have    R  =     \B-^2fiw^ 
=  -^^+2/itr;, 
22,=     A^,4-2/itr„ 

=  -(X  +  2;*)^.  +  2/itrL 

2^«r.  =  iS,-T,, 
2/i 

The  sets  of  conditions  (l)-(4)  therefore  give  as  follows  : — 

(1)  JB,  iS,  r given  involve 

(i.)  -/i^+2ftM?:  =  R 

-(X+2/i)  e,^2^w'„  =  -  Tg^8,-Z 

2/itir.  =  S,—T, 
given. 

(2)  E,  w,  V  involve 

(ii.)  — /i^+2/iU?;  =  E 

(\  +  3;i)  ^-2/iW?:  =  2/*  K+v,) 

2tir  =  V,  —  My 
given. 

(3)  tr,  iSf,  T  involve 

(iii.J  w'  =  w 

-(X  +  2,.)  ^.  +  2/*^'^,  =  -  T^-S.-Z 

given. 


1899.]  Stress  in  an  Isotropic  Elastic  Solidy  Sfc  185 

And,  finally, 

(4)  %o^  tt,  V  involve 

(iv.)  w  ^=^  w 

2tir  =  v,— t*y 
given. 

Now  the  linear  functions  of  0,  w\  and  nr  in  these  conditions 
(i.)-(iv.)  are  all  functions  whose  Laplacians  are  known  throughout 
the  solid,  and  whose  values  can  therefore  be  written  down  by  means 
of  the  known  solutions  of  the  potential  problem  for  a  plane  boundary. 

For  example,  suppose  there  are  no  volume  forces  and  consider  con- 
ditions (i.).     They  give  at  once 

where  {x\  y)  is  now  a  point  on  jj  =  0,  and  (x,  y,  z)  is  a  point  in  the 
solid.     Thus 

Integrating  the  second  integral  by  parts,  we  arrive  at  the  form  of 
solution  given  by  Boussinesq  for  this  case.  The  values  of  w,  v  are 
found  from  those  of 

t4,+Vy  =  0— «7j     and     r,  — tty=tir 

(which  are  now  known)  by  a  well  known  process,  quite  independently 
of  the  boundary  conditions.  It  need  only  be  noted  here  that  the 
logarithmic  potentials  of  Boussinesq  are  introduced  in  order  to  bring 
the  known  values  of  u,j.-{-t^^  and  v„  +  v^  into  the  foims  17,,-f  l/^^, 
F„-|-Fyy,  which  are  derived  from  terms  containing  the  second 
difEerentiai  coefficient  with  respect  to  if  by  the  use  of  the  equation 
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satisfied  by  a  harmonic  function.     The  values  of  ti,  v  can  then  be 
written  down  by  inspection. 

The  solutions  for  the  other  sets  of  conditions  are  obtained  in 
exactly  the  same  way  and  appear  in  the  forms  given  by  Bonssinesq. 

3.  Suppose  now  that  one  set  of  conditions  holds  over  part  of  tbe 
boundary,  and  another  set  over  the  rest,  the  volume  forces  being  still 
omitted. 

Taking  the  combinations  in  turn  and  using  obvious  symbolism, 


(a)     tr,  «,    r| 
w,  8,  TJ 


give  (a)     w\       (X+3^)  ^  —  2/iir,', 


;■■}. 


Here  to  is  known  all  over  the  boundary,  and  its  value  can  therefoi-e 
be  written  down  for  all  points  by  the  previous  method. 

Further,  w'„  =  —  uv,— ir^^ 

is  known  over  the  boundary,  and  therefore  the  set  of  conditions  is 
reducible  to 

(a')     (X  +  3/i)^-2fiM<, 


—  2/LiM\,    w  1 


(\-\-3fi)e,-2fjL 

The  problem  is  therefore  reduced  to  finding  a  harmonic  function  F, 
such  that  V  has  a  given  value  over  part  of  the  plane  z  =  0  and  V^  a 
given  value  over  the  rest.  This  is  the  same  thing  as  finding  the 
electnc  charge,  on  a  disc  coinciding  with  the  first  part  of  the  plane, 
such  that  its  potential  together  with  the  potential  of  the  known  dis- 
tribution —  VJ2'jr  over  the  rest  of  the  plane  may  have  a  g^ ven  value 
over  the  disc.  The  solution  is  known  for  simple  cases,  such  as 
circular  or  elliptic  discs.  It  is  not  proposed  to  enter  into  details 
here.  In  this  way  (X-f-3/i)  ii—2iJLw[  and  nr  are  found.  Having  thus 
found  w\  0,  tar,  the  solution  is  completed  as  in  §  2. 

Now  consider  (b)     E,  w,  v 


which  give     (fi)     —  fi^ -I- 2/iU<,       {\-\-SfA)$  ^2nwl,    tff  ] 
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Here   — /a^  ■h2/ii«?!  is   determined  throughout  at  once,  and  the  con- 
ditions are  reduced  to 


-f-2/ii(?5,    rsf\ 


the  value  of  —  (X-h2/i)  B-^^^iw'.  heing  derived  from 

— /i6  -f  2/iw7i    and     (X -h  3/i)  d^2iiw[. 
The  conditions  (/3')  are  treated  in  the  same  way  as  the  conditions  (a'), 
(c)     tr,  fif,  T  j 

give         (y)  w;',  -  (A  +  2/i)  0,  +  2/iw7;„  is,  \ 

-/i«-f2/i<  -(X+2/i)6>,-f-2^w?:„  tirj' 

Hence    —  (X+2/i)0-f  2/ii(;3    and  tsr  are  determined  at  once,  and  the 
conditions  reduce  to 

-^0,+2^M?:= 


remembering  that  w'^  is  known  when  w'  is  known.      Boussinesq* 
has  treated  the  particular  case 


w,  0,   0| 
0,  0,  oj 


for  which  — (X  +  2/i)  6  +  2fiw',  =  0,     tir  =  0, 

so  that  the  conditions  reduce  to 

w'  =  1 


and  JK  =  — /ia-h2/iM?; 

^2^(X-ff*)^. 
X+2,i       ' 

over  z  =  0, 

which  gives  at  once  Boussinesq*s  solution. 


*  Todhunter  and  Pearson,  n.,  $  1510. 
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The  alternative  case 


0,  0,  01 
JS,  0,  0) 


reduces  to 


(y)    tr'  =  0 


R 


It  is  clear  that  Bonssinesq's  case,  in  conjunction  with  Case  (1)  of  §  2, 
can  be  made  to  cover  the  whole  of  this  section. 


id) 


W,       Uy       V\ 

E,  u,  V) 


give 


(0 


-/i^+2/iM;i,     (X+3/i)^ 


—  2/im;,',  v^ 


whence  (X+3/i)0-— 2/Litrs  and  vr  are  written  down  and  the  conditions 
reduce  to 


Bonssinesq's  solution  can  be  made  to  cover  this  case  also  by  use  of 
Case  (2),  §2. 

(e)     w,   Uj   v'i 

I,  s,  t] 


give 


jB, 


(c)  w',  (X+Sfi)  0 -2fiwU    nr 


-iu«-h2/i«;;,  -(\  +  2;*)^.-f2,it(;; 


This,  perhaps  the  most  interesting  combination,  unfortunately  does 
not  appear  to  admit  of  such  a  simple  solution  as  the  others. 


4.  Suppose  now  there  are  volume  forces  on  the  semi -infinite  solid, 
the  conditions  at  the  boundary  being  one  of  the  sets  (l)-(4).  By 
using  the  solutions  of  §  2  the  given  stresses  or  displacements  over 
the  boundary  are  reduced  to  zero,  and  this  we  suppose  done  in  what 
follows. 

Take,  as  an  example,  conditions  (4),  which  are  reduced  to 
u  =  t;  =  K?  =  0, 
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and  therefore  give,  by  (iv.)» 

(X  +  3Ai)0-2/iw;^  =  O 
nr  =  0. 

Xow,  2/i(X+2/i)VW  =  -(X-fft)M-2(X-f2fi)2r, 

(X  +  2/i)v'{(X+3/*)^-2/itri]  =      (A+ft)zA,-.2fiAfh2(X+2/i)  Z,, 

2/iv'tir  =  JTy— r.. 

Hence  %v\  (X+3/a)  B—2fjLwl,  and  w  are  the  potentials  of  the  distribu- 
tions corresponding  to  the  given  values  of  their  Laplacians  in  the 
Hemi-infinite  solid  together  with  the  potentials  of  the  negative  images 
of  those  distributions  in  the  plane  z  =  0. 

Thus  the  values  of  w,  0,  and  vr  are  written  down  at  once,  and  the 
solution  is  then  completed,  as  before,  by  finding  u,  v. 

This  process  is  clearly  applicable  to  each  of  the  sets  of  conditions. 
Positive  images  will  appear  if  the  normal  rate  of  change  is  given  to 
vanish  over  js  =  0. 

5.  Consider  now  the  transmission  of  stress  across  a  plane  of  dis- 
continuity in  an  infinite  solid.  Let  ^  =  0  be  the  plane,  and  let  the 
constants  referring  to  the  region  z  positive  be  unaccented,  those  for 
the  region  z  negative  accented. 

First,  let  there  be  complete  union  or  a  perfect  solder  over  2?  =  0, 
so  that  the  interfacial  conditions  are — 

B,  S,  Ty  M,  r,  w  continuous  across  the  plane.    • 

These  conditions,  by  the  preceding  work,  lead  to  the  continuity  of 

-(X-|-2/x)^.  +  2/iit4+^ 

2/A 


where,  of  course,  w'  ^=  w-\-     ^       zO, 


^fA. 


in  the  region  z  negative. 
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Now,  /iV'w'  =  —  Z, 

over  «  s=  0. 

Hence  w'„ + Z/fi  =  —  (w'„  -f  w',,) 

is  continuous,  and  therefore,  if  p,  q  are  any  numbers, 

-.(X+2^)0,+(2/i+5).wL+(l+^//i)  Z) 

are  continuous. 

We  proceed  to  choose  p,  q  so  that  the  first  two  terms  of  the  latter 
expression  may  be  a  multiple  of  the  z-rate  of  change  of  the  former, 
for  both  z  positive  and  z  negative. 

We  assume  accordingly 

*^^  ^'^^  (A'  +  3/)/2/  -  V  +  2^'  "      ^   ^'^^^' 

Then,  writing  \  -f-3/A  =  2/lu:, 

we  have    -f^,  (2ic'-l)  iit'-2/i'  =  g  =  ?^^^=^  (2«:-l)^-2/i, 

and  this  gives 

;,«  (<V«ic/i')-4p{icic'(ft''-,.')-ic/-'4-KV} 

If  If  =  k\  i.e.,  if  Poisson's  ratio  is  the  same  for  the  two  parts,  the 
•equation  takes  the  simpler  form 

Kp»  +  4pc(c-l)(/i  +  /)-4(ic-l)fi/=  0. 

Since  k-  >  3/2  for  stability  of  the  material,  this  equation  has  two 
real  roots ;  but  this  is  immaterial. 

Let  jo„  p^  be  the  two  roots,  qi,  g,  the  corresponding  values  of  7, 
yj,  Vj  those  of  y. 
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Then  we  have 


} 


continuouB,  as  well  as  the  corresponding  expressions  for  the  second 
root. 


Put 

(*i'.-M)(»+yi«'0  =  V 

and 

(\  +  2,.)l(Kp^-^)=K 

then 

r                    1 

K^£-il+qjH-)Z    ' 

are  continuous. 

Now,  from  the  volume-equations,  we  have 

where  p  is  a  known  function  of  the  given  volume  forces. 

The  method  of  images  may  now  be  applied  to  find  F;  the  problem 
is  the  same  as  that  of  the  electric  flow  across  a  plane  of  discontinuity 
in  a  conducting  solid,  treated,  e.g.,  by  .Maxwell,  Electricity  and 
Magnetism,  i.,  §  315. 

The  terms  —  (l-f-g^i//*)  J^,  &c.,  of  course,  correspond  to  an  inter- 
facial  layer  for  which  the  potential  can  be  written  down. 

Hence,  corresponding  to  the  two  values  of  p,  we  can  write  down 
the  values  of 

throughout  the  solid. 

These  give  6  and  ip'„  and  therefore  also  w  by  a,  simple  integration 
with  respect  to  z.  There  is  no  trouble  in  finding  w,  for  vr  and  fUB*, 
are  continuous  across  the  interface,  and  the  Laplacian  of  vr  is  known 
throughout ;  so  that  vr  is  found  by  the  same  method  as  V. 

The  solution  is  then  completed  by  finding  u,  v  bs  before. 

Griven  discontinuities  of  force  or  displacement  over  the  interface 
can  plainly  be  treated  by  the  same  process. 
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6.  Another  interesting  case  is  that  in  which  there  is  free  slipping 
at  the  interface,  so  that  B,  w  are  continuous,  and 

8=T=0 

over  z  =  0. 

We  then  have  -  (X  +  2/i)  0, + 2fiw'„ + Z  =  0 

over  the  whole  plane,  and  this  determines 

-(X+2,t)a+2/iir: 

throughout.     Also  '-fiJ9  +  2fiwl 

and  toL-^Z/fjL 

are  continuous,  and  therefore  also 

/i(X+/i)  /a(^-»-m) 

Thus,  writing  •— /A^+2/Atr^  =  F, 

we  have  to  find  V  from  V'F  given  throughout,  and 
V 
X-f2^     dV  ,    2\^SfjL_^ 

,i(\-h/x)    dz  "^  ^{k+fl) 
continuous  across  the  interface. 

This  is  the  problem  of  §  5. 

Further,  the  value  of  vr  is  written  down  from  the  condition  that 
w,  =  0  over  the  interface.  Having  determined  $,  w  and  nr  in  this 
manner,  the  solution  is  completed  as  before. 

Other  cases,  in  which  the  continuity  extends  over  only  part  of  the 
plane,  may  be  treated  in  a  similar  way. 

In  conclusion,  it  may  be  remarked  that  Betti's  method,*  derived 
from  his  reciprocal  theorem,  can,  with  obvious  modifications,  be 
applied  to  the  case  of  a  surface  of  discontinuity  of  any  form  in  an 
infinite  solid. 


Love,  Elasticiti/,  i.,  §  141. 


Dr.  J.  W.  L.  Glaisher  on  a  Congruence  Theorem.         193 


On  a  Congruence  Theorem  relating  to  an  Extensive  Class  of 
Coefficients.  By  J.  W.  L.  Glaisher.  Coramanicated  June 
8th,  1899.     Received  August  30th,  1899. 

1.  It  is  a  known  theorem  enunciated  without  proof  by  Sylvester,* 
in  1861,  and  proved  by  Stern,t  in  1874,  that,  if  ^,  be  the  n^  Eulerian 
number  and  if  p  be  any  uneven  prime,  then 

(-ir^„=(-l)»'^,,,     modp, 

if  n  -  «'  is  a  multiple  of  *—^'     This  singular  theorem  explains  why 

the  Eulerian  numbers  end  in  1  and  5  alternately,  and  gives  rise  to 
many  other  propei*ties  of  the  numbers. 

The  theorem  may  be  expressed  in  the  form 

L\=(^l)<^E,.^,    modp, 

where  y  =  2  (P~^)  *^d  t  is  any  integer  such  that  n— ^'  is  positive  ; 
so  that,  to  mod  p,  any  Eulerian  number  is  congruent  to  one  of 
the  first  i  (j?— 1)  Eulerian  numbers,  E^,  E^,  ...,  ^i(p.i). 

I  have  obtained  a  comparatively  simple  proof  of  this  theorem  by  a 
method  which  is  applicable  to  expansions  of  a  very  general  character, 
and  which  shows  that  the  property  in  question  is  not  peculiar  to  the 
Eulerian  numbers,  but  is  shared  by  an  extensive  class  of  other 
numbers  or  coefficients. 

As  very  little  simplification  is  produced  by  considering  the  special 
case  of  the  Eulerian  numbers,  I  proceed  at  once  to  prove  the  general 
theorems. 


*  '*  Sur  une  propriete  des  nombres  premiers  qtii  se  rattache  au  th^r^e  de 
Fennat,"  CompteH  Aendus,  Vol.  lii.,  p.  212. 

t  **  Zur  Theorie  der  Eulerschen  Zahlen,'"  Crelie^s  Jourttal,  Vol.  lxxjz.,  p.  67. 
It  should  be  mentioned  that  Sylvester  and  Stem  give  also  more  general  theorems 
in  which  the  modulus  is  /;"  and  2".  In  the  present  paper  the  modulus  is  always 
j7  or  2. 

VOL.  XXXI. — NO.  691.  0 
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2.  Let  Zq,  Xi,  X„  ...   be  any  quantities  connected  by  the  recurring 
relation 

(i.)   (X-|-l)a"X,  +  (n)ia-»6X„.,-h(n),a-*6*X,.,+  ... 

where  X  is  any  constant,  a  and  h  any  integers,  and  c,»  is  any  quantity 
depending  upon  n,  and  such  that 

Cr  =  c,.i(,-i),     mod  j?, 

p  being  any  given  uneven  prime  and  t  any  integer.  Thus,  fop 
example,  (v  might  be  -ia**,  if  jo  is  not  a  divisor  of  il  or  a,  or 
ila' -J- B/3''-|- (?>''+...,  if  p  is  not  a  divisor  of  any  of  the  quantities 
^,  o^  B,  /3,  0,  y,  ...  .  The  notation  (n)^  is  used  to  express  the  number 
of  combinations  of  n  things  taken  r  together,  i.e.,  (n)^  is  the  coefficient 
of  35'  in  the  expansion  of  (1  +ar)".  The  suffix  of  c  is  always  supposed 
to  be  positive. 

It  will  now  be  assumed  that  the  congruence 

Xr  =  Xr^tip-i),     mod  p, 

p  being  any  uneven  prime,  and  t  being  any  positive  integer,  holds 
good  for  the  values  p,p  +  l,  ...,  n— 1  of  r,  and  by  means  of  the  above 
recurring  relation  it  will  be  shown  that,  this  being  so,  it  holds  good 
also  for  r  =  n. 

Let  n  =  hp+q,  where  k  and  q  are  any  positive  integers  and  q<p. 
Then 

c„-(X+l)a-X„ 

+  (n),a''6-^X,+(n),,,a'*»6'-^-'X,.:+...-l-(n).^-ia*'-^6--*'*»X^., 


+  ...  +  (nV,a*''-»6'-*'*'X»,., 
...+W*p.,-ia*^^«-»6X*,^,,,. 
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Now  it  is  known*  that,  if  p  is  prime  and  q  and  8  are  less  than  p,  then 

(fq>-\-q)gp^,  =  0,  modp,  if   8>q, 

and  =  (k)g  x  (9),,  mod  p,   if  «  ^  q. 

Reducing  the  coefficients  by  this  rule,  and  reducing  also  the  X's  by 

the  congruence  ^  

Ar  ^=  Xr.t(p-\)j     modj?, 

and  the  powers  of  a  and  b  by  the  congruences 

a''  =  a'-**'' -^     mod/>, 

&••  ==  fcr-rp-i)^     modjp, 
we  find  that 

c«-(\+l)a-X. 

+  (fc),{a*6»X,+  (gXa**^6«-^X,,,    +  ... +  (5),-,a**»-»X*,,.,},  mod  p. 

Collecting  the  coefficients  of  Xq,  X^,  X,,  ...,  the  right-hand  side  of 
this  congruence  becomes 

6'*«A'.+a6'*«-'{(^-),  +  (?),}  ^,  +  a'6**'-'{W,+(«),W,+(2),}  X. 
+aV->[(fe),+(3),(i),  +  (5),(fe),+(3),)X,+  ... 
...+a'6'{(A:)t  +  (3),(fc)».,+  ...+(5).t}X,  +  ... 
...+a'"-'6{(g),..(*).  +  (g),(fc)..,}X,,,.„ 
which  =  6»*«X,  +  (fc+3),a6**'-'X,  +  (*+3),a*6**«-'X,+  ... 

=  c*.,-(X  +  l)a**«Xt,„  by(l). 


•  Quarterly  Journal^  Vol.  xxx.,  p.  152. 

t  This  tenn  is  not  reached  unless  ^'  <  9 ;   but  we  may  regard  all  the  ooefficients 
as  of  the  form 

if  we  suppose  that  in  g^eral  (r),  denotes  zero  when  »  >  r. 

O  2 
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Thus,  c„-(X-hl)  a»X,  =  Ca^,-(X  +  1)  a**«Xt,,,  mod  p. 

Now,  Ckp^^  =  Ck^^,     a*p^,  =  a**%     modp, 

so  that,  if  a  is  not  divisible  hj  p,  this  congruence  gives 

X„  =  Xh  -  *  (j,_i),     mod  p ; 
and  thei'efore  the  conginience 

Xr  =  X^.«(p.ij,     mod  p, 

holds  good  also  when  r  =  n. 

It  remains  to  show  that  this  congruence  holds  good  for  r  =  j3. 
Putting  n  =  j?  in  the  oiiginal  recurring  equation  (i.),  we  have 

All   the  coefficients  on  the  right-hand   side,  except    the    first,  are 
divisible  by  p  ;  and  therefoi*e 

Cp-(\  + 1)  a^Xj,  =  6^X0,     mod  jp, 

t.c,  c,,— (\-f-l)  aXp  ^  6Xjj,      modp. 

Also,  putting  n  =  1  in  (i.), 

c,-(\-hl)aX,  =  6X0, 

whence,  since  Cp  ^  Ci,     mod  j?, 

we  have  Xp  =  X„  mod  p  ; 

so  that  the  congruence  holds  good  for  r  =zp. 

3.  The  preceding  investigation  fails  if  a  is  divisible  by  p;  so  that 
the  prime  divisors  of  a  must  be  excluded  from  the  admissible  values 
of  p.  Also,  no  divisor  of  a  denominator  of  any  of  the  X's  can  be  an 
admissible  value  of  p.  If  the  denominator  of  X,,  be  m,  and  if  the 
quantities  c„  have  in  their  denominators  only  powers  of  certain 
numbers  a,  )3,  y,  ...,  then  the  denominator  of  X„  can  only  contain  m 
and  powers  of  a,  \-l- 1,  and  a,  /3,  y,  ....  All  prime  numbers  therefoi-e 
which  are  not  divisoi's  of  a,  X -hi,  m,  a,  /3,  y,  ...  are  admissible  values 
oi  p. 

It  will  be  noticed  that  in  the  recuiriug  relation  (i.)  w^e  may  replace 
the  powers  of  a  and  h,  a**  and  6'',  by  a^  and  1^,  where  a^  and  br  are  any 
quantities  which  satisfy  the  same  congmence  as  c^,  i.e  ,  so  that 

Or  =  ay-r(/»-i)»     K  =  K.tip.x),     mod  p. 
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4.  In  precnsely  the  same  manner,  we  may  show  that,  if  X^,  X„  X4,  ..  • 
at*e  quantities  connected  by  the  recurring  relation 

(ii.)     (X  +  l)a^«X,.  +  (2n),a*-»6«Z^.,-h... 

...  +  (2n),,.,  a'6*-%+  (2n),„6^«Xo  =  c,,, 

where  k,  a,  h  are  as  before,  and 

C2*.  =  <52i.-«(p-i) »     mod  2>, 

then  Xjrt  =  X,^  - « (#> - 1) »  mod  p. 

It  is  convenient  to  introduce  the  quantities  Xi,  Xj,  X5,  ...,  all  of 
which  are  supposed  to  be  zero ;  in  the  case  of  these  quantities  there- 
fore the  congruence 

X^  =  Xr.t(p.\)i    mod/), 
holds  good. 

Thus  we  may  write  (ii.)> 

C2,-(X  +  l)a»"X2, 

=  5*'*Xo  +  (2n)ia5^-»X,  +  (2n),aV-*X,+  ...  +  (2n)''-»a*-^6X*-». 

Supposing,  now,  that  the  congruence 

X,.  =  X^.,(p.i),     mod^, 

holds  good  for  r  =/)  +  l,  p  +  2,  ...,  2n— 1,  we  find,  by  putting 

2n  =  kp-^-q 

and  reducing  as  before  the  exponents  and   suffixes,  that  the  right- 
hand  side 

=  c*,,-(X  +  l)a*^«X*,„     mod  p. 

Therefore  Xj«  =  X**,,  mod  jj, 

and  the  congruence  holds  good  also  for  r  =  2m. 

Putting  2n  =2>-f  1  in  (ii.),  we  have 

Cp.,-(A+l)a''*^X,^i  =  6'"^>Xo+(p  +  l),a6''X,  +  (p-|-l),aV-^X,+  ... 

...  +  (p+l)  .,a''->fe%.,  +  (p  +  l),a'5X, 

=  ft''*^  X;^  -h  oft^Xi  -f  aFhX^,     mod  ^, 

^  6'XJ,,     mod  2>, 

since  X,  and  Xp  are  zero  ;  and,  by  putting  n  =  1  in  (ii.), 

C-.(X+l)a«X,  =  6«X„ 
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Thus  Cp^i-(X+l)a»**JS;,,  =  c,-(X  +  l)a«Z^    modp, 

and  therefore  X^^i^  X^     mod  p ; 

so  that  the  congruence         X,  =  X^_t{p-i)j  modjp, 

holds  good  for  r  =  p  + 1,  and  therefore  for  all  higher  values  of  r. 

5.  The  same  reasoning  is  applicable  to  the  recurring  relation 
(iii.)  (X+l)a*-*»-X;^^,-f(2n+l),a'-'6«Z^.i-f... 

where  C2h.i  =  Ctn^i-tip-iu    raodp. 

For,  introducing  the  zero  quantities  X^,  X,,  X4,  ...,  we  have 

and,  if  we  assume,  as  before,  that  the  congruence 

Xr  =  X^_i(p_,),     mod/), 

holds  good  for  all  values  of  r  from  p  to  2n  inclusive,  we  find,  as 
before,  by  putting  2n+l  ^  kp-i-q,  that  the  right-hand  side 

=  C4^.,—(X  4- 1)0**^X4^^,     mod  j9. 

Thus  Xj„^i  =  Xa^„    mod^, 

and  the  congruence  holds  good  also  for  r  =  2n+ 1. 

Putting  n  =  p  in  (iii.)>  we  have 

c,-(X+l)a''X^  =  (p)o6''J^+(i>),a6^-»X,  +  ...  +  (p),.,a'-»6Z^.„ 
^  0,    mod  p, 
since  -XJ,  =  0 ;  and,  putting  2?i  +  l  =  1  in  (iii.)> 

Ci-(X+l)aXi  =  0. 
Therefore  X^  =^  X„     mod  p, 

and  the  congruence  X^^  X-f(p-i;,     mod^, 

holds  good  for  r  =pj  and  therefoi'e  for  all  higher  values  of  r. 

The  remarks  in    §  3    apply  also   to  the  recurring  formul®  (ii.) 
and  (iii.)* 
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6.  It  has  thus  been  shown  that,  if  the  X^a  are  defined  by  any  one 
of  the  recurring  relations 

(i.)  (X  +  l)a"X,  +  (n)ia-'5-X;,.i  +  ...  +  (n),.,a5"-%  +  (n)„5"-Xo=^«» 
(ii.)  (X  +  l)a'»J[^+(2n),a*-«yj[,..,+  ... 

...  +  (2n),,.,a«6^  ^Z,+  (2n),„5^"X,  =  r^, 

(iii.)  (X  +  l)a^-^JC^.,  +  (2n  +  l),««''-»6«:E,..,  +  ... 

...  +  (2n+l),„_,a»6»«-'Z,+  (2n+l),,a5*''X,  =  C2,^„ 

where,  in  (i.),  c,.  =  r„.,rp-i),       mod  p, 

in  (ii.),  c^H  =  CiH-t  w-i)y      modjp, 

in  (iii)i  ^211 M  =  C2i.+i-f(i»-i)»  modjp, 

then  Jl„  =  X„_t(|,-i),     mod^. 

No  number  which  is  a  divisor  of  the  denominator  of  any  X  is  an 
admissible  value  of  p,  and  there  are  also  the  other  restrictions 
mentioned  in  §  3. 

In  the  recurring  formulsB  (i.),  (ii.),  (iii.),  the  powers  of  a  and  6, 
viz.,  a*^  and  ft*",  may  be  replaced  by  a,,  and  5^,  where  a^  and  h,  satisfy 
conginiences  similar  to  that  satisfied  by  c,.  in  the  same  relation. 


7.  The  recun'ing  relation  connecting  the  Eulerian  numbers,  viz., 

^.- (2n),  ^,.,-h  (27.), !?«_,-... -h  (-!)«->  (2n),,.,  J^, 

-h(-l)„(2n)^i7«  =  0, 
is  a  particular  case  of  (ii.),  corresponding  to 

X  =  0,     a  =  I,     5  =  1,     Co  =  1,     c,,  C4,  ...  =  0, 

x,.=  (-i)"i;„. 

In  this  case,  putting  i  =  HP""1)  ^  before,  the  general  congruence 
theorem  becomes 

(-1)":E7,.=  (-1)"-'^X.„    modp, 

which  is  the  Sylvester- Stem  relation  (§  I).  The  Eulerian  numbers 
ai'e  integers,  and  thei^efore  all  uneven  primes  are  admissible  values 
of  p. 
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8.  The  recurring  equations  (i.),  (ii.),  (iii.)  arise  respectiyelj  from. 
the  expansions 


(«.) 


(ii.) 


>.a- 

«.+ 

2!   a'  ^  4!  a« 

+  &C. 

X+co8h-^a! 
a 

"-. 

^3!   a*       5! 

^.*c. 

=  :X,+X,..+^«.^+^a^+4c., 


2!  4!      ^*"^*» 


(Hi.)  "       "'   " ^^-^ =Z.T+^««+^a^+4c.; 


X+cosh  —  X 
a 


or,  patting  ax  for  x,  from  the  expansions 


(i) 


X+e*- 


=  X,+  X,a^+|»«V+|»aV+Ac.. 


«i,+  ^*'+J,**+Ac. 


(«•)       \'  .  .,.";. =  ^+  !?«'•''+  ^j^aV+Ac., 


(iii.) 


X+cosh  6a* 
X+cosh  hx 


=  Jr,<w+  ^?oV+  ^a'a^+Ac. 


9.  If  we  put  X  =  0,  a  =  1,  and  replace  If  by  fe„  these  expansions 
become 


(i) 


(ii.) 


2" 


^'1        .p2»« 


(ML 


'  (2n)! 


■^«      -^^       -,2n 


(2n)! 


(iii.) 


^■'  (2n  +  l)!'' 

<5«        02»       „2.. 

^»  (2«)! 


*  (2n+l)! 
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The  sole  condition  in  (1)  is  that  6«  and  c„  should  satisfy  the  con- 
gruence 

u„  =  «M.,(p.ij,     mod  p. 

If  this  condition  is  fulfilled,  X^  also  satisfies  the  same  congruence. 
Similarly,  in  (ii.),  if  6j„  and  C2„  satisfy  the  congruence 

M2„  =  thn  - 1  (p-])  I     mod  p, 

then  Xi^  satisfies  the  same  congruence.     In  (iii.),  if 

c-in+i  ^  (hm^i-tip-i),     niod  p, 

and  bf^  =  tj^.,,^.,, ,       mod  p, 

then  X,^^,  =  X2„^i.,(^.,),    mod^^. 

The  expansion  (i.)  shows  that,  if  we  have  two  series  of  the  form 

nl 
in  which  the  coefficient  a^  satisfies  the  congruence 

«„  =  M„_<f^.i),     modp. 


n! 


then  JTn,  the   coefficient  of  — p  in  their  quotient,  satisfies  the  same 
congruence. 


10.  The  formulae  (i.),  (ii.),  (iii.)  of  §  9  include  some  very  general 
expansions.      Thus   (i.)  includes  the  expansion  of  any  quantity  of 

the  form 

Ae^-^Be^'-^  Per' -{-... 

where  a,  /3,  y,  ...,  a',  fi\  y\  ...   are  integers  ;    (ii.)  includes  the   ex- 
pansion of  any  quantity  of  the  form 

2^  cosh  ax 
Sil'  cosh  ax  * 


and  (iii.)  of  the  foiTn 


Sii  sinh  ax 
2^' cosh  a'x' 


If  in  (ii.)  and  (iii.)  we  replace  the  hyperbolic  by  circular  functions, 
which  merely  requires  the  substitution  of  xi  for  x  on  the  light-hand 
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side,  we  obtain  the  expansions 

...  V    a^cosoa;  _  ^«     Yj*    ^« 
SJ  cosaaj  (2n)! 

....  V    Si4  sin  gg  __  ^«      ^2^^!     ^n+i 
^"'•^  S^'cosa'a.  "  ^  (2;m)!'^     ' 

where,  in  (ii.),  Y^  =  (-  1)"-Xj„, 

and  in  (iii.),  Fj,^,  =  (—1)"  X^^^. 

The  Y-coefficients  therefore  satisfy  the  respective  congraenoes 

r,.  =  (-ly  *(^-»)  r,,.,(^.,j,      modp, 

11.  These  expansions  include,  besides  the  Enlerian  nambers, 
several  similar  sets  of  coefficients  which  have  been  considered  in 
some  recent  papers  in  the  Quarterly  Journal  of  Mathematics*  and 
Messenger  of  Mathematics.^ 

The  Enlerian  numbers  may  be  regarded  as  defined  by  the  expansion 

and  the  other  coefficients  /„,  H„,  /„,  ...  as  defined  by 
2  cos  a; -1-1       ^  (   «       2!  4!  6! 

(iii.)  ^,^-    =|yff„+5.^+|.^.+|v+4c. 

2cosa^  — 1  C  2!  4!  o! 

2co82;);  +  l  (.  2!  4!         6! 

(v.)  -^  =  -P.   +  §  *"+  f?  •^*+  Jf  •«•+*«•' 

C08  2.C  2!  4!  6! 


'"■)       1t.  =  «.'+I?'-*^"'+'^-. 


♦  **0d  the  Bemoullian  Ftmction,"  Vol.  xxix.,  pp.  1-168. 

t  *'0n    the  Definite   Integrals  connected  with    the   Bemoullian    Function,** 
Vol.  XXVI.,  pp.  161-182,  and  Vol.  xxvn.,  pp.  20-98. 
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.  ...X    sin  X  COS  o;       ^     ,  T.    m,  T.k.  •    ^ 
cos  3a;  3!  5! 

All  these  coeflScients  therefore  satisfy  a  congraence  of  exactly  the 
same  form  ;  ex,  gr,,  taking  J„,  we  have 

(-1)"  J„  =  (-l)H-</ j^.,.,     niodi>, 
that  is,  Jh  =  (—1)'^  iii-y,         modjp. 

The  coefficients  are  all  integers,  except  the  Fb  and  tTs,  and  the  J's 
and  J's  contain  only  powers  of  3  in  the  denominator  (see  the  next 
paper).  Thus,  except  in  the  case  of  the  Ve  and  J's,  p  may  be  any 
uneven  prime,  and  for  the  Fb  and  J's  the  value  jj  =  3  is  alone  ex- 
cluded. 

12.  The  X-coefficients  in  the  expansions  of  §§  8  and  9  include  the 
Bemoullian  functions  i?„  (x)  and  A!,  (aj),t  which  therefore,  in  general. 


*  The  coefficiento  S^  defined  by  the  equation 

coeSr         °     2!         4!         6! 
were  considered  in  MeMewjer^  Vol.  xxvm.,  p.  49.    The  quantities  if«  and  6^    are 
connected  by  the  relation  ^R  +B   =»  35  . 

Both  R»  and  i^M  can  be  expressed  in  terms  of  Eh,  the  formula  being 

Jin  =       -  JB„,       Oh  » Jin* 

The  quantities  //,«  and  «/»  may  be  expressed  in  terms  of  In  by  the  formulae 

JT,  «(2«'»*i+l)J5r„,     /„-2(2'»-  +  1)/h 
(see  §  24  of  the  next  paper). 

t  The  functions  Bn  (•^)  and  An  {x)  may  be  defined  as  follows : — 

the  series  being  continued  up  to  the  term  involTing  a;  or  or',  so  that  the  last  term  is 

according  as  n  is  uneven  or  even ; 

An  W  -  ^11  ^-'-(«),(2»-l)  £,j:«-'  +  («),(2«-1)  5.;r»-«-...  J, 

the  series  being  continued  up  to  the  term  involving  r  or  o:^,  so  that  the  last  term  w 
(-1)*«"-^^  («)«.,  (2"-'-1)^4(„.1):p     or     (-1)*"(2"-1)^4„. 

according  as  m  is  uneven  or  even  [Quarterly  Joitrftaly  Vol.  xxix.,  pp.  7,  94).     In 
these  formulee  Br  denotes  the  i*^  Bemoullian  number. 
These  definitions  have  been  given  at  full  length,  as  there  are  several  slightly 
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Katisfy  the  congruence 

Uh  =  t*».,(p.,;,     mod  ;;. 

It  will  be  shown  that  the  only  inadmissible  values  of  p  are  the 
divisors  of  the  denominator  oix.  The  modulus  p,  as  in  the  preceding 
sections,  is  restricted  to  uneven  primes. 

Taking  first  the  function  A'^  (x),  we  have 


■r.i-MTh''-{^)'*"Mi)$*^M^)v.-*'-' 


which  is  included  in  formula  (i.)  of  §  8. 

It  follows  therefore  that,  if  a  and  h  be  any  positive  integers,  which 
we  may  take  to  be  prime  to  one  another,  then 


a-U:  (1)  =a-»-^->>^Up-i)  (^).     mod  p. 


Since  a"  =  a*"'^**"*^,     mod  p^ 

we  find  therefore  that,  if  p  is  not  a  divisor  of  a,  then 

It  may  be  remarked  that,  if  a  and  h  B.ve  integers,  the  quantity 
a"  ^A'^  i  —  J  is  necessarily  an  integer,  except  for  a  denominator  con- 
taining powers  of  2;  for,  putting 

\  a  / 
tlie  expansion  is 


differing  forms  of  the  Bemoullian  ftmction,  each  of  which  is  specially  adapted  to 
some  of  its  applications.  Thus  for  very  many  purposes  it  is  convenient  to  use  a 
function  An  (x)  in  place  of  Bn  (x)  as  just  defined,  where  A2h*\  {jc)  is  the  same  as 
^•i«*i(«),hut  „ 

It  is  also  frequently  convenient  to  make  a  further  modification,  and  use  the 
functions  Fi,  («)  and  Un  {x) ,  where 

Vn  {x)  =  nAn  {x)    and     Un  {x)  =  tiAn  {x) 

[Quarterli/  Journal^  loc.  cit.,  p.  116). 

*  This  formula  may  be  derived  from  p.  94  of  Vol.  xxix.  of  the  Quarterly  Journal. 
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which  gives  the  i-ecTirring  i*elation 

2aH  +  (n), aa,.,-\- (n), a»tt,.,+ ...  +  (n)„  a^  =  h\ 

where  00=^.     Thus  a„  must  be  of  the  form      ^^  ^^^^'    . 

power  of  2 

This  recuiring  relation  shows  also  that,  if  a  be  prime  to  h,  the 
numerator  of  a„  cannot  be  divisible  by  a. 

Since  the  congruence 

where  n—m  =  t  (p—l), 

holds  good  for  all  (uneven)  values  oi  p,  and  since  a** An  I  —  )   contains 

only  a  power  of  2  in  the  denominator,  and  cannot  contain  a  as  a 
factor  in  the  numei'ator,  we  see  that  nothing  exceptional  occui*s  when 
p  is  a  divisor  of  a,  for  in  this  case  the  congruence  does  not  in  genei*al 
reduce  to  0  ==  0,  mod  p. 

As  an  example,  take  the  formula 
where  H^  is  the  same  as  in  the  second  expansion  in  §  11. 

IT 

It  follows  therefore  that  **  is  an  integer,  except  for  powers  of  2  in 
the  denominator  (which,  as  a  fact,  do  not  occur),  and  that  the 
numerator  of  — ^  (that  is  -  "  itself)  is  not  divisible  by  3,  and  we 
have,  taking  p  =  3, 

^.=  (_iy:^<,     mods. 

13.  The  proof  just  given  of  the  congruence 


*  Quarterly  Jourtial,  Vol.  xxix.,  p.  107,  or  Meuengor^  Vol.  xxvi.,  p.  178. 
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applies  to  all  values  of  the  suffix  n,  even  or  uneven  ;  it  is,  howerer, 
interesting  to  give  the  expansion  formnbe  in  which  the  suffixes  are 
all  uneven  or  all  even,  and  from  which  the  oongmenoe-theorem  may 
be  derived  separately  for  uneven  and  for  even  suffixes.  These  expan- 
sion formnbe  are 

,  co.h, 2b-a).  ^  ^,  /J.  V  /  b  ^  C^)^  ^^.^,  (ix  (^'^^ 

cosho;!;  \a/  \  a  /    21  \  a/    4! 

cosh  ax  \  a  f  \a  I     q\ 

which  are  included  respectively  in  (ii.)  and  (iii.)  of  §8. 


14.  Passing  now  to  the  function  B^  (ar),  we  have 

6^-1 


fei = '.  +"*.  (t)  '■^•■•«-  (I)  i.  *''"•  (\)i^.*^' 


and,  by  dividing  both  numei*ator  and  denominator    by  e*— 1,  the 
left-hand  side  becomes 

?^^'+e"'  ■'^'-f.r.-fe'4-l* 

This  form  is  included  in  (i.)  of  §  9,  being  a  special  case  of  the  first 
form  noticed  in  §  10  ;  so  that 


ar-'B^  (^)  =  a--'B^  (A),     xnod^^. 


if  n—m  =  f  (p  — 1)  ; 

and  therefore,  a  and  h  being  prime  to  eacli  other,  and  p  not  being 
a  divisor  of  a, 


^"(l)-^"-'--'!-^)'  '"*''' ^- 


It  is  easy  to  see  that  B^  \~    )  ^"  contain  only  powers  of  a  in  the 
denominator,  for,  putting 

/»,=  l'+2'-+...  +  (a-l)', 
K,  =  l-  +  2'+...  +  (fc-l)', 


•  Quarterly  Journalj  Vol.  xxix.,  p.  107. 
t  lb,,  Vol.  XXIX.,  p.  7. 
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the  expansion  formula  gives 

which  leads  to  the  recurring  relation 

d 

Since  the  /I's  and  k's  are  necessarily  integers,  this  relation  shows  that 
fin  can  contain  only  powers  of  a  in  the  denominator. 

15.  The  expansion  formulae  in  which  the  suffixes  of  the  B*s  are  all 
uneven  or  all  even  are 

,8inh(26-a).^2^^  (A)^W5.  (^)^+Ac., 

smh  oa;  2a  \  a  /     21  \  a  /    4! 

.  coBh  (2b-a)x-co8h ax^^g  f  b_\  ^^^,      (l)(M.+&^* 
smh  ax  \  a/  \a  /     SI 

If  r  is  a  positive  integer,  sinh  rx  contains  sinh  aj  as  a  factor,  the 
other  factor  being 

l+2cosh2aj  +  2cosh4i;  +  ...  -f  2 cosh  (r— l)ar,  if  r  is  uneven, 

and       2 cosh x-^2  cosh 3a; 4- ...  +2  cosh  (r— 1) x,       if  r  is  even. 

Thus  the  left-hand  side  of  the  first  equation  is  of  the  form 

%A  cosh  ax 
1,A'  cosh  a'x  * 

and,  since  cosh  (26— a)  a;  — cosh  oar  =  2  sinh  bx  sinh  (5— a)  x, 

the  left-hand  side  of  the  second  equation  is  of  the  form 

^A  sinh  ax 
ZA'sinh  ax 

The  two  expansion  formulae  are  therefore  included  respectively  in 
(ii.)  and  (iii.)  of  §  9. 


*  Quarterly  Journal,  Vol.  xxix.,  pp.  5  and  6,  or  p.  119. 
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16.  In  connexion  with  these  formalie  it  may  be  remarked  that 
the  expansion 


i5|^^.X,+  f«V+|.«V+faV-HAc. 


sinh 
sinh 


gives  rise  to  the  recurring  relation 

(2n  +  l)aHJC,„  +  (2n  +  l),a»»-'5»JS:2,.,+  ...+(2n  +  l)^_,a«6**-% 

+  (2n+l)^,,6^*%  =  c^*'. 

This  relation  is  of  the  same  kind  as  (i.),  (ii.),  (iii.)  of  §  6,  and  it  ia 
easy  to  see  that  the  reasoning  employed  in  §§  2  and  4  holds  good  also 
in  the  case  of  this  formula,  and  shows  that  X^  satisfies  the  con- 
gruence ^r    —  jr  J 

-^i«  =  -^2« -<(!,- 1)1     modjp. 

It  would  seem,  however,  that  this  result  could  not  be  of  any  practical 
value,  since  Xt^,  as  calculated  from  the  above  recurring  relation, 
might  contain  in  the  denominator  any  uneven  numbers  up  to  2n-f  1, 
so  that  there  might  be  no  admissible  value  of  p  ;  but  this  is  not  the 
case,  for  the  left-hand  side,  on  dividing  both  numerator  and  de- 
nominator by  sinh  x,  becomes  the  quotient  of  expansions  which  are 
of  the  forms  22  cosh  (2r-\- 1)  x  or  1-1-22  cosh  2rx,  and  therefore  the 
expansion  is  included  in  (ii.)  of  §  9.  We  see,  too,  by  forming  the 
recurring  equation  corresponding  to  this  foi*m  of  the  left-hand  side, 
that  a^X^n  can  contain  only  powers  of  b  in  the  denominator.  Thus 
the  only  values  of  p  to  be  excluded  are  those  which  are  divisors  of 
a  and  />. 

If  we  put  a  =  1,  so  that 

sinh  ex  ^  y  ^  X,    ,      X,    ,     ^«a;«-h&c., 
fiinhft^r  °      2!      ^4!  6!  ' 

then  Xj,,  =  X2„ .  t  (p_i) ,     mod  p, 

for  all  uneven  values  of  p  that  are  not  divisors  of  h. 


17.  We  ma}"^  obtain  this  result  also  in  another  manner ;  for,  from 
the  first  formula  in  §  16,  we  have 


j^  sinh  ex  _  c^ 
"  sinh  hx      26 


+™.(^')^'«-^-(^)¥-*«- 
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Cdmparin^  this  cxpanBion  with  that  just  written,  we  have 

and  therefore,  hy  §  14,  if  p  is  not  a  divisor  of  6, 

^2n  ^  -^-«(p-i)»     mod  p. 

18.  In  the  preceding  sectioos  p  has  always  heen  supposed  to  he  an 
uneven  prime,  and  it  now  remains  to  consider  the  case  of  j?  =  2. 
The  residues  of  the  X-coefficients  with  respect  to  modulus  2  may  be 
easily  determined,  in  the  case  of  any  of  the  expansions,  by  means  of 
the  recurring  formulae. 

Consider  first  the  recurring  formula  (i.)  of  §  6,  in  which,  writing 
X'  for  A  4- 1,  and  putting  n  =  1,.  2, 3, ...,  we  have 

AVXs-f  2,afej;  +  6«Xo  =  c„ 
XVX,+3,a'6Z5  +  38a5*Xi  +  6»-Xo  =  Cj, 

Suppose  X'  ^  1,  mod  2,  and  let  a  and  b  be  uneven  integers.  The 
assumption  X'?=  1,  mod  2,  excludes  the  case  of  X'  having  2  as  a 
divisor  in  the  denominator.  It  is  supposed  that  Cj,  c„  c„  ...  are  all 
=  0  or  all  ^  1,  mod  2 ;  so  that  none  of  them  can  have  2  as  a  divisor 
in  the  denominator.  The  quantity  X^  (which  is  the  value  of  the 
function  expanded,  when  x  is  put  =  0)  is  also  supposed  not  to  have 
a  denominator  divisible  by  2.* 

It  will  now  be  shown  that  Xj,  X,,  X,,  ...  are  all  =  0,  mod  2,  if  X^, 
<?i>^if  Ctf  •••  ski^  &11  ^  If  or  all  ^  0,  mod  2 ;  but  that  Xj,  X^y  X^,  ...  are 
all  ^  1,  mod  2,  if  X^^  I  and  C|,  c,,  Cj,  ...  are  all  =  0,  mod  2,  or  if 
XJj  =  0  and  c„  Cj,  c,,  ...  ai'e  all  =  1,  mod  2. 

1.  Let  XJj  =  1,  and  c„  c„  c,,  ...  ^  1,  mod  2. 
The  recurring  formulae  give 

X'aX,  ^  1  —  1  =0,  mod  2,     so  that  Xj  =  0,  mod  2  ; 

XVXj  =1-1—0  =  0,  mod  2,     so  that  X,  =  0,  mod  2 ; 

XVX,  =  1-1-0—0  =  0,  mod  2,     so  that  J^  =  0,  mod  2 ; 
and  so  on. 


*  Since  (^o  =>  ^'-^o  ^  -^o*  ^^  '^>  ^^  ii^7  ^^^  ^  ^  place  of  Xq  throughont. 
VOL.  XXXI. — NO.  692.  P 
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II.  Let  X^  ^  1,  and  c,,  c„  c„  ...  =0,  mod  2. 
In  this  case 

X'aX,  =0-1  =  1,  mod  2  ;    so  that  X,  =  1,  mod  2, 

XVX,  =  0-{h*  +  2,ah)  =  a*-(rt-f  6)*  =  1,  mod  2  ; 

so  that  X,  =  1,  mod  2, 

AVX,  =  a»— (a  +  5)»  =  1,  mod  2  ;     so  that  X,  =  1,  mod  2, 

and  so  on;    since,  a  and  6  being  uneven,  a"— (a +6)*  is  neoessariljr 
uneven. 

III.  Let  XJ,  =  0,  and  c,,  c„  c„  ...  =1,  mod  2. 
In  this  case 

XaX,  =  1—0  =  1,  mod  2  ;     so  that  X,  =  1,  mod  2, 
AVX,  =  l-0-2ia6  =  l  +  a*  +  6*-(a  +  6)«  =  1,  mod  2; 

80  that  X,  =  1,  mod  2, 
XVX,  =  l+a«  +  fe»_(a4-fe)»  =  1,  mod  2 ;  so  that  X,  =  1,  mod  2, 
and  so  on. 

rV.  Let  X^  =  0  and  C|,  c^,  c^,  ...  =  0,  mod  2. 
In  this  case 

X'aXi  -  0-0  =  0,  mod  2 ;     so  that  X,  -  0,  mod  2, 
XVX,  =0,  mod  2 ;     so  that  X,  =  0,  mod  2, 
and  so  on. 

If  h  is  even,  the  general  recurring  formula  (i.)  shows  that 

X„  =  c„,    mod  2  ; 

so  that,  whether  the  residue  of  X^j  be  1  or  0,  mod  2,  the  X's  =  the 
r's,  mod  2.  We  may  always  regard  a  as  uneven,  and,  in  fact,  thei« 
is  no  loss  of  generality  in  the  expansion-formula  (§  8)  by  putting 
a  =  l. 

19.  Exactly  the  same  reasoning  holds  good  with  respect  to  the 
recuning  formula  (ii.)  of  §  6,  viz.,  we  have 

XVX,+  fe«Xo  =  c„ 

XVX,  +  4,a»6%  +  6*Xo  =  c„ 

XVXe  +  6,a*6%+64aVX,  +  6%  =  c„ 


and,  under  the  same  conditions  as  those  expressed  at  the  beginning 
of  the  preceding  section,   viz.,  X'=  1,  mod  2,  a  and  h  uneven,  and 
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Cfi  C4,  c„  ...  all  =  1  or  all  =  0,  mod  2,  we  find  that  X,,  X4,  X^,  are  all 
=  0,  mod  2,  if  X©,  c,,  C4,  c^,  are  all  =  1,  or  all  =  0,  mod  2,  but  that 
Xj,  X4,  Xj,  ...  are  all  =  1,  mod  2,  if  X^j  =  1,   and  c,,  c^,  c^,  ...   are  all 
=  0,  mod  2,  or  if  Xq  =  0,  and  c„  C4,  c^,  ...  are  all  =  1,  mod  2. 
In  proving  these  results  we  have,  in  Case  II., 

the  right-hand  side  of  which  is  necessarily  even. 
If  h  is  even,  we  have  evidently 

-^a»  -  C2»»     Diod  2. 
20.  In  the  case  of  the  recurring  formula  (iii.)  of  §  6,  we  have 
XVX,-f  Sjafe'X,  =  c„ 
XVXj-f  5,aVX,+54a6%  =  Ca, 
XVX7  +  7,a*6%+74a«fe*X,-f  7ea6«X,  =  C;. 

and  supposing  X'  =  1,  mod  2,  a  and  h  being  uneven  integers,  and 
c,,  C5,  Cy,  ...  all  =  1  or  =  0,  mod  2,  and  separating  the  four  cases 

I.  *X,  =  1,  and  c,,  C5,  Cy,  ...  all  =  1,  mod  2  ; 

II.     X,  =  1,  and  c,,  C5,  Cy,  ...  all  =  0,  mod  2 

III.  X,  =  0,  and  c„  05,07,  ...  all  =  1,  mod  2 

IV.  X,  =  0,  and '  Cj,  c,,  c^,  ...  all  =  0,  mod  2 

we  find  that  Xj,  X5,  Xy,  . . .  are  all  =  0,  mod  2,  if  X,,  c,,  Tj,  c^,  . . .  are 
all  =  1,  or  all  =  0,  mod  2,  but  that  Xj,  Xj,  Xy,  ...  are  all  =1,  mod  2, 
if  X,  =  1  and  c„  0^,07,  ...  are  all  =  0,  mod  2,  or  if  X^  ^  0  and 
c,,  C5,  Cy,  ...  are  all  =  1,  mod  2. 

In  proving  these  results,  we  have,  in  Case  II., 

the  right-hand  side  of  which  is  necessarily  even ;  in  Case  III.  the 
extra  term  1  occurs,  but  the  term  in  Xj  which  =  1,  mod  2,  is  omitted, 
so  that  in  this  case  also 

Xa^^,  =  1,  mod  2. 

If  6  is  even,  we  have  Xj^^,  =  c***\     mod  2. 


♦  Since  ae  =  A'X„  we  have  <?i  =  Z„  mod  2,  and  we  may  therefore  use  <?,  ia 
place  of  Z|  throughout. 

p  2 
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21.  In  the  eight  expansioiis  of  §  11,  we  hare  lespectiTefy 

(i.;  X'  =  I  .  «  =  1 :  t  =  1 :  f,  e»  ...  =0;  J,=  1  [A-^  =  (-l)-«.]. 
(ii.)  V  =  J  :  a  =  1 :  6  =  1 :  r^  f..  ...  =  0;  J[,  =  i  :JX.  =  (-1)-  JJ. 
(Ui.;  X'  =  1 .  «  =  1 ;  6  =  1 ;  r,  c.,  ...  =  0:  X,  =  f  [J[»=(-l)-fl.j. 
riv.)  X'  =  |;  «  =  1:  ^=2;  r^  f,  ...  =  1 ;  Jr,  =  2  [X^  =  (-l)- /.]. 
(v.)  X'=l;  a  =  l:  i  =  2;  e^r,,...=l;  J[,=  l  [Jr^  =  (-1)-P.]. 
(vi.)  X'=l:  a=l:  6  =  2;  f ,,  c„  ...  =  1;  X,  =  1 

[JT^.,  =  (-1)-'  Q.\ 
(vii. )  A'  =  1 ;  «  =  1 :  /*  =  3 ;  c^  C4,  ...  =0,  mod  2 ;  J5^  =  1 

[i^     =(-!)■  28.]. 
(viii.)  X'=  1:  a  =  l:  fc  =  3;  c „  c^,  ...  =  0,  mod  2 ;  I,  =  l 

[x^..  =  (-1)"-"  r.i. 

Thene  expansions  aits  incladed  in  (i.)  of  §  8,  except  the  sixth  and 
eighth,  which  belong  to  (iii.)  of  §8. 

The  theorems  of  the  thi*ee  pi*eceding  sections  are  applicable  to  the 
first,  and  to  the  last  four,  of  these  expansions,  and  show  that  in  these 
cases  the  coefficients  ^  1,  mod  2.  Since  these  coefficients  are  all 
integers,  we  thus  see  that  E^^,  P«,  Q«,  JS^,  T^  are  all  uneven 
numbers. 

22.  When  X'  and  X^j  contain  powers  of  2  in  the  denominator,  as  in 
(ii.),  (iii),  (iv.),  it  is  easy  to  determine  in  each  case  the  residues  of 
the  X*H  with  re8j)ect  to  modulus  2  by  means  of  the  recurring  relation. 
For  example,  in  (ii.),  where  X'  =  |,  -X^j  =  |,  and  c,,  C4,  ...  =  0,  we  see 
at  once,  from  the  i*ecurring  relation,  that 

^A'aw  +  l  '-■  0,  mod  2,  so  that  X.^  ^  1,  mod  2 ; 
and  similarly,  in  (iii.)» 

Xjn  4-3  =  0,  mod  2,  so  that  Xj^  =  1,  mod  2 ; 

in  (iv.),  3X2,,      0,  mod  2,  so  that  Xj^  =  0,  mod  2. 

23.  The  fact  that  in  each  of  the  expansions  the  coefficients  when 
integral  (such  as  the  E^b,  the  P's,  &c.)  end  in  one  or  other  of  two 
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digits,  or  all  end  in  the  same  digit,*  is  explained  by  the  considera- 
tion of  their  i*esidaes  with  respect  to  the  modalns  2  and  the 
modulus  5  ;  for,  if  all  the  coefficients  have  the  same  residue  to 
modulus  2,  and  if  all  the  alternate  coefficients  have  the  same  residue 
to  modulus  5,  it  is  evident  that  all  the  alternate  coefficients  must  have 
the  same  residue  to  modulus  10 ;  so  that  the  difference  between  any 
coefficient  and  the  coefficient  next  but  one  to  it  must,  if  integral,  be 
a  multiple  of  10. 

Putting  p  =  5  in  the  general  congruence  formulae  of  §  6,  we  have, 

when  Xn  is  defined  by  (i.)  of  §8,     X„     =  A'„.|„         mod  5, 

Therefore,  putting  Xj^  =  (  —  1)**  Z„  in  (ii.),  so  that  the  expansion  is 

(ii.)      ^ i! =^„+^a'«-h'^?a:*  +  ifec., 

^    ^  X-fcos6a;  °     2!     ^  4!     ^       ' 

we  have  Z^  =  Z^.^,     mod  5  ; 

and,  putting  Xa*.,  =  (  —  1;""'  Z^  in  (iii.)^  so  that  the  expansion  is 

(iii.)     ^-  \ =^,c+;f^a.»+f*a.^  +  &e., 

X-fcosbo;  3!  5! 

we  have  Z„  =  Z^.^u^     mod  5. 

Thus,  in  both  (ii.)  and  (iii.),  the  difference  between  two  alternate 
^'s  =  0,  mod  5,  and  when  the  Z'%  are  all  congruent  to  one  another, 
mod  2,  this  difference  must  be  =  0,  mod  10. 

It  will  be  noticed  that,  by  putting  p  =  8,  we  see  that  the  sum  of 
any  two  consecutive  Z's,  both  in  (ii.)  and  (iii.),  =  0,  mod  3,  except, 
of  course,  when  3  occurs  as  a  factor  in  the  denominator  of  any  of 
the  Z's. 


*  The  ExQerian  numbers  end  in  1  and  5  alternately,  the  if 's  all  end  in  3,  the 
P'g  end  in  3  and  7  alternately,  the  Q's  all  end  in  1,  the  R'%  end  in  7  and  5 
alternately,  and  the  T's  in  1  and  3  alternately  (Quarterly  Journal,  Vol.  xxcx., 
pp.  63,  66,  71,  76  ;  or  Messenger,  Vol.  xxvm.,  p.  51).  The  endings  of  the  J's  and 
/*s  are  oonsidered  in  the  next  paper  ({$  17,  18,  and  30).  A  table  of  all  the  oo- 
efftdentfl  up  to  »  «-  6  was  given  in  the  Messenger ,  Vol.  xxvm.,  p.  51.  More 
extensive  tables  of  /«,  Hn,  Jn  (up  to  »  =  13)  are  contained  in  the  next  paper 
(«  14,  26). 
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24.  In  Vol.  XXVIII.,  pp.  75,  76,  of  the  Messenger,  it  was  shown  by 
means  of  recurring  formula  that,  if  2n  —  1  is  prime, 


J-,     mod  2n— 1, 


with  similar  congruences  relating  to  other  coefficients,  and  it  was 
stated  that  these  results  might  be  extended  to  the  modulus  2n~3,  if 
prime,  to  the  modulus  2n--5,  if  prime,  Ac.,  and  indeed  to  any  prime 
modulus.  It  is  this  extension  which  has  formed  the  subject  of  the 
present  paper. 

25.  It  may  be  i-emarked  that,  by  putting  »  =|>— 1,  where  p  is  any 
uneven  prime,  in  the  recurring  equation  (i.)  of  §  6,  we  obtain  a  con- 
gruence connecting  X^  X„  X„  ...,  Xp.u  modp,  viz.,  we  have 

giving 

(X-fI)a''->A;  ,-a''-*6.VV2  +  a''-'fe«Z^  ,-...+6'-Lro=<^P-i,  mod  p. 
Similarly,  by  putting  2n  =  p  —  1  in  the  relation  (ii.)  of  §  6,  we  find 

(X  +  l)a'->A;.,+a''-=»6U;.,  +  a''-^6MV,+  ...  b^-'X,  =  c,.,,     mod  p. 

In  the  case  of  the  Eulerian  numbers  this  congruence  gives,  since 

J574(,.,,-^4,,.3)  +  J57j,^.5)-...  +  (-l)*^''  *^^,^0,     modp; 

for  the  /-numbers,  since  ^©""-^i  ==  h 

it  gives 

•JJ*«.-.)-^.(,-..  +  /,,>-5,-...  +  (-l)'"-"A=  (-1)'"-"*.    rnodp, 
and  so  on. 

26.  In  the  formula  (iii.)  of  §  6  we  cannot  put  2n  -|- 1  =  ^  —  I,  but, 
by  putting  2n-f  1  =/>— 2,  we  find 

(X-hl)a''  ^Y„.,-f3a"  *!>^V,,.^-f5a''-•feUV«+... 
...  +(p— 2)  ah'^^Xi  =  Cp.2,  mod  p. 

By  putting  m  =2^— 2  in  (i.),  we  obtain  a  formula  of  the  samo 
character  connecting  X^,  A',,  Xj,  ...,  A'^.,,  viz., 

(A-M)a"-^V,,  ,-2a''-'5A',.3-f3a''-*&U^^.4-... 

...-(p-l)6" -^Y.^r^.^    mod  p. 
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Other  relations  may  be  derived  fi-om  the  recurring  formulap  in  the 
same  manner  by  putting  n  or  2/a=2>— 2,  &c.,  but  the  numerical 
coefficients  are  less  simple. 

[27.  Since  this  paper  was  communicated  to  the  Society,  my  atten- 
tion has  been  called  to  a  paper  by  Lucas  in  Vol.  vi.*  of  the  Bulletin  de  la 
Socicte  Mathematique  de  France,  in  which  the  use  of  a  recurring  series 
to  prove  the  congruence  pix)perty  of  the  Eulerian  numbers  is  indicated. 
Denoting  the  r^^  Eulerian  number  by  (^lyEtr,  Lucas  shows,  by 
putting  271  =  ^  —  1  in  the  recurring  relation  connecting  the  fii*8t 
n  Eulerian  numbers,  that 

which  is  the  formula  obtained  in  §  25,  and,  by  putting  2n=p-^l,  p'\-S, 
p-\-b,  ...,  he  shows  that  E^^^  =  E^,  E^,^  =  ^\,  E^^^  =  JE?^,  ...,  mod  p, 
whence  it  is  infen^ed  that  generally  ^2i»  -  -^2»+*«p-i)»  mod  p.  The  ex- 
tension, however,  to  the  general  theorem  seems  to  me  to  require  a 
definite  investigation  of  the  same  kind  as  that  given  in  §§  2-4  of  the 
present  paper.  Lucas  points  out  that  a  similar  congruence  pix)pei*ty 
would  also  hold  good  with  respect  to  the  coefficients  in  the  expansion  of 

(2      \  * 
]  ,  and,  with  restrictions,  to  any  function  of  e'.     These  forms 

are  included  in  the  general  expressions  of  §  10. 

I  may  mention  that,  since  writing  this  paper,  I  have  proved  by 
means  of  the  theorem  in  §  5  that,  B„  denoting  the  n^  Bemoullian 
number,  „  p 

n  n-fj 

where,  as  in  §  1,  ^  =  |  (jp— 1),  and  p  is  any  uneven  prime,  such  that 
|9  — 1  is  not  a  divisoi*  of  2m.  This  theoi*em  and  its  consequences  have 
been  considered  in  two  papers  iu  the  Messenger^  and  one  in  the 
Quarterly  Journal.X  In  this  last  paper  the  theorem  in  §  5  is  proved 
separately  in  detail.] 


*  **  Sur  left  cong^ences  des  nombres  euleriens  et  des  coefficients  differentiels  <Ioh 
fonctionfi  trigODometriques,  Huivant  un  module  premier,"  pp.  49-54. 

t  **  Fundamental  Theorems  relating  to  the  Bemoullian  Numbers,'*  Vol.  xxix., 
p.  49  and  p.  128. 

X  **  A  Congruence  Theorem  relating  to  the  Bemoullian  Numbers,"  Vol.  xxxi., 
p.  263. 
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On  a  Set  of  Coefficients  analogous  to  the  Eulerian  Numbers.  By 
J.  W.  L.  Glaibhsb.  Communicated  June  8th,  1899.  Be- 
ceived  August  30th,  1899. 

1.  The  object  of  the  present  paper  is  to  investigate  the  properties 
of  a  system  of  numbers  /„  which  are  very  similar  in  character  to  tbe 
Eulerian  numbers  E^.  As  they  are  included  in  the  class  of  co- 
efficients considered  in  the  preceding  paper,  they  necessarily  satisfy 
the  same  general  congruence  theorems,  and  they  also  possess  special 
congruence  properties  in  the  case  when  the  modulus  ia  a  power  of  3. 
Unlike  the  Eulerian  numbers,  some  of  the  J-numbera  have  de- 
nominatoi*R,  which,  however,  consist  only  of  powers  of  8. 

2.  The  J-numbers,  which  have  been  referred  to  in  §  11  of  the 
preceding  paper,  may  be  defined  by  the  expansion 

cones  ponding  to  the  definition 

of  the  Eulerian  numbers. 

From  these  equations  we  obtain  the  fundamental  retuiTing  formulas 
|7,-(27/),J„  ,  +(2w),7..,  -...-h(-lr-»(2w),„.,i,  4-(-irio  =0, 

j5;„-(2iO,^H-,+(2n),i;„.,-...+(-i)"-'(2^02«  ,/';,+(-ir^o  =  o, 

where  7^  =  ^,  ^^o  =  ^»  *^d,  as  in  the  pi»eceding  paper,   (n)^  denotes 
the  number  of  combinations  of  n  things  taken  r  together. 


♦  Quai-tei'itf   Journal f   Vol.  xxvm.,  p.   157.  or  Vol.  xxix.,  p.    :\o;    Messenger, 
Vol.  XXVI.,  p.  165. 
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The  recurring  relation 

■f  (-l)-3^"Io  =  (-1)"  (2'-"-^)* 
will  also  be  nsed. 

3.  The  first  recurring  equation 

shows  that  the  /-numbers  can  contain  only  powers  of  3  in  the 
denominator.  It  will  now  be  shown  that  the  power  of  3  which 
forms  the  denominator  of  I„  is  the  highest  power  of  3  by  which 
2»  +  l  is  divisible. 

4.  Putting  Gn  =  (2n-f  1)  I„, 
the  second  recurring  J-formula  may  be  written 

In  this  equation  all  the  terms  must  be  integers,  except  for  powei-s 
of  3,  which  may  occur  as  denominators  through  the  Fs.  In  con- 
sidering therefore  whether  the  terms  are  integral,  we  need  only 
consider  the  possibility  of  the  occun^ence  of  3  or  powers  of  3  in  the 
denominatoi*s  of  the  terms. 

If  we  multiply  the  coefficients 

(2/14-1)2/1  (2n-H)  2n  (2;^- 1)  (27^-2) 

2.3        '  2.3.4.5  ■      '      '* 


be  obtained 


relation  was  given  in  Vol.  xxix.,  p.  56,  of 
3d  by  equating  the  coefficients  of  j:2«+»  in 


sinh  3a;  x =  sinh  2jr— sinh  x. 

1  +  2  cosh  X 


Other  recurring  relations  are  given  in  the  Quartnh/  JourtmU  foe.  cit.^  pp.  38,  39, 
43,  66. 
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bj  2n-\-2,  we  obtain  the  quantities  (2n4-2)„  (2n+2)^  ...,  which  ai-e 
necessarily  integral.     If,  thei*efore,  2n  +  2  is  not  divisible  by  3,  that 

is,  if  n  is  of  the  form  Sh  or  3A+1,  the  coefficients   ^ — ~^ — ,    ... 

cannot  have  a  3  or  a  power  of  3  in  the  denominator ;  bnt,  if  2»+2  is 
divisible  by  3,  that  is,  if  m  is  of  the  form  3^+2,  the  denominators 
may  contain  powers  of  3  up  to  3*,  where  3'  is  the  highest  power  of  3 
by  which  ?i  + 1  is  divisible. 

By  putting  ?*  =  3A  +  2  in  the  coefficients,  we  see  that  the  first 
coefficient  necessarily  has  3  in  the  denominator,  that  the  second  and 
third  coefficients  cannot  have  3  in  the  denominator,  that  the  fourth 
may  have  3'  in  the  denominator,  and  so  on.  By  putting  n  =  3^  +  1, 
we  see  that  in  this  case  the  second  coefficient  must  contain  3  as  a 
factor  of  the  numerator.  We  obtain  no  additional  results  of  this 
kind  by  putting  n  =  3^. 

Now  suppose  that  G^,,  (?„...,  (7„.i  are  all  integers;  then,  putting,  for 
the  moment, 

we  have,  if  v  =  Sh  or  3/i+l, 

G^  =  multiple  of  3«-f  (-l)""^  Q,, 
and,  if  n  =  3A+2, 

0„  =  multiple  of  3 +(-!)" "^  Q„. 

The  quantity  Q,,  is  an  integer  which  =  1,  mod  3,  so  that,  for  all 
values  of  «,  we  have 

where  vi  is  an  integer  ;  therefore  (7„  is  an  integer,  and,  moi'eover,  an 
integer  which  is  not  divisible  by  3. 

Since  6t,  =  I,  (r,  =  5,  ...,  we  have  therefore  pix)ved  that  all  the 
O^B  are  integers  not  divisible  by  3. 

Now  let  2w  + 1  contain  3'  as  a  factor,  this  being  the  highest  power 
of  3  by  which  27i-\-l  is  divisible;  then,  since  O^,  =(2n-|-l)J„, 
is  an  integer  not  divisible  by  3,  we  see  that  3'  must  be  a  factor  of  the 
denominator  of  I„,  and,  since  the  denominator  of  J„  can  only  consist 
of  a  power  of  3,  it  follows  that  3*  must  be  the  denominator  of  J,. 


1899.]       Coefficients  analogous  to  the  Eulerian  Numbers.  219 

Therefore,  if  n  is  of  the  form  3^  or  3^  +  2,  J»  is  an  integer ;  but,  if 
n  is  of  the  form  3A  +  1,  I„  is  of  the  form 

integer  not  divisible  by  3 
3^  — , 

where  3'  is  the  highest  power  of  3  by  which  2n+ 1  is  divisible.  Thus, 
when  n  is  given,  we  can  always  assign  the  denominator  (if  any) 
of  I.. 

5.  Taking  account  of  some  of  the  results  obtained  in  the  preceding 
section,  the  recurring  formula  (§4)  shows  that 

(i.)     if  n  =  Sh,  (?«  =  (6^-fl)^.3U-i+/i.3*-f(-ir^(i., 

(ii.)    ifn  =  3A+l,     (?,  =  (2^  +  l)(3A-fl).3»(?,.,+/i.3»+(-I)"-'a, 

(iii.)    if7»  =  3&+2,     (?,  =  (6A+6)(3^-f2).3a«.i+/i.3*+(-ir'Q., 

where  /i .  a  is  used  to  denote  a  multiple  of  a. 

6.  Now  consider  the  residues  of  Q„  to  mods  3,  3',  ...  .     We  have 

Qn  =  - -p  -2^»  =  ^^  — ^  + 1  +  (3-1)-^ 

=  l  +  3  +  3»+...+3»'-»  +  (2n)i3-(2n),3«-f(2n),3»-...  +  (2n)2„3**. 

Therefore 

Q„  =  1,    mod  3, 

=  l-f3+(2n),3,   mod  3*, 

=  l  +  3+3*+(2n)^3-(2w),3^    mod3', 

=  l  +  3  +  3H3»+(2n),3-(2n),3«  +  (2n),3',  mod  3*, 

and  so  on. 

7.  Thus,  taking  the  modulus  to  be  3',  we  have 

(i.)     n  =  Sh,  6?„  =  (-ir-*e«=(-ir-*  {4+6^.3} 

=  (-iy-*4,     mod3^ 
(ii.)     n  =  3A-M,     (?»^(-ir-^(2.^(-l)--^{4-f  (6^  +  2)3) 

=  (-1)-',     mods', 
(iii.)     n=3^  +  2,     (?„  =  10.3[(-l)"+/i.3«} 

+  (-ir"'{4+(6/t-f4)3j,     mod3^ 
=  (-l)"-^4,     mod  3*. 
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8.  For  modulus  3',  we  have 
(i.)  n  =  Sh, 

+  (-1)-^  [13+6^. 3-3A (6^-1)3'},    mods', 
(ii.)  n  =  3fe  +  l, 

a„  ^  (2fc-f  l)(3A+l)3»{(-ir+/i.3} 

+  (-l)-^{13  +  (6/H-2)3-(3fc+l)(6^+l)3»},    mod3», 

(iii.)  n  =  3^-f  2, 

G,  =-  (6^-h6)(3A+2)3{(-l)-+/i.3«j 

+  (-l)'-*{13  +  (6A+4)3-(3A+2)(6^+3)3'},    mod  S*, 
giving 

(i.)  n  =  Sh,        (?H  =  (-1)"'  (9A+13)  =  (-l)"-n3n+13),  mod3». 

(ii.)  n  =  3A+1,  G,  =  (-l)-\     mod  3», 

(iii.)  7*=3fc-f2,  Gf«=  (-l)«^(18^-f22)=(-l)"-»(6n  +  10),  mod3». 

9.  The  results  of  §§  7  and  8  show  that 

(i.)     n  =  Sh,  (?„.,=  (-l)"4+/i.3', 

(ii.)     n  =  3^-fl,     a.  ,  =  (-l)"4+,i.3', 
(iii.)     n  =  3A  +  2,     (?„-i  =  (-l)"+/i.3', 
whence,  considering  the  residues  of  0„  to  mod  3*,  we  have 

(i.)  n  =  3/4, 
^'„-(6^-fl)A.3«(-l)»4 

+  (-l)"-^{40-f6^.3-3^(6^-l)3*+A(6^-l)(6^-2)3»},mod3\ 

(ii.)  n=3A-f  1, 

6\.  =  (2/t+l)(3/i-hl)3«(-l)"4 

-f(-l)"-440-f(6/i+2)3-(3/i-fl)(67i  +  l)3« 

+  (6A  +  2)  (6h  + 1)  /i .  3'} ,    mod  3*, 
(iii.)  n  =  3A4-2, 

6'„  -  (6/i-h5)(3i^-f  2)  3  (-1)» 

■f(-l)"-'{40+(6A-f4)3-(3/i+2)(6A  +  3)32 

+  (3/t-f2)(2^+l)(6A+2)3»},    mods*, 
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giving 

(i.)  n  =  Sh, 

Ch  =  (-1)"-'  (27AH63A+40)  =  (-1)"-*  (3n*-f  21n-f  40),    mod  3*, 

(ii.)  w  =  3A  +  l, 

G,  =  (-1)"-^  (27A«  +  .54A  +  1)    =  (-1)"-'  (3n«+12n+67),    mod  3*, 

(iii.)  n=:3^-f2, 

0^  =  (-l)»-»  (27/i»-f  45^  +  1)    =  (-l)"'*  (3n«+3n+68),      mod  3*. 

It  will  be  noticed  that  the  residue  in  (ii.)  may  be  written 

(-!)«-»  [27A(^  +  2)  +  l}, 

so  that  it  =  (-1)'*""\  mod  3*,  if  ^  or  A  + 2  is  a  multiple  of  3.     Thus, 
if  n  is  of  the  form  9^-1-1  or  9^  +  4, 

(?„=(-!)«->,     mod  3*, 

but,  if  H  is  of  the  form  9/t-f7, 

G«=  (-l)"-^55,     mod  3*. 


10.  The  results  obtained  in  the  preceding  four  sections  ai^e  con- 
tained in  the  following  table,  which  gives  (irrespective  of  sign)  the 
value  of  the  residue  of  On  to  mods  3,  3',  3*,  3*  for  the  forms  3^, 
3A-i- 1,  3^-f  2  of  n.  In  all  cases  the  value  given  in  the  table  is  to  be 
multiplied  by  (-1)""^ 


mod  3 

i 

n  =  3/t  j  1 
w  =  3A+l  !  1 
n  =  3A  -f  2  j      1 


mod  3* 


mod  3> 


modS^ 


3n-hl3     3nH21n-|-40 


1        •  3n«-|-12«  +  67 


6/1  +  10  !  3n*-f   3n-f  58 
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11.  We  may  also  exhibit  this  table  in  the  following  form,  in  which 
n  is  classified  according  to  its  residue  to  mod  9. 


■|" 


mod  3 


^^  =  9^ 


n  =  9A+l 


nz=9h-\-2 


I 


u  =  9h-\-S  I 
n  =  9^  +  4  , 
n  =  9/1-1-5 
n  =  9/t-f6 
n  =  9h  +  7 
n  =  9^-f8 


I 


As  before,  the  residues  o: 
by  multiplying  by  (  — 1) 


I 

mod  32  mod  3'     '       mod  3^ 

4  18  3»-f40 

1  1                       1 

I  

4  L>2  6w  +  64 

4  22  3n-|-40 


1 


I 


18  6w  +  87 


4  8n  -f- 15 


6n-f  64 


On  are  derived  from  the  values  in  the  table 

n-l 


12.  Prom  the  residues  of  (?„  to  mods  3,  3*,  ...,  we  may  derive  those 
of  /„  if  integral,  and  of  In,  the  numerator  of  I,.,  if  /«  is  fractional. 
In  the  former  case  2n4-l  is  not  divisible  by  3,  and  in  the  latter  case 
we  obtain  the  residue  of  al^,  where  a  is  the  residual  factor  of  2n  + 1 
when  the  highest  power  of  3  by  which  2n4-l  is  divisible  has  been 
thrown  out ;  so  that  a  is  not  divisible  by  8. 
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Taking  mod  3,  we  have 

(i.)     n=3A,  l^=(^iy-\     mod  3, 

(ii.)     n  =  3/i-fl,     aJ,:  =  (-l)»-\     mod  3, 

(iii.)     n  =  3/^-h2,       J„  =  (-1)"  \     mod  3. 

Therefore,  when  7„  is  integi-al, 

I„  =  1  or  2,     mod  3, 

according  as  n  =  2  and  3  or  5  and  0,  mod  6,  i.e.,  7^^4.2  and  -^64+3  are  of 
the  form  3r4-l  and  I^^a  and  Je*  are  of  the  form  3r+2. 

Thus  the  residues  of  the  integral  J's,  viz.,  J„  /,,  Jj,  J^,  Jg,  Jg,  ...  to 
mod  3  are  1,  1,  2,  2,  1,  1, ...  in  this  order,  viz.,  the  I's  and  2's  occur  in 
pairs. 

For  fractional  I's,  we  have 

r^  -  a,       mod  3,     if  n  =  6i^  +  l, 

I^  =  —a,  mod  3,     if  n  =  6A+4, 

where  a  is  the  residual  factor  of  27»  + 1  when  powers  of  3  have  been 
thrown  out. 

13.  Taking  mod  3^,  we  find  that,  for  the  integral  J's, 

i^(-ir,  (-ir2,  (-iy-»2,  (-i)"-',  (-ir4,  (-ir-»4,  mod 9, 

aecoi'ding  as  n  =  2,  3,  5,  6,  8,  0,  mod  9 ;  and  that,  when  n  =  1,  mod  3, 
80  that  In  is  fractional, 

aF  =  (-l)"-',     mod  9, 

a  being,  as  before,  the  residual  factor  of  2n  ■+- 1  when  powers  of  3  have 
been  thrown  out. 

Thus,  taking  the  integi'al  values  of  J„,  the  residues  of  J„  to  mod  9 
occur  in  the  cycle  1,  7,  2,  8,  4,  4,  8,  2,  7,  1,  5,  5,  corresponding  to 

n  =  2,  3,  5,  6,  8,  9,  11,  12,  14,  15,  17,  18,     mod  18. 

Similar  results  for  mods  8'  and  3*  may  be  deduced  from  the  table 
in  §  11. 

14.  The  following  table,  giving  the  values  of  J„  as  far  as  Jj,,  was 
calculated  by  means  of  the  recurring  formula 

|r.-(2«),I..,+(2n),I..,-...  +  (-ir'(2«X,-./.+f-l)"i=0(§2). 
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The  second  column,  containing  the  values  of  G»  was  deduced  from 
the  first  by  multiplication  by  2»-f  1. 


n 

/« 

i 

1 

Gh- (211+1)  A. 

1 

1 

1   ' 

2 

1 

5 

8 

7 

49 

4 

lL|i 

809 

5 

1847 

20317  ' 

6 

56601 

722813  , 

7 

«  a  1^4  a  J 

34607305  ' 

S 

126235201 

2145998417  ! 

9 

8806171927 

167317266613  | 

10 

««HDfi|p4$nn9 

16020403322021  ' 

11 

80348736972167 

1848020950359841 

12 

10111159088668001 

252778977216700025  i 

l:^ 

fn46fl0«194|59aa04S89 

40453941942593304589  : 

I  have  veiified  that  the  residues  of  the  O's  in  the  table  to  mods  3, 
3-,  3',  3*  ai'e  the  same  as  those  given  by  the  formulae  in  §§  10  and  11. 

15.  The  integral  J-numbers  are  all  uneven,  and  the  numerators  of 
the  fractional  J-numbers  are  also  uneven.  This  is  evident  from  the 
recurring  formula  in  the  preceding  section,  which  gives 

3J„^(-l)"-\     mod  2, 

so  that,  for  all  values  of  n,         J^  =  1,    mod  2. 

When  /„  is  fractional,  since  the  denominator  is  a  power  of  3,  and 
thei-efore  uneven,  it  follows  that  the  numerator  /„  must  be  uneven. 


16.  The  /-numbers  are  included  in  the  general  expansion  formula 
(ii.)  of  §  8  in  the  preceding  paper,  and  they  therefore  satisfy  the 
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congruence 

In  =  (-1)^ /«.<,,     modp,* 

where  p  is  any  prime  except  3. 

In  the  next  five  sections  some  of  the  results  obtained  bj  giving 
special  values  to  p  will  be  considered. 

17.  Taking  j?  =  5,  we  have,  for  all  values  of  n, 

h  -  L-2,     mod  5. 

Considering  first  the  integral  Ps,  viz.,  J„  Jj,  Jj,  J^,  Jg,  J^,  ...,  that  is, 
all  the  Ps  in  which  the  suffix  is  not  of  the  form  3A  + 1 ,  this  con- 
gruence shows  that  all  of  them  in  which  the  suffix  is  even  are  con- 
gruent to  one  another,  mod  5,  and  that  all  in  which  the  suffix  is 
uneven  are  also  congruent  to  one  another,  mod  5.  Since  the  integial 
Fs  are  all  uneven  numbers,  it  follows  that  the  difference  between  any 
two  of  them  with  even  suffices  is  divisible  by  10,  and  that  the 
difference  between  any  two  of  them  with  uneven  suffixes  is  also 
divisible  by  10.  Thus,  all  the  integral  /-numbers  in  which  the 
suffix  is  even  must  end  in  the  same  digit,  which  is  1,  since  J,  is  1,  and 
all  the  integral  I-numbers  in  which  the  suffix  is  uneven  must  end  in 
the  same  digit,  which  is  7,  since  J,  =  7.  The  series  of  integral 
/-numbers  beginning  with  /,  must  end  therefore  in  the  digits  1,  7,  7, 
1,  1,  7,  7,  1,  1,  ...  in  this  order,  i.e.,  after  the  first,  in  7's  and  I's  in 
pairs;  or,  in  other  words,  /g^  and  I^,,^.i  end  in  1,  Iss^i  and  /i^+s  end 
in  7. 

18.  Now  consider  the  /'s  which  have  denominators.     In  these  the 
suffix  is  of  the  form  3^  -h  1.     The  congruence 

/»  -  /n-2,     mod  6, 
shows  that 

any  fractional  /  =  any  other  fractional  /,     mod  5, 
if  both  have  even,  or  both  have  uneven,  suffices. 
Thus  /^^,  =  /,  =  ^,         mod  5, 

I.A,4^/4^^*,     mod  5. 


*  The  series  defining  the  /-numbers  is  (ii.)  of  §  1 1  (p.  202} ;  this  formula  is  givem. 
in  the  same  section. 
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All  the  Ih  =■  1,  mod  2  (§  15),  and  therefore 

/^^^  =  iLjt,     mod  10. 

The  second  of  these  congmences  shows  that  the  numerator  and 
denominator  of  Jm^4  must  end  in  the  same  digit,  and  the  first  shows 
that  the  numerator  of  Jm^i  when  multiplied  by  3  must  end  in  the 
Hame  dig^t  as  its  denominator.     Putting,  as  before, 

so  that  7^  is  the  numerator  of  J.  and  3'  its  denominator,  we  see  that, 
when  n  =  6^  +  1,  K  ends  in  the  same  digit  as  3'~\  and,  when 
n  =:  6h-^4!j  7«  ends  in  the  same  digit  as  3'.  The  powers  of  3  end  in 
the  digits  1,  3, 9,  7,  so  that,  when  the  suffix  of  a  fractional  I  is  uneven, 
the  numerator  ends  in  7,  1,  9,  3,  according  as  the  denominator  ends 
in  1,  3,  7,  9;  and,  when  the  suffix  is  even,  the  numerator  and 
denominator  end  in  the  same  digit. 

We  may  express  these  results  as  follows.     If  f  be  the  exponent 
of  3  in  the  denominator  of  J„,  then, 

if  n  =  6^  +  1,  In  ends  in  1,  3,  9,  7  according  as  ^  =  1,  2,  3,  0,  mod  4, 

„n  =  6//  +  4,     „         „      3,9,7,1         „  „  „  „ 

By  using  the  congrnence  J„  ^  7».a,     mod  5, 

to  connect  integral  and  fractional  7*s  we  merely  reproduce  these 
results. 

19.  Now  take  p  =  7.     The  congruence  is 

7,^(~1)«7„_3„     mod  7; 

so  that  in  this  case  only  integral  7's  are  connected  together,  ami 
only  fractional  7*8. 

Taking  the  integral  7*8  first,  we  have 

/3A.3  ^  (-1)*  h  =  (-1/7  ^  0,     mod  7, 

7fiA,2  =  7,  =  1,     mod  7, 

Aa.5  =  h  =  1847  =  6,     mod  7. 

Therefore  I^h  is  always  divisible  by  7,  t.c,  is  of  the  form  Ir ;  and 
I^^t  and  7,A+f  ai'©  respectively  of  the  forms  7r  +  1  and  7r— 1. 
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20.  Considering  now  the  fractional  Fs,  we  have 

/3*.i^(-l)*/,^(-l)H.     mod?; 
so  that,  3^  being  the  denominator  of  Ju^i, 

/«*i  =  (-l)*3'-\     mod  7. 
Now  3'->  -  1,  3,  2,  6,  4,  5,     mod  7, 

according  as  f  =  1,  2,  3,  4,  5,  0,     mod  6  ; 

and  therefore,  if  n  =  6^  +  1, 

/:  =  1,  3,  2,  6,  4,  5,     mod  7 
/  =  1,  2,  3,  4,  5,  0,     mod  6  ; 


according  as 

and,  if  n  =  6^  +  4, 

according  as 


/:  =  6,  4,  5,  1,  3,  2,     mod  7, 
/  =  1,  2,  3,  4,  5,  0,     mod  6. 


^-1 


21.  The  most  interesting  values  of  jp  are  those  for  which  ^         is 

a  multiple  of  3,  for  then,  as  in  the  case  of  p  =  7,  the  integral  JTs  and 
the  fractional  Fa  are  kept  distinct.  Passing  over  therefore  p  =  11, 
let  p  =  13,  for  which  the  general  congruence  is 

/„  =  /»_«i     mod  13. 

Considering  the  integral  J*s  first,  we  have 

Aa+2  —  ^2  ^  1»     mod  13, 

^«A*j  =  ^3  =  7,     mod  13, 

Ith.i  =  h^    1847  =  1,     mod  13, 

lek     =  h-  55601  -  0.     mod  13. 

Thas  Jg*  is  always  divisible  by  13,  i.e.,  is  of  the  form  13r;  /j^^^a  is  of 
the  form  13r-l- 1 ;  and  I^^^  of  the  form  13r-l-7. 

22.  For  the  fractional  J's,  we  have,  3'  being  the  denominator, 

ItH.i  -  ^1  =  i,         mod  13, 
1^.4^  h^H^,     mod  13; 
so  that  li,,  =  3'  ',     Ji,,4  =  ^Ax3'  =  S'-\    mod  13. 

Thus,  generally,  ^ik+i  -  3'"\     mod  13, 

<l2 
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Now  3'-'  =  1,  3,  9,  mod  13, 

accoixiing  as  f  =  1,  2,  0,  mod  3, 

and  therefore  /»**i  -  1»  •^^  ^.  niod  13, 

accoiniing  as  f  =  1,  2,  0,  mod  3. 

23.  Combining  the  results  obtained  in  the  cases  of  mods  7  and  13, 
we  find,  for  the  integral  Fs, 

Aik.2  =  Ij     ™od  91, 

Its.z  =  7,     mod  91, 

7«,5  =  27,  mod  91, 

7«     =  0,     mod  91 ; 

and  for  the  fractional  Fb, 

if  w  =  6/i  + 1,  7i  =  1,  3,  9,  27,  81,  61,     mod  91, 

according  as  ^  =  1,  2,  3,  4,  5,  0,     mod  6, 

if  n  =  6/1  +  5,  i:  =  27,  81,  61,  1,  3,  9,     mod  91, 

according  as  /  =  1,  2,  3,  4,  5,  0,     mod  6. 

I  have  verified  all  the  results  given  by  the  formulro  for  mods  7  and  13 
as  far  as  the  extent  of  the  table  in  §  14  permits. 

The  next  value  of  p  for  which  ^^     is  a  multiple  of  3  is  |j  =  19, 

but  the  results  in  this  case  do  not  seem  to  be  of  sufficient  interest  to 
be  worth  giving  in  detail. 

24.  The  coefficients  H^  and  /„  which  occur  in  the  expansions 

2co8a'— 1  (  2!  4!  6!  ) 

2co8  2«  +  l  -  '  r"  ^  2!  *  +  4!  ^  6! ''^'^•)  ' 


•  These  aeries  are  (iii.)  and  (iv.)  of  §  11  of  the  preceding  paper  (p.  202).  The 
quantities  /„,  ir„,  /„  have  been  considered  in  the  Quarterly  Journal^  Vol.  xxix., 
pp.  35-69,  131-148,  and  the  Mennmyer,  Vol.  xxvi.,  pp.  165-170,  and  Vol.  xxvnx., 
pp.  48>5i. 
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where   H^  =  f ,  /q  =  2,    are  connected  with  the  J-nambers  by   the 
relations 

^„  =  (2*-«  +  l)J„     /,  =  (22-'+2)J„; 


so  that 


/„  =  ir„+i„. 


25.  The  following  table  gives  the  values  of  H„  and  /„  up  to  w  =  13. 
The  values  of  H^  were  deduced  from  those  of  J„  (§  14)  by  multiplica- 
tion by  2*'***  4-1,  and  those  of  /„  were  obtained  by  adding  !{„  and  In- 


ffn 


Jn 


1 

3 

2 

33 

:{ 

903 

4 

46113 

1  ^ 

3784503 

6 

455538993 

7 

75603118503 

8 

16546026500673 

<) 

461697907:3434903 

10 

1599868423237443153 

11 

674014138103352845703 

12 

339274210193051498798433 

13 

201097637653063767 131 142903 

34 
910 

4  1  5  8_t  • 
0 

3786350 
455594594 

11881617^9  70 

16546152735874 
4616987879606830 

479060 7ftft884137ft4 6  « 

674014218452089817870 
339274220304210587466434 

^49063  68  67080668  6  »  6  JL  8  ii  i)  2  9  70 


16.  The  simplest  of  the  recun*ing  relations  connecting  the  jff*s  and 
the  J's  are  respectively  • 

i^„-(2n),H„.,  + (2n),ir„_,-...  +  (-ir-n2H)^-2H,  =  (-1)-*  J, 
A/. -(2H),2V„.,  +  (27i),2V,..2-...  +  (-ir-^(2n)a„.22*'-V, 


♦  Quarterly  Journal y  Vol.  xxix.,  pp.  49,  45.     Other  recurring  relations  are  given 
on  pp.  44,  49,  50,  55,  57  of  the  same  volume. 
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The  first  of  these  relations  shows  at  sight  that  U.  is  always  an 
integer ;  and,  hj  putting  n  =  1,  2,  3,  ...  we  see  that  H^y  H^  H^  ... 
are  all  divisible  by  3.  The  second  relation  shows  that  /.  can  only 
have  a  power  of  3  as  denominator. 

27.  These  results  may  also  be  derived  fitim  the  properties  of  the 
/-numbers.  For,  if  2n  +  l  =  a.3',  where  a  is  prime  to  3  and  i  may 
be  zero,  then  2^^'  +  l  is  divisible  by  3'^*.  This  is  easily  seen  by 
writing  2*"**  +  l  in  the  form  1  — (1— 3)*''  and  expanding  by  the 
binomial  theorem,  each  term  in  the  expansion  being  evidently 
dmsible  by  3'*'.  Since  H„  =  (2*-** -I- 1) /«,  and  since  the  de- 
nominator of  Jh  is  3',  it  follows  that  H,  most  be  an  integer  divisible 
by  3.  Similarly,  since  /,  =  2  (2**-f  I)  I^  and  since  2*'+l  cannot  be 
divisible  by  3,  we  see  that  /«  must  have  the  same  denominator  as  J.. 

28.  The  quantities  H^  and  /«  satisfy  the  general  oongraenoe 
theorems 

Hh  =  (-1)^^-0,     mod  p. 

Jn  =  (—1)" /».(,,      mod^, 

wliei-e  p  is  any  uneven  prime  except  3  (§  11  of  the  preceding  paper) 
and  y  =  i  (p— 1).*  In  the  case  of  the  former  congruence,  we  merely 
obtain  0  =  0  by  putting  p  =  3,  but  we  know  from  §  12  of  the  pre- 
ceding paper  that 

f -(-1)'%',     mods. 

29.  The  recurring  formula  for  Jf„  shows  that  all  tlie  ITh  ai'e 
uneven,  and,  since 

Hn  =  -ff»-2,     mod  5, 

we  have  thei^efore  jff„  "-  ^„_2,     mod  10. 

Thus  the  ffs  can  end  in  only  one  or  other  of  two  digits,  and.  since  ffj 
and  H^  both  end  in  3,  all  the  H's  must  end  in  3. 

30.  Since  J^=^  H,-hI„, 

and  since  all  the  H'a  end  in  3,  it  follows  from  §  17  that  the  integral 
tTs,  viz.,  /j,  ,/„  Jj,  /j,  /g,  /j,  ...,  end  in  the  digits  4,  0,  0,  4,  4,  0,  ...  in 


*  Thme  resultH  may  aluo  be  derived  from  the  correspondiug  /-congruences  (f  16 
off  file  present  paper)  since 

22"  =  22" -'C-'),     mod;;. 
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this  order;  or,  in  other  words,  J^  and  /gj^^,  end  in  4,  and  ./"eAfj  and 
JflA.ft  end  in  0. 

Similarly,  from  the  J-results  of  §  18  we  may  deduce  that,  if  /i  be 
the  numerator  of  /,,  so  that 

then,  if  n  =  6^-1-1,  J^  always  ends  in  0,  and,  if  «  =  6A-I-4,  /„'  ends  in 
2,  6,  8,  4  according  as  the  denominator  ends  in  3,  9,  7,  1,  that  is, 
according  as  ^  ^  1,  2,  3,  0,  mod  4. 

These  /-results  may  also  be  easily  obtained  independently  by  the 
methods  of  §§  17  and  18. 

31.  It  was  shown  in  Vol.  xxviii,,  p,  75,  of  the  Messenger  that,  for 
all  values  of  n, 

(2n+l)  {ln  +  (-iy]   is  a  multiple  of  4 

and  (2n  -h  1)  {/,  +  (- 1)"* *  2 }  is  a  multiple  of  16. 

The  first  of  these  formulae  shows  that,  when  I^  is  integral,  it  is  of  the 
form  4r-|-(— l)";  viz.,  that  Je*  and  TtA+j  are  of  the  form  4r  +  l,  and 
that  I^^i  and  JgA+5  ai'e  of  the  form  4r+3.  For  the  fractional  Fb,  the 
formula  shows  that, 

if  7*  =  6^  +  1,  the  numerator 4- the  denominator*  0,  mod  4; 

if  n  =  6^  +  4,  the  numerator— the  denominator  ■  0,  mod  4. 

Combining  these  results  for  the  integi'al  J's  ^vith  the  corresponding 
results  in  §12,  we  see  that  /e^+j  is  of  the  form  12r  +  l,  I^^^  of  the 
form  12r-h7,  I^^^  of  the  form  12r-|-ll,  and  Ja*  of  the  form  12r4-5. 

32.  The  second  formula  shows  that,  when  /„  is  integral,  it  is  of 
the  form  16r+  (— 1)"  2  ;  viz.,  that  J^  and/eA>2  are  of  the  form  16r-h2 
and  that  Je*^3  and  Ji^+s  are  of  the  form  16r— 2.  For  the  fractional 
Tb,  we  have, 

if   n  =  6A  +  1,  the  numerator + twice  the  denominator  =  0,  mod  16, 
if   «  =  6A-f  4,  the  numerator  —  twice  the  denominator  =  0,  mod 

83.  It  was  also  shown  {Messenger,  loc.  cit.)  that 

F.^C-ir,     mod  4; 
so  that  Hy^  is  of  the  form  4r  +  l  and  HaAu  o^  ^^^  form  4r-|-3. 
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34.  Since  all  the  H-coefficients  are  divisible  by  3,  it  would,  per- 
liaps,  be  preferable  to  use  H^  insteiad  of  H»,  where 

m  =  iff.. 

The  expansion  formula  (§24)  then  becomes 

2co8aj  — 1  C  2!  4!  6!  ) 

with  Hi:=  ^  ;  and  the  recorring  formula  (§  27)  is 

i£r;-(2«),ir..,+(2»),H;.,-...+(-i)-'(2n)».,fl;=(-i)-'|. 

The  iTs  all  end  in  1 ;  for  the  difference  between  any  two  H^b  is  a 
multiple  of  10,  and  therefoi-e,  dividing  by  3,  the  difference  between 
any  two  fPs  is  a  multiple  of  10 ;  ho  that  the  iT^s  must  all  end  in  the 
same  digit,  which  is  1,  since  H[  =  1. 

35.  The  ffillowing  is  a  table  of  the  values  of  Hi  up  to  H\i  deHved 
from  the  table  of  H^  in  §  23  by  division  by  3  : — 


i 

iK 

i 

1 

■  2 

11 

:\ 

301 

-t 

15371 

5 

1261501 

<> 

151846331 

7 

25201039501 

S 

5515342166891 

1) 

1538993024478301 

10 

533289474412481051 

11 

224671379367784281901 

12 

1 130914U3397683832932811 

1 

67032545884354589043714301 
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36.  The  relation  J?:  =  (-lyjff:.,,     mod  3  (§28), 
shows  that                  jffi  =  (-l)»-*jff;  =  (— 1)""\     mod  3  ; 

so  that  ITii+i  is  of  the  form  3r-hl  and  Zfi^  of  the  form  3r4-2. 

It  follows  from  §33  that  Jff^^i  is  of  the  form  4r  +  l  and  H'^h  of  the 
form  4r-|-3. 

Combining  these  results,  we  see  that  flj^+i  is  of  the  form  12r+l 
and  H'^  of  the  form  12r— 1. 

37.  l^y  taking  p  =  7  andp  =  13,  we  find,  as  in  §§  19  and  21,  that 

SL^OK,     mod  7, 
-Hik+4  =  ^1     -?^6***  -  3,  J 

H'y^l,    H'^.,^\\,    H'^,,^2\       ^^^jg 


and 


Combining  these  results,  we  see  that 

H'„  =  1,  11,  28,  83,  59,  0,     mod  91, 
accsordiug  as  n  ~-  1,  2,  3,  4,  5,  0,     mod  6. 

38.  The  residues  of  E'^  for  mods  3',  3',  ...  may  be  easily  deduced 
from  those  of  Gn  (§  10).     For, 


and 


(;„  =  (2n  +  l)J,., 
,,_2^'-»  +  l.  _l-(l-3)-^»j. 


=  [l-3n  +  3n(2ri-l)-tennsin3'}  (2n  +  l)I„. 

Thus,  taking  mod  9,         ff^  =  (6»»— 6?*+ 1)  G^,,,     mod  9 ; 

and  therefore, 

if    n  =  3//,  H:=    G    -  (-1)~-U,     mod  9; 

„     n  =  3/t  +  l,     H:^    (?„^(-1)-', 

„     n  =  3A  +  2,     H:^4(?,.^(-1)»-^7, 
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Thus  H;  =  1,  2,  4,  8,  7,  5,     mod  9, 

according  as  n  =  1,  2,  3,  4,  5,  0,     mod  6. 


39.  With  respect  to  the  applications  of  the  numbers  J«,  JS^i  'K^  it 
may  be  mentioned  that,  besides  being  simple  cases*  of  the  Bemonllian 
function,  and  therefore  sharing  in  its  general  applications,  thej  are 
analogous  to  the  Eulerian  numbers  in  being  rational  factors  which 
occur  in  the  summation  of  certain  series  of  reciprocals  by  means  of 
powei^s  of  x.     For,  putting 

i_  .    1        1.1 
3- 


=  1- 


■^F-7-"-^^-*^' 


K  =  l' 


5* 

1 


7- 
1 


5"       7"      11*     IS** 


-&c.. 


where,  in  i*„  the  positive  terms  contain  numbers  =  1,  mod  4,  and  the 
negative  terms  numbers  =  3,  mod  4  ;  in  g„  the  positive  terms  contain 
numbers  =  1,  mod  3,  and  the  negative  terms  numbers  =  2,  mod  3 ;  in 
j'n  the  positive  terms  contain  numbers  =  1  and  2,  mod  6,  a»nd  the 
negative  terms  numbers  ^  4  and  5,  mod  6 ;  and  in  h^  the  positive 
terms  contain  numbers  ^  1,  mod  6,  and  the  negative  terms  numbers 
^  5,  mod  6  ;  we  have 


_  1     E„      /IT  \2»^» 

-  _L     ^»     /2t\2»-i 
^'"**'"  ^3  (2«)!\3/       ' 

=    1    _Ju_(  ^  \^'' 


*  Quarterly    Journal,    Vol.    xxix.,    pp.    107,   131,    or   Mestengevy   Vol.    zxvi., 
pp.  178,  179. 

t  Quarterly  Journal,  Vol.  xxix.,  pp.  50-^2. 
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40.  The  numbers  ^»,  J,„  J„,  jff„  also  serve  to  express  the  values  of 
the  following  definite  integprals  : — 

Jo  cosh  t         "12/       ' 

r  p,sinhj^  ,  ^  f-  _J^/  _  ^    /„_  /2^\*»-' 
Jo       sinhfi  Jo  2co8h/  +  l        yS  U  /       ' 

f-^^coshi^^^^  f-_^^^_^   /„   /J^V"'' 
Jo      cosh  |f  Jo  2  cosh  f-1       ya  \  3  /       ' 

ppsinh2^^^_  ?'2t''yo^\itdf  _  H^,  MV"*'* 
Jo       sinh  3^  Jo  2co8h  2f Vl       aAS  v  3  / 

41.  In  the  papers  in  the  Quarterly  Journal  and  the  Messenger  which 
have  been  already  referred  to  certain  other  quantities  P„,  Q„,  !{„,  S„, 
7'^  have  been  considered;  the  expansions  in  which  they  occur  as 
coefficients  were  given  in  §  11  of  the  preceding  paper  (pp.  202,  203). 
These  quantities  are  all  integers,  and  their  congruence  properties  are 
therefore  similar  to  those  of  the  Eulerian  nunibei-s. 


Ov  Hie  Theory  of  Simultaneous  Partial  Differential  Equ^ations, 
By  J.  E.  Campbell.  Read  December  8th,  1898.  Receiv^ed, 
in  revised  form,  May  24th,  1890. 

The  necessary  and  sufficient  condiiion  that  any  number  of  partial 
differential  equations," of  any  orders  whatever,  in  one  dependent  and 
n  independent  variables  may  be  consistent  is  that  by  repeated 
differentiations  of  the  equations  and  eliminations  it  should  not  be 
possible  to  deduce  any  relation  between  the  independent  variables. 

Such  a  consistent  system  of  diffei-ential  equations  is  said  to  be 
iiitegrable  (Goursat,  Equations  aux  derivees  partielles  du  second  ortlre. 
Tome  II.,  p.  41).  If  p  is  the  order  of  the  lowest  differential  equation 
which  can  be  deduced  by  mere  algebm  from  the  system,  and  if  by 
successive  differentiations  and  eliminations  no  equation  algebraically 


♦  Meatengevj  Vol.  xxvi.,  pp.  174,  175. 
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independent  of  the  given  equations  of  the  system,  and  of  order  equal 
to  or  less  than  p,  can  be  deduced,  then  the  system  is  said  to  be  com- 
pletely integrable. 

When  an  equation  system  is  integrable,  it  is  not  to  be  expected 
that  the  most  general  solution  of  the  system  is  a  general  solation  of 
any  one  of  the  equations  which  make  up  the  system  ;  in  fact,  in  the 
most  oi-dinary  case  of  an  integrable  system,  the  solution  involves  no 
arbitrary  functions,  but  only  a  finite  number  of  arbiti'ary  constants. 
Thus,  if  we  write  down  two  partial  differential  equations  /,  =  0, 
Jjj  =  0  at  random,  they  will  not  be  consistent ;  if  /,  =  0  and  /,  =  0 
are  consistent,  it  must  be  owing  to  a  i-elation  between  the  forms  of /j 
and  /j ;  if  we  consider  the  form  of  one  of  these  equations,  say  /^  =  0, 
as  known,  then  the  form  of  the  second  /,  considei*ed  as  a  function  of 
the  variables  and  the  differential  coefficients  it  contains  must  satisfy 
certain  differential  equations.  Now,  when  /j  satisfies  these  equations, 
fi  =  0  and  /s  =  0  will  be  consistent ;  but  the  common  solutions  of  this 
system  will  ordinanly  involve  only  a  finite  number  of  constants. 

It  is  here  that  we  notice  an  essential  difference  between  the  theory 
of  partial  differential  equations  of  the  first  order  and  those  of  the 
second  and  higher  orders  :  given  any  partial  differential  equation  of 
the  first  order  /,  =  0,  then  a  second  equation  /,  =  0,  also  of  the  first 
order,  always  exists  such  that  /i  =  0  and  /^  =  0  have  common  solu- 
tions involving  u  —  \  arbitrary  functions  ;  on  the  other  hand,  if /j  is 
of  the  second  order,  then  it  is  not  genei-ally  true  that  any  other 
equation  /,  =  0  exists  having  in  common  with  /,  =:  0  solutions  in- 
volving any  arbitrary  function.  If  /,  is  of  a  special  form,  then 
/i  =  0  may  be  an  equation  Avhich  belongs  to  a  system  having  solu- 
tions involving  an  infinity  of  constants.  Such  systems  have  been 
called  by  Lie  "  systems  of  Davboux"  (Goui'sat,  ibid.,  p.  41)  or  "systems 
in  involution.'' 

If  we  have  any  integi-able  syst<jm,  by  repeated  differentiations  and 
eliminations  we  can  add  new  equations  till,  after  a  finite  number  of 
operations,  we  have  a  completely  integrable  system.  If  snch  a 
system  is  not  in  involution,  it  has  the  property  that  differential  co- 
efficients above  a  cei*tain  oi*der  can  be  expressed  in  terms  of  coefficients 
of  lower  order ;  the  complete  theory  of  such  a  system  is  given  in  Lie- 
Engel,  Transfarmatlomt'Gruppen,  i.,  Kap.  10.  The  object  of  the  pre- 
sent paper  is  to  develop  certain  formula*  analogous  to  the  Jacobian 
senes  of  combinants,  by  aid  of  which  it  may  be  decided  whether  or 
no  a  system  is  integi*able. 

Before  the  results  arrived  at  can  be  stated,  certain  preliminary 
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explanations    and    definitionB    must   be   given.       If  /  is   a    partial 
differential  expression  of  order  p,   and,   if  we  write  for  ^^ >^ — 

1  H 

«ai...  a„,  then  the  quantic  in  the  set  of  auxiliary  variables  f,  ...  f„, 

Sf*'...  P'^  —  f- 
'  K      a 

a\  ...  a„ 

(the  summation  being  for  all  zero  and   positive  integral  values  of 
Qi  ...  a„  such  that  aj-|-...-f  a,,  =  p,  and  ^ — i^ —  denoting  the  partial 

differential  coefficient  of  /  with  respect  to  z^     «  )» ^^  said  to  correspond 
to  the  differential  expression  /.* 


*  The    following    geometrical    interpretation    may  be  g^ven  to  this  quantic. 
Canchy's  exitttence  theorem  may  be  thus  stated  :    **If  a  ^fferential  equation  of 

order  p  contains  the  derivative  — -  ,  then  a  definite  number  of  solutions  of  the 

equation  can  be  found  which  arc  of  the  form  z  ^  F{xi..,Xn);  Fiba  holomorphic 
function  of  .Tj  ...Xm  which  can  be  so  chosen  that  the  locus  g  ^^  F passes  through  the 

n  —  l -dimensional  locus  J  -  —  r  V*2  •••  *«)  ^  where  ^  is  arbitrarily  assigned,  and  has 
C^,  =  0 

contact  of  Qo— 1)"  order  at  all  points  on  j  "  —  9  ^^ij  ^uy  arbitrarily  assigpned 

M -dimensional  locus  which  passes  through  |   -  =  9  »♦  Apply  now  to  the  differential 
ec| nation  the  point- transformation 

Xi  =  rj, 


then  the  transformed  equation  will  contain  — ^    if,  and  only  if, 

so  that  Gauchy*H  theorem  may  be  stated  as  follows : — **  A  definite  number  of  solu- 
tions of  the  differential  equation  /^O  can  be  found  which  are  of  the  form 
z  =  F{x\... Xn)  ,  /*'  18  a  holomorphic  fimction  of  x^  ...Xn  which  can  be  so  chosen 

that  the  locus  z  -=  F  parses  through  }  ^  ^  9  (^2  •••*»•;  ^nd  has  contact  of 
{p—l)*^  order  at  all  points  of  )      '  ^  with  any  arbitrarily  assigned  n -dimensional 
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If  we  have  any  quantic  Sa..    .  ^' ...  C*»    iAien  Sa^    . —      * 

is  said  to  be  the  operation  which  corresponds  to  the  quantic.  It 
follows  that  the  operation  which  corresponds  to  the  qnanitic  which 
corresponds  to  /  is 


S 


We  may  speak  of  this  as  the  operation  which  corresponds  to  the 
differential  expression/. 

Let  tVi  ...  w,  be  the  s  qnantics  which  correspond  to  the  s  differential 
expressions/,  .../,  which  are  respectively  of  orders  j^j  ...p,;  let 


*'n»  *"«9   •••»  *''« 
t'l,,  r«,   ...,  Va 

^\n    V2r»     ..-J    ^n-J 


(1) 


be  r  sets  of  quantics  such  that  for  all  values  of  k  from  1  up  to  r  in- 
clusive 

Vi.««^i  -i-i'2*M^j-l- ...  +v^w.  =  0  ;  (2) 

then,  if  A I  ...  Xy  are  any  other  arbitrary  quantics,  the  identity 

hm, 

ik-1 

is  merely  an  algebraic  consequence  of  the  identities  (2),  and  is  said 
to  be  reducible. 

An  identity  of  the  form  (2)  which  is  not  a  consequence  of  identities 
of  the  same  form  and  of  lower  degree  is  said  to  be  simple. 

locius  which  also  passes  through   \  '  "^  ^ ;  the  only  limitations  placed  on   the 

C^-  0 

arbitrarily  assigned  holomorphic  functions  ^  and  }\f  are  that  the  direction  cosineR 
{, ...  In  of  the  normals  to  <^  «  0  must  not  satisfy  the  equation  of  the  quantic  which 
corresponds  to  /.  *  * 

♦  The  83rmbol  -—  is  used  to  denote  total  differentiation  with  respect  to  Zr,  thus, 

,-    -^-  +  "r  — +-lrr-+2jrr-+...  . 
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It  will  be  proved  (§  1)  that,  given  the  quantics  Wi ..,  w„  thei*e  are 
only  a  finite  namber  of  simple  identities. 

Let  the  r  sets  of  quantics  (1)  generate  simple  identities,  and  let 


•1    0«1 


(3) 


be  the  set  of  opei-ations  which  correspond  to  them ;  then 


(4) 


is  said  to  be  a  combinant  of  the  differential  expressions  /, .../«. 

From  the  definition  here  given  of  a  combinant,  and  from  the  fact 
that  there  are  only  a  finite  number  of  simple  identities,  it  at  once 
follows  that  there  are  only  a  finite  namber  of  such  combinants.  If  a 
combinant  vanishes  in  consequence  of  the  vanishing  of  /,  .../,  jind 
the  total  differential  coefficients  of  these  expressions  which  do  not 
contain  differential  coefficients  of  z  of  order  higher  than  appear  in 
the  combinant,  then  the  combinant  is  said  to  be  satisfied. 

The  first  theoi'em,  then,  to  be  stated  is  :  "  If  all  the  combinants  are 
satisfied,  the  differential  equations  /i  =  0  ...  /,  =  0  will  be 
integi'able  (§3). 

If  the  combinants  are  not  all  satisfied,  then  we  take  those  whi<»h 
are  not  satisfied  as  new  equations,  additional  to  /i  =  0  .../,  =  0. 

It  may  now  happen  that  we  have  more  equations  than  ai-e 
algebraically  sufficient  to  determine  all  the  differential  coefficients 
involved  in  them ;  in  this  case  we  see  that  the  equation  system  is  in- 
consistent ;  if  not,  we  pi-oceed  as  before  with  this  increased  system, 
and  find  its  combinants.  If  these  are  satisfied,  then  the  new  equation 
system,  and  as  a  consequence  the  original  one,  is  consistent ;  if  not, 
we  proceed  further  till  we  finally  reach  a  satisfied  system  of  com- 
binants, or  obtain  more  equations  than  are  sufficient  to  deteinnine 
the  coefficients  involved :  in  the  former  case  the  original  system  is 
consistent,  in  the  latter  it  is  not.  That  this  question  will  be  decided 
in  every  case  by  a  finite  number  of  operations  is,  I  believe,  true,  but 
I  have  not  3'et  succeeded  in  finding  a  general  proof  of  its  truth. 

When  all  the  differential  equations  are  of  the  first  oixier,  com- 
binants, as  I  have  defined  them,  are  easily  seen  to  coincide  with  the 
Jacobian  series  of  combinants  and  are  all  of  the  first  order ;   the 
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oi>erations  in  this  case  t}ien  obvioasly  form  a  closed  series  ;  so  that 
the  method  of  this  paper  will  prove  that  Jacobi's  conditions  are 
necessary  and  sufficient,  and  may  therefore  be  considered  an  ex- 
tension of  those  conditions  to  the  case  of  equations  of  higher  order. 

It  may,  perhaps,  be  worth  while  to  point  out  that  the  question 
whether  or  no  given  equations  are  consistent  is  of  interest  qoite 
apart  from  any  light  it  may  throw  on  the  solution  of  equations ; 
thus  the  question  might  be  asked :  *^  Is  there  any  infinitesimal  trans- 

!)         S 
f onnation  f  x-  + 17  x- ,  which  leaves  the  equation 

ox        oy 

unaltered  ? "  The  answer  to  this  would  depend  on  the  possibility  of 
certain  differential  equations  having  common  solutions,  and  it  may 
be  proved  that  these  equations  are  inconsistent ;  so  that 


._--;+y:-:  =  o 


does  not  admit  any  infinitesimal  transformation. 

It  will  be  proved  (§  2)  that,  if  we  have  s  quantics  ir^ ...  w„  where 
**  ^  ^*»  then,  unless  a  special  relation  exists  between  their  coefficients, 
the  only  simple  identities  are  the  obvious  ones 

It  follows  then  from  the  definition  of  a  combinant  that,  if  we  have 
s  differential  equations  /,  =  0  ...  /,  =  0,   where  »  <  n,  then,  unless 

the  quantics  which  correspond  to  them  are  of  special  form,  the  only 
combinants  are  of  the  form 


the  summation  in  first  'S,  being  for  all  zero  and  positive  integ^l 
values  of  a^  ...  a„  such  that  aj-t-...  +  a„  =jPa,  and  in  the  second  for 
such  values  of  /3,  ...  /3«  as  make  /3i-f  ...  -f /?,.  =  p^. 

As  an  example  of  the  application  of  the  methods  discussed  in  this 
paper,  it  is  proved  (§4)  that,  if 


F(x,y,z)=0 
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is  any  minimum  surface,  then 

fou     ou     ou\ 


and 


^Ox     Cy     Cz' 

3^*      ^      3H*  _  ^ 
d^       dy'      d^ 


are  consistent,  and  their  common  solutions  involve  two  arbitrary 
functions ;  and  no  other  equation  of  the  first  order  of  the  form 

has  a  solution  satisfying  V*?*  =  0  and  involving  two  arbitrary  func- 
tions. It  is  shown  how,  given  any  minimum  surface,  a  solution  of 
^*w  =  0  can  be  made  to  depend  on  the  solution  of  a  partial 
differential  equation  of  the  second  order  in  two  independent  variables. 
These  results  were  suggested  by  Prof.  Forsyth's  paper  in  the 
Messenger,  as  was  also  the  second  example  discussed.  The  second 
example  (§5)  proves  that  not  only  are  the  equations 

3*w 


d^u      d^u      o^u      d^u 
dx\      dx]      dxl      dx\ 


=  0 


and 


duy 


'du\ 


m^m'^is) 


(1)'=° 


consistent  (as  the  common  solutions  obtained  in  the  Messenger  show), 
but  that  they  form  with  one  other  equation  of  the  second  order  a 
completely  integrable  system  whose  common  solutions  involve  four 
arbitrary  functions  of  one  argument. 

1.  If  we  take  any  number  of  given  quantics  w^  ...  w,  in  any  number 
of  variables  x^  ..,  x„y  and  of  any  degrees,  the  question  arises  as  to  the 
form  of  s  quantics  v^  ...v,  such  that 

rjtTi-f  ...+r,M?.  =  0. 

It  must  first  be  proved  that  there  are  only  a  finite  number  of  simple 
identities  of  the  above  form — that  is  to  say,  there  are  only  a  limited 
number  r  of  sets  of  quantics 

*'n»  %»   •  •  •  ♦  ^*i » 

^ll>    ^«»     •••'    ^''Sj 


V\ry    V2n 
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such  that  VigWi-^-VigW^-^- ...  4-tvtr,  =  0     (c  ==  1,  2,  ...,  r), 

and  that  every  other  set  Vj  ...ir„  such  that 

»,W,+  ...+t7,W,  =  0 

is  given  by  v^  =  XjV^i  +  Aj v+  ...  +X,r^     (p  =  1,  2,  ...,  »). 

This  theorem  is  almost  an  immediate  consequence  of  Hilbert^s  very 
genei*al  theorem  :  ^^  U  S  denotes  any  system  of  forms  in  n  vaiiablee 
ir,,  0*2  ...  «„,  there  can  be  so  selected  from  S  a  finite  number  of  forms 
jPj,  F^  ...  F^  that  every  form  F  ot  8  can  be  expressed  in  the  form 

where  Ai^A^  ...  A^  are  forms  in  the  variables  «„«,  ...  «„  "  (Weber's 
Algebra,  first  edition,  Vol.  ii.,  pp.  165-168).  Now  take  for  the 
system  8  that  of  forms  which  can  be  expressed  in  both  the  shapes 

t;,t£?i  +  t;,w;j+... -f-r,_iic,.i     and     — v,w,. 

The  theorem  which  I  wish  to  prove  follows,  except  as  regards  sets 
of  i\y  r,  ...  t\  in  which  v,  =  0.  As  to  these,  take  for  8  the  system 
of  forms  which  can  be  expressed  in  both  the  shapes 

rit(?i-|- ...  +r,_.2ir,.2     and     — iVi^^.-i- 

It  follows  as  to  sets  in  which  v,  =  0,  but  v,.i^  0.  Continue  in  like 
manner.  After  at  most  s—1  repetitions,  the  theorem  follows  in  its 
generality.* 

An  example  on  the  calculation  of  simple  identities  having  an  in- 
teresting application  to  the  differential  equation 

dx{       doc^       ilx\        dx^ 
had  perhaps  best  be  given  here. 

.,e  (!-£)•  =  . v.. 


Let 


*  [I  owe  this  reference  and  proof  to  the  kindnesH  of  Prof.  Elliott,  who  ha«  also 
given  me  very  much  valued  help  in  other  parts  of  the  |)aper.  1  desire  to  expresM 
to  hJT"  and  to  both  of  the  referees  mj  thanks  for  the  great  trouble  which  they  haTo 
taken  in  considering  this  paper.] 
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If,  now,  Vj  M7i  +  Vj  Wj  4-  r J w^  =  0, 

then  riX«  +  r,  r*  + v,  (X-f  Y)'  =  0, 

or  (fi  +  r5)Z«+(r3  +  t?5)r«  +  2r,Zr=0; 

therefore  rj  +  I's  must  be  divisible  by  Y,  so  that 

t;,  +  r,  =  2rP, 
where  P  is  some  function  of  x,  y,  and  x?.     Similarly, 

r^  +  r,  =  2XQ; 
consequently  2rPX«  +  2XQY^  -k-  2XYvj,  ^  0  ; 

and  therefore  2t;, + 2 P.Y  -h  2Q  F  =  0, 

that  is,  V,  =  (2Y+X)  P  +  YQ, 

r,=  (2Z+Y)Q  +  ZP, 

r,---VP-Ya 
The  simple  identities  are  then  given  by 
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y    ,    z        2x  y         z 

oca  he 


V.  = 


■I  Z  X 

and    v,  = 1 

c        a 


X    ,    z        2y  z 

a        c         0  c 


x_ 
a  J 


(10)' 


2.  It  is  now  to  be  proved  that  when  s  <n,  unless  the  quaotics 

Wi ..,  w,  are  such  that  their  coefficients  are  connected  by  certain  rela- 
tions, there  are  no  simple  identities  except  those  of  the  type 

Any  term  *^  ...  i»^  is  said  to  be  derived  if  «i  ^jPi,  or  a,  >|?,  ... 
OTa,>p,,  where  s  is  a  given  integer  :f>  ?i  and  p^  ...p,  any  «  given 
integers ;  a  term  which  is  not  derived  is  called  arbitrary ;  'S,a  is  the 
order  of  the  above  term. 

R  2 
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It  is  easily  seen  that  the  number  of  arbitrary  terms  of  order  r  is 
the  coeflficient  of  af  in 

Oq,  Oi,  ...  are,  of  course,  positive  integers ;  if  «<  n,  the  series  is  infinite ; 
if  ^  =  n,  the  series  is  finite.     From  the  series 

(1-0^)-"  =  (ao+a,a-+...)(l-x'')''  ...  (l-as")"', 
it  follows  that,  if  Hr  denotes  the  coeflficient  of  x"  in  (1— a*)"", 

Kmt  (-• 

the  summation  on  the  right  being  continued  so  long  as  the  aaflixes 
are  non-negative. 

It  should  be  noticed  that  H^  <  a,,  and  that,  if  «  =  »,  there  are  no 
arbitrary  terms  of  order  higher  than  (;>,  — l)(pj— 1)  ...  (^p^ — 1). 

If  we  have  s  quantics  of  order  r  in  the  n  variables  ar^  ...  ar»,  we  can 
form  a  matrix ;  thus  the  first  row  consists  of  the  coeflBcients  of  the 
first  r**  in  any  assigned  order,  the  second  of  the  corresponding  co- 
eflficients  of  the  second  in  the  same  assigned  order,  and  so  on ;  i.e,, 
the  coeflficients  of  the  same  term  in  each  r*®  form  a  column  of  the 
matrix. 

Fi*om  any  quantic  w  of  order  p,  we  can  form  H^.p  derived  quantics 
«"*  ...  x^w^  by  taking  all  positive  integral  and  zero  values  of  a,  such 

that  2a  =  r—p.  Let  us  therefore  form  the  matrix  of  the  2  Sr.p 
derived  r***  of  ir,  ...  w,. 

Now  it  must  be  shown  that  in  general  not  every  -ff^— o^-rowed 
determinant  of  this  matrix  will  vanish.  To  prove  this  it  will  be 
sufficient  to  take 

—       Pi  -       Pm 

Wi  =  ajj'  ...  w,  =  X,'. 

Then  we  can  choose  as  Hr—a^  derived  quantics  the  H^—a^  derived 
tenns,  that  is,  the  distinct  terms  which  contain  a-^  or  a;,  ...  or  ajf.  In 
this  case,  we  see  that  in  each  row  there  is  one,  and  only  one,  term 
which  is  not  a  zero  coeflficient ;  and  no  column  can  contain  two  non- 
zero coeflficients,  so  that  the  matrix  will  contain  one  determinant  of 
order  Hr^ar  which  does  not  vanish. 

Unless,  then,  the  quantics  ir^  ...  w,  are  of  "special  form,"  not  all 
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jff^  — a^-rowed  determinants  of  tbe  matrix  will  vanish;  and  we  may 
assume  without  any  real  loss  of  generality  that,  in  particular,  the 
determinant  of  the  derived  terms  will  not  vanish. 

It  will  now  be  proved  that  all  H^—a^-fl -rowed  determinants  of 
the  matrix  do  vanish. 

We  may  assume  that,  h^  denoting  zero  or  some  positive  integer, 
not  all  H^— a^+fer-i'owed  determinants  vanish,  but  that  all 
fl^—a^-f  6^+1 -rowed  detenninants  do  vanish. 

It  follows  that  we  can  expi'ess  all  derived  terms,  and  a  certain  h^ 
arbitrary  teions,  in  terms  of  a^—hr  remaining  arbitrary  terms  and 
the  derived  quantics  of  w^ .,.  w,. 

Every  r**  can  therefoi'e  be  expressed  in  the  form 

whei-e  t\,..  V,  are  respectively  quantics  of  degree  r— p,  ...  r— ^„  and 
Pr  is  an  r*®  which  only  contains  the  above  Or—K  arbitrary  terms. 

Treating  i\  by  the  same  method,  we  see  that  it  can  be  expressed  in 
the  form 

where  ivi  is  of  degree  r—p^^p^,  and  P,..^^  only  contains  ar^p,  —  hr-^, 
arbiti'ary  terms :  proceeding  thus,  it  is  clear  that  every  r**^  can  be 
expressed  in  the  fonn 

whei*e  the  term  Pr^p^,  foi'  instance,  represents  a  qnantic  of  degree 
r^p^,  which  only  contains  cir~p^^K-p^  arbitrary  terms  and  no  derived 
terms. 

The  number  of  arbitrary  coefficients  in  the  above  form  cannot 
then  exceed 

Kmi 
Kmt  tmM 

It  is  said  that  the  number  of  arbitrary  coefficients  cannot  exceed  the 
above  limit,  rather  than  that  it  is  equal  to  it,  because  of  possible 
identities  of  the  form  (I.). 

Now  the  number  of  effective  arbitrary  constants  in  any  r**  is  IT^, 
so  that 


246 


Mr.  J.  E.  Campbell  on  the  Theory  of 


[Dec.  8, 


but 


Hr  =  ar-^  2  a,_- +...; 


therefore 


6,+  2fe..,,-h...  <0, 


an  inequality  which  (since  h,  is  a  positive  integer  or  zero)  can  only 
hold  when 

K  =  0. 


The  conclusions  that  we  draw  are,  firstly,  that  every  -HV— a,.+  l- 
rowed  determinant  of  the  matrix  of  s  non-special  quantics  does 
vanish,  and  that  therefore  the  derived  terms,  and  no  others,  can  be 
expressed  in  terms  of  the  arbitrary  terms  and  the  derived  quantics ; 
and,  secondly,  that  every  r**  can  be  expressed  in  one  definite  way 
only  in  the  form 

P.+'i'uvP,  ,,>...,  (II.) 


where  P^  ...  denote  quantics,  of  degree  equal  to  their  suffix,  and  only 
containing  arbitrary  terms  ;  and  consequently  there  can  be  no  identity 
of  this  form.  When  an  r^^  is  so  expi*essed,  it  is  said  to  be  in 
"  standard  form." 

It  is  now  required  to  investigate  the  form  of  s  quantics  r,  ...  v„ 
such  that 

r,tq  +  ...-fr,fr,  =  0.  (III.) 

Remembering  that  Vi..,i\  can  each  be  thi*own  into  standard  form, 
and  that  there  can  be  no  identical  relation  between  t£?i...tr,  and 
arbitrary  terms  of  the  form  (II. )»  ^^e  conclude  that  the  coefficients  of 
each  arbitrary  in  the  above  identity  must  be  zero.  The  problem  is 
therefore  really  reduced  to  finding  the  forms  of  s  rational  in- 
tegral functions  of  tt',  ...  w,^  such  that 

Now  any  rational  integral  function   of  u^  ...  u\  may  be  written  in 

the  form 

«-• 

t',  =  P,+W78Pn+...+«?.Pl,4-2   ?r*W?fPut-h...-ftt'jM78...M?,Pij...„ 

tm\ 

where  P^,,  for  instance,  denotes  a  rational  integral  function  of  w?i,  «?», 
and  iCt  only 
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Expressing    v,  ...r,    also  in  similar  forms,  we    deduce  from  the 
equation  (III.) 

P^=P,  =  P,  =  ...  =0, 

Paim  +  Pmh  =  0»        -Phtut  +  Pmht  +  Ptmh  =  0, 
•'^qmht  "T  -t^rnqht  H"  -t^trnhq  "K  ^hmqt  ^  ^' 

It  is  clear  that  in  the  P  functions  all  the  suffixes  except  the  first  may 
be  interchanged  without  altering  the  form  of  the  functions. 

In  case  of  equal  suffixes  the  equations  deduced  differ  slightly ;  thus, 
if  g  =m,    he  equations  last -written  would  be  replaced  by 

PihMht  +  -Ptmhm  +  -Phmmt  =  ^  ; 

and,  if  gr  =  m  =  ^,  by       P„,„,h„  +  Phmk,m  =  0 ; 

if,  finally,  ^  =  m,  by  Pmmmm  =  0. 

It  is  not  difficult  to  see  that  consequently   v^ ...  v,  may  be  written 
in  the  form 


(IV.) 


where 

but  except  for  this  restriction  the  Q's  are  any  functions  whatever 
of  Wi  ...  u;,. 

It  follows  that  the  only  simple  identities  are  of  the  form 

In  case  all  the  quantics  are  linear  fonns  in  a;,  ...  x„,  it  is  obvious 
that  the  system  is  non-special ;  in  fact,  we  lose  no  essential  generality 
in  taking  w^^x^  .,.  w,=:\t\,  in  which  it  has  been  shown  that  not  all 
if^  — a^-rowed  determinants  of  the  matrix  disappear. 

We  can  now  write  down  the  combinants  of  the  differential  ex- 
pressions/i  .../,  for  the  case  here  considered,  viz.,  when  n  <  «,  and 
the  quantics  w^  ...  w,  which  cori'espond  to  /i . . . /,  are  non-special. 
Since  the  only  quantics  which  now  generate  simple  identities  are 
iCi ...  ir„  we  see  that  in  (1)  r^^  =  tr»,  where  k  is  some  integer  >  8 
and  ^  h,  and  v„,k  =  —  v'h,  and  all  other  quantics  in  the  row  which 
contains  v^a  ai^d  v„,«  are  zero. 
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It  follows  that  the  operations  f^mh  and  ^^  in  (3)  which  correRpond 
to  these  are 

the  summation  being  for  all  non-negative  integral  valnes  of  /J, ...  /9., 
sach  that 


and 


-S-J4 


^,+...+-4. 


the  summation  being  for  such  values  of  a^  ...  ct„  that 

and  therefore  we  get  the  typical  form  of  combinant  for  non-special 
cases  to  be 


3/» 


*i +  ...  +  «„ 


%_^  a/c    dP'_^z^^^ 


We  can  easily  verify  the  fundamental  property  of  this  combinant, 
that  all  partial  derivatives  of  order  p^  -hph  disappear  from  it,  for  the 
derivatives  -ai+pi...a,4+pn  appear  under  each  summation  with  the 
coefficient 

a,  ...  a,j  P|...pn 

and  consequently  the  terms  cancel. 


8.  From  the  s  differential  equations  f^=0  ...  f,  =  0  respectively  of 
orders  Pi  ... p„  we  obtain,  to  determine  the  differential  coefficients 
of  the  r^  order,  the  system  of  equations 


(Za-"'  ...  dxy 


=  0, 


where  all  zero  and  positive  integral  values  of  Qj  ...  a,,  ai*e  to  be  taken, 
such  that 

^a  =  r—p^, 

and  #c  is  to  have  any  value  from  1  up  to  *  inclusive. 

After  r  attains  a  certain  value  there  will  be  more  equations  of  this 
system  than  there  are  differential  coefficients  of  the  r^  order ;  so  that 
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-we  can  eliminate  the  coeflficients  of  the  r'**  order,  and  o'btain  a  reduced 
system  of  equations  not  containing  any  coefficients  of  order  higher 
than  r— 1.  The  system  of  the  r^^  order  may  then  be  divided  into  two 
parts  :  the  first  will  not  contain  more  equations  than  are  sufficient  to 
determine  the  coefficients  of  the  r***  order  in  terms  of  coefficients  of 
lower  order  (and  it  may  not  contain  so  many) — it  will  be  convenient 
to  speak  of  these  equations  as  the  effective  ones  of  the  r'**  order ;  the 
second  part  will  consist  of  reduced  equations  not  containing  coefficients 
of  the  1^  order.  The  system  of  the  r^  order  will  then  contain 
effective  and  reduced  equations ;  the  reduced  equations  of  the  r^ 
order  may  of  course  be  effective  in  determining  coefficients  of  the 
(r—l)"*  orders.  It  is  now  necessary  to  examine  the  forms  of  these 
reduced  equations. 

The  highest  differential  coefficients  which  occur  in    •'* 

•     fu         ^  da.f^  ...  c/a.^ 

occur  in  the  part  * 


s«. 


K 


where  the  summation  is  to  be  taken  for  all  positive  integral  and  zero 
values  of  Z„  Z, ...  Z„,  such  that 

p^  being  the  order  of  the  highest  derivative  in  /«.     They  occur  linearly. 

For  2     5     X ^^  =  0,  (11) 

where    X  is   some  function  of  x.x,...x^Zy  and  differential  co- 

efficients  of  oi*der  not  exceeding  jp^,  and  where  the  summations  cover 
all  non-negative  integral  values  of  aj ...  a„,  for  which  2a  =  r— jp^,  and 
all  integral  values  of  k  from  i  to  s  inclusive,  to  be  free  from  differ- 
ential coefficients  of  order  exceeding  r— 1,  and  so  to  be  an  equation 
of  the  reduced  system,  it  is  then  necessary  and  sufficient  that 

vanish  identically,  where  the  summations  for  l^l^  ...  l»,  for  a^a^ ...  «„, 
and  for  #c  are  as  explained  above.  And  this  sum  will  vanish 
identically  if,  and  only  if,  the  sum 


5      5    -X„,^.,..^     S     ^a..^^./»...^.^.^ 
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where  ^„  ^, ..:  ^„  are  any  diatinct  quantitieB  or    symbols,  vanisbflB 
identically ;  i.e.,  if 

vanishes  identically. 

Nowhere,  for  any  ic,     S     A..,^    »  ^*f^  -C"  «  what  we  have 
earlier  defined  as  the  qnantic  which  corresponds  to  the  operation 


1 


and  ''^s'V^/t^      iti»      ^•''''' 

is  what  we  have  defined  as  the  qu  antic  which  corresponds  to/,t. 

We  have,  then,  established  that,  if  r„  r, ...  t\  be  the  qnantics  which 
correspond  to  the  8  operations 

2      A,,     ^- (ic  =  l,2...  «), 

and  if  w,,  w^  ...  w,he  the  qnantics  which  correspond  to  /j,/,  .../,  re- 
spectively, what  is  necessary  and  sufficient  that  (11)  may  be  an 
equation  of  the  reduced  system  is  that 

t'l  w\  +  f ,  Wi  -f- . , .  +  V,  tv,  ^  0. 

Here  t^i,  ?rj ...  w,  are  definitely  given  qnantics.  We  apply  then  the 
conclusion  of  §  1,  and  are  enabled  to  state  that  every  t?n  must  be  of 
the  form 

\fici  +  X5r^+...+X,„tV^     (k  =  1,  2  ...  «), 

where  t;„,  r,,   ...  r.,. 


are  the  m  sets  of  qnantics  which  occur  in  the  simple  identities  of 
tc\,  w\  ...  w,;  and  where  ^i,  A,  ...  X^  are  of  orders  r—pi,  r—p^ ...  r—p^. 
We  proceed  to  apply   this    conclusion    to   the  supposed  reduced 
equation  (11). 
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If  we  write  it 

then  ^,t  (k  =  1 ,  2  . . .  «)  is  the  operation   to    which  corresponds  the 

quantic  v^,  i.e.,  is  the  result  of  replacing  ^,,  f,  ...  ^„  by  -— ,  -r-  ...  — 

dxi    ax  J       dXf^ 

in  that  quantic.     Now  let  ^„  (k-  =  1,  2  ...  ,» ;  v  =  1,  2  ...  m)  be  the 

operations  to  which  correspond  in  like  manner  the  quantics  v^^,  and 

let  /ii,  /i,  ...  /i^  be  the  operations  to  which  correspond  the  quantics 

Xj  ...  A^.     What  we  have  learned  is  that   ^,t  is  the  result  of  omitting 

from 

all  operations  of  differentiation  of  lower  oi*der  than  the  highest  which 
occur,  i.e.,  than  order  r— j9«.* 

Consequently  (11)  differs  from 

«■•  Km$  K.t 

only  by  terms  which  have  for  factors  derivatives 

^ai+  ..+a 


daj«»  ...  (ia;^ 


(K=l,2.../r), 


for  which  c4-fa,+  ...  -f  a„  <  r— j9«,  i.e.,  by  terms  whose  vanishing  is  a 
result  of  the  vanishing  of  total  derivatives  of/,,/, .../,  which  are  not 
of  high  enough  order  to  involve  partial  derivatives  of  z  with  regard 
to  «,,  a;,  ...  «„  of  order  exceeding  r  — 1 ;  that  is,  all  reduced  equations 
of  the  r^  order  [since  (11)  was  the  general  form  of  such  equations] 
can  be  obtained  by  differentiation  of  the  combinants,  and  by  the 
addition  of  total  derivatives  of  /i,/j  .../,  which  are  not  of  high 
enough  order  to  involve  partial  derivatives  of  z  with  regard  to 
Xi,  x^  ...  aj„  of  order  exceeding  r  — 1. 

Now  suppose  that  all  the  combinants  are  satisfied ;  then  there  will 
be  no  reduced  equations  of  the  r^^  order  ;  and,  proceeding  similarly 
with  the  equations  of  the  (r—  1)'^  and  lower  orders,  we  see  that  there 
are  none  except  the  effective  ones.  The  number  of  effective  equa- 
tions is  never  greater  than  is  sufficient  to  determine  the  coefficients, 


*  In  the  actual  r^,  Aitvi,  \«Vk-2j  &c.  are  mere  algebraical  products  ;  whereas  the 
operator  fi,  4>ki  Ih  the  sum  of  such  an  algebraic  product  and  other  parts  resulting 
from  operations  of  ^i,  on  the  coef&cients  of  symbols  of  differentiation  in  ^xi. 


252 


Mr.  J.  E.  Campbell  on  the  Theory  of  [Dec.  8, 


so  that  in  this  case  the  system  must  be  integrable ;  and  hj  subtract- 
ing the  number  of  effective  equations  of  any  order  from  the  number 
of  differential  coefficients  of  that  order  we  measure  the  generality  of 
the  common  solution  possible. 


4.  It  is  required  to  find  the  form  of  the  most  general  differential 
equation 

p  /du     du    du\  __  Q 

^  dx     dy    dz  I 


such  that 
and 


(du     du    3t*^ 
F  =  Q 


dx' 


may  have  common  solutions  involving  two  arbitrary  functions. 

AVe  have  wherewith  to  determine  the  derivatives  of  the  second  order 


a..;'     dy'     az' 


dF 
dx 


=  0,    f  =0, 
dy 


dF 

dz 


=  0; 


F  must  therefore  be  of  such  form  that  it  is  not  possible  to  deduce 
any  equation  of  the  second  oixler  independent,  algebraically,  of  these 
four ;  it  follows  that  the  firat  combinant  of  F  and  v'**  must  vanish 
identically  by  aid  of  F  =  0  and  these  four  equations.  It  will  lighten 
the  labour  of  determining  J^  if  we  use  the  following  notation 


3m  __  . 


du 


with  similar  expressions  for 


3-« 


du 


=  K 


CZ 


d^u 
Sydz 


=  v 


xcz 


d'F    _ 
dKcdK 


F., 


Since  there  are  only  two  equations  F  —  0  and  v*u  =  0,  and  the 
quantics  which  correspond  to  these  are  respectively  a  line,  and 
^  +  ^-f-f^,  and  the  latter  does  not  break  into  factors,  we  see  that 
the  only  combinant  is 
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Now 


^lif^i  +  A^^j  +  ^3#c-^8» 


8o  that,  remembering  that  derivatives  higher  than  the  second  dis- 
appear identically  from  the  combinant,  we  obtain  without  much 
labour  that  the  combinant  is 

F»  (X!,+X:.  +  4)  + ...  +2F„  {X„X„+A„  (A«+A„)}  ; 

then,  from  the  fact  that 

dF_dF_dF_Q 
dxi      dXf      dx^ 

we  have  X„  Fi  +  X^F, -f  A^f^  =  0  ' 

X,,F,  +  A«F,  +  A«i<;  =  0  ■.  (14) 

If  now  we  write      X^  =  a,     ^54  =  h,     A„  =  c, 

and  employ  the  notation  usual  in  the  theory  of  conies,  we  have  (since 
a  +  fe  +  c  =  0)  as  combinant 

-(B-fO)F„-(C+^)F„-(^-hB)F„-f2(7JffF„+2FHF„4-2F(?F,,. 

From  (14)  we  deduce 

^1  =  z«  =  z. 

OH      FH      FG ' 
since  the  discriminant 

ahc-^2fgh-af—hg^'-ch*  =  0, 


and 


J.     ^__FH      OH 


for  the  same  reason,  so  that,  finally,  the  combinant  takes  the  simple 
form 

{Fl^-r,)F,,^~{Fl-\-F\)F^-^{F^,^F\)F,, 

=  2F,F,F„+2F,F,F„+2FiF,F„, 

that  is,  when  F  =  0  is  looked  on  as  a  surface  in  space  whose  co- 
ordinates are  Xj,  X„  X„  it  has  the  sum  of  its  principal  curvatures, 
everywhere  zero,  that  is,  is  a  minimum  surface. 
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We  may  verify  this  result,  and  at  the  same  time  see  how  to  obtain 
particular  classes  of  solutions  of  the  equation 

V*tt  =0 
in  the  following  method. 

Let  z=f{x,y) 

be  any  solution  whatever  of  the  equation 

(1+y)  *+(l  +  3')r-2/>g*=  0, 
that  is,  any  minimum  surface.     It  is  well  known  that 
u  =  (Mj4-6y+/  (a,  li)  2?  +  ^  (a,  6), 

where  we  consider  x^  y,  and  z  as  independent  variables,  and  ^  (a,  h)  is 
any  arbitrary  function  of  a  and  &,  and  a  and  b  are  given  by 

r  =  0'  1^  =  0. 

oa  oh 


is  the  general  integral  of 


We  wish  to  find  the  form  of  <^  in  order  that  this  may  be  an  integral  of 

V»M  =  0. 


Letuswrite  g  =  ^',    iL^H',   ^^  =  F. 


3a' 


dadh 


96' 


3a 
3u 
96 


=  0  is  then 


-%  =  0i8 


aa'  8086  96' 

9o         '96  '9a  '96 

»  +  F«+P=0, 

2/  +  Qi  +  <3  =  0. 


1898.]         Simultaneous  Partial  Differential  Equations.  255 

Differentiating  these  two  equations  with  respect  to  x,  y,  z,  we  get 

ex  Ox 

(^^'+^)  |^  +  (zff  +  J?)  1^  =  0, 
Gy  Gy 

F^(zA'+A)^^  +  {zR'  -hJET)  |^=  0, 

oz  oz 

1  +  (zB'+B)  1^  +  {zK  +  fl)  |l  =  0, 
oy  Oy 

(zB'-rB)  p.+  (zH'  +  H)^=0, 

cx  ox 

Q'+izR+B)  ^  +  (zH'  +  n)^  =  0. 

OZ  Oz 


Now 


ca;  Oy  dj5 


so  that  V-w  =  0,  if,  and  only  if, 


OX      oy  oz  Oz 


Solving 

the  firet 

six  equations,  we  ohtain 

da 

dx~ 

ZB-  +  B 
D      ' 

86 
by- 

zA'+A 
I)      ' 

da 
dz 

F(zB'+B)-Q'{zH'+n) 
D 

db  Q:(zA'+A)-F(zH'+H) 

dz  1> 

whei-e     P  =  s'  (A'B'-TP)  +z  (AB'  +  BA'-2Hir)  +AB-H\ 

and  we  at  once  deduce 

.-  {-4'  (1  +  Q")  +B' (1 +P^) -2irFQ'} 

-»- 4  (1  + G'')  +  B  (1  +  P^)  -  2HP'Q' =  0 ; 
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but  the  coefficient  of  z  vanishes,  from  the  definition  of  /,  and  we  see 
that  ^  must  satisfy  the  equation 

Knowing  now  the  foi*m  of  /,  and  choosing  ^    so  as  to  satisfy  the 
above  equation,  we  see  that 

tt  =  aaj+6y+/(a,  h)z-h<l>  (a,  b) 

will  be  a  solution  of  Vm  =  0,  provided  that  we  choose  a  and  6  so  as 
to  satisfy 

da  ob 

5.  In  the  Messenger  of  Mathematics  (November,  1897,  p.  100), 
Prof.  Forsyth  proves,  amongst  other  theorems,  that,  if  p^,  |j„  p^^  p^ 
denote  four  arbitrary  functions  of  n  subject  to  the  single  condition 

and  if  u  be  determined  as  a  function  of  a?,,  a*,,  a»„  x^  by  the  equation 

au  =  Xip^-^  a-2  JP2  +  a-,^,  +  x^p^, 

where  a  is  a  constant,  then,  if  v  denote  any  arbitrary  function  of  «,  it 
satisfies  the  equation 


■J     '     :S    2     '     :>    2  "^  '>    2  ' 


dx^      dx 


d/. 


and  also  the  equation 


(a^)'-(e^r-(|)'-(|)"=»- 

Now,  it  is  very  easily  verified  that  u  not  only  satisfies  the  above 
two  equations,  but  also  the  equation 

ox^  ^cx^         dic,  ^Cic,'         ox^ox^  ^da;/  ^da*,' 

and  five  others  of  the  same  type.  The  question  is  thus  suggested 
whether  these  six  are  mere  consequences  of  the  first  two ;  it  will  be 
found  that,  though  consistent  with  them,  as  of  course  they  must  be, 
they  are  not  necessary  consequences.     The  system 


UXi^ 
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r*u  =  0,  and  the  combinant  of  these  two  will,  however,  be  proved  to 
form  a  complete  system  whose  common  solntions  involve  four 
arbitrary  functions  of  one  argument. 

Let  us  write 

^— —  ^i ...  ^-j  — 'S^i'     ^    ^  — ^i^i^uJ 

OXi  Oajj  OXiuac^ 

the  equations  which  we  have  to  consider  are 

/,  =  Oji  X,  +  o^  Xj -h  fl^X, -I- a44  X^  =  0. 
Forming  the  combinant  (here  there  is  obviously  only  one) 

^  dx^  ax  J 

-2(x.A  +  ...  +  X,A)(«„A:4-...+a,x:), 

we  get  ^  (^aj,  -hXjaJj+XjaJg-hXjaJj 

.  x2  /x2  2  ,  xS  2  I  \2  2  ,  v2  2  \ 

-t-X,  (Xia,i-hX,a„  +  X,a„+X^ajj; 

,  \2   /v2  2  ,  x2  2  ,  \2  2   ,  v2  2  V 
+  ^  (\««l  +  \««2  + Vm  +  ^4«J 

Differentiating/,  =  0  with  respect  to  a?! ...  aj^,  we  get 

OjiXj  +  OaXj+a^Xj  +  aj^X^  =  0 
a,,  Xj  +  ciajX^  +  OwXj  4- aj4X^  =  0 
a^Xi  +  a^jXj  +  a^jXj+a^iX^  =  Oy 

If  now  we  write  chj+a^— 20^  =  6,„ 

<^i+«88— 2aj5  =  6,8, 

0,1+044—20,4  =  6,4, 

«JI  +  «44~2a,4  =  6j4, 

ajj+a44 — 2a84  =:  634. 

(Notice  Prof.  Forsyth's  solutions  require  all  the  6*8  to  vanish.) 
VOL.  XXXI.— NO.  695.  s 


(15) 
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The  above  four  equations  take  the  simpler  form  (by  aid  of  />  =  0 
and  /,  =  0) 

h„K+b„K+buK  =  o\ 
hX  +  b^K+buK  =  0\ 

buK+KK+buK  =  o^ 


(16) 


which  equations  may  also  be  wiitten  in  the  form 


(17) 


Expressing  all  such  terms  as  2ai,  in  the  equivalent  form  «u  + 0^,-6,., 
we  see  [by  aid  of  /j  =  0,  /,  =  0  and  (16)]  that  the  combinant 
which  is 

-SAjaJi  +  SX'x's  («!!  +  ««- W 

^2\?a;,-f2aJ,X'J(X;  +  A',+X^+X'i)+22Xjx:a,ia« 

-22a„X,(Xj?>,3+Xj6,g4-X*fe,J  +  2XjX36jj 

may  be  written  SX^X^ftj^.  (18) 

The  combinant  can  also  be  thrown  into  the  form 

iKK+KKKb»+b^-h,-h,,y+(\i>:,+xl\\)(b„+b^-b„-b,,y 

+(\'X+KKKb«+bu-b„-b^y.  (18)' 

To  pix>ve  the  identity  of  these  two  expressions  (18)  and  (18)'  winte 
X  =  fe.„     y  =  b^,.     z=  fe„, 
and  let  us  write  for  sake  of  brevity 

a  =  XjX,4-X,X*,     b  =  XjX^-fX^X^,     c  =  xjx^  +  xjxj ; 
then  the  expression  (18)'  is  equal  to 

^W      XgX^ 
by  aid  of  (17)  ;  but         (4  +   ^  -f  -'.X  =  0, 

*  A.  A-  A_ ' 


K 
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by  the  first  of  equations  (17) ;  therefore  (18)'  may  be  written  in  the 
form 

(bc  +  ca  +  o^  («-'^^+VA!x:+«'X;x:),  (18)" 

and  this,  by  (17), 

that  is,  the  equations  obtained   by  equating  (18)  and  (18)'  to  zero 
are  equivalent. 

We  must  now  prove  that  the  system /j  =  0,  /,  =  0,  and  (/i/,)  =  0 
is  complete ;  and  first  we  shall  prove  that  the  combinant  [/,  (/i/,)] 
is  satisfied. 


Notice  that 


where 


(19) 


^liK 


d'u 


-7-  A.i\jX^; 


therefore    (x,  £- +A,  A+x.£^+x,|-)  a». 

the  other  terms  disappearing  by  (15). 

Forming  the  combinant  of  a^^  and/,,  we  get 

=  2  (\aiKai^  +  \a2Ka2H-\'\azK(hh+\0'iKa4h)- 
If,  then,  we  form  the  combinant  of  Ou  +  Om^^w""^  with/,,  we  get 
5  K  (a*tia*ti  +  aK3<»ic4— «*ti«ic3— a^a^^). 

IC.l 

Expressing  every  term  2a, j  in  this  in  its  equivalent  form  On+Ojj— ^u 
as  before,  and  using  (17)  to  reduce  this  expression  into  terms  in  &„, 
6,„  b„  only,  we  see  that  it  vanishes  identically ;  but 

therefore  the  combinant  of  the  latter  with  /j  is  satisfied. 

8  2 
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It  follows  that  the  combinant  of  (&i]+^s4~~^ii~^m)'  with/i  is  also 
satisfied. 

Notice  now  that  2  A^  ---  annihilates  any  function  of  X|,  A,,  X^  \ 

only,  since,  in  operating  on  snch  a  function,  the  coefficient  of  -r —  is 

A,  ttu  4-  A,  Ojic + X,aa« + \a^^, 

which  is  zero,  by  (15).  Using  these  results,  we  see  that  the  combinant 
of /j  with  (/i/i)  is  satisfied. 

We  must  now  prove  that  the  combinant  [/,  (/i/j)]  is  satisfied;  when 
this  is  done,  we  can  say  that  /,  =  0,  /,  =  0  and  (/i/i)  =  0  form  a 
complete  system. 

Instead  of  directly  proving  this,  it  will  be  sufficient  to  prove  that 
the  combinant  of  (/i/s)  with  ^,  is  satisfied,  where  ^  =  0  is  any 
expression  of  the  form 

ft,!  . . .  f«,4  being  any  functions  which  do  not  contain  derivatives  of  the 
second  or  higher  orders,  ft  a  function  not  containing  derivatives  of 
the  first  or  higher  orders,  and  /i^  a  function  which  does  not  vanish 
identically  nor  contain  derivatives  higher  than  the  first  order. 

If,  then,  we  prove  that 

(/,/,)  =0    and    \>;6„+^Aj6„+Aj^6„  =  0, 

or  any  two  equations  algebraically  equivalent  with  these,  are  complete 
in  themselves,  that  is,  if  all  theii'  combinants  are  satisfied,  we  may 
conclude  that  /j  =  0,  /,  =  0,  and  (/i/j)  =  0  form  a  complete  system. 
Now,  from  (/i/,)  =  0,  in  its  form  (18)",  and 

AJxJ6m  +  ^3A'j6is  +  XJX^&„  =  0, 

we  deduce  by  algebraical  solution 

^18  _  ^81  _  ^» 

K  (\A,±A,A,)«      A[(Aj+A*i)«      A;  (KKT\,\y  ' 
Writing  aj  =  6„,     y  =  fe^,     2?  =  ftu, 

we  have  now  to  test  two  equations  of  the  forms 

X  =  ph, 

y  =  S''^* 
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p  and  q  being  homogeneons  functions  of  X,,  A,,  X,,  X^  of  zero  degree, 
and  connected  by  the  relation 

2>-f5  +  l=0. 
We  shall  now  prove  that  any  such  pair  of  equations  is  complete. 

The    quantics    which  correspond  respectively  to  x,  y,  and  z  are 
"?n  *^n  *^8>  where 

-■(^t)' ".-(M)'-=(t-t^)" 

and  we  proved  (p.  243)  that  there  were  two  simple  identities  in  this 
case  (10) 


=   (s 


X,        X,       X, 


A. 


«.  =  -=■  — 


There  are  therefore  two  combinants, 


„,f+f_«.  ...f-f 


and 

Using  (19),  we  see  that 

(  X7  d^  "  X7  ^j  ''*'  ""  «*«-a^3-a»,  (a„+a^-a«-a«). 

Expressing  all  terms  h  which  are  to  be  operated  upon  in  terms  of 
^Aif.j  w^e  verify  that  the  combinants  (as  we  expected)  do  not  contain 
derivatives  above  the  second  order,  and  ai*e,  in  fact,  the  first 

(^w-^ij) (K  +  &8«- K)  - 2  (aM-«if^  ^«>  (22) 

and  the  second 

-(««-^,)(^.+&a-2>„)+2  (a,s-a,,)  6„.  (23) 

If  then  we  write 


,  .       I     d         Id 

X   for  -^-  _--_  -^    , 

X,  rfar,       X,   dx^ 

^     ^^   X,  dit,      X  da?;' 
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wo  may  express  these  resalts  by  the  formnlsp 

y  (y-hx—z)  -»-2y'aj  =       (flij— ait)(y+««'--^)— 2  (a^—thd  ''      (24) 
y  (j-  +  y-z)-h2jj'y  =  -  (aa-a,,)(.v+^-r)+2(a„«a„)y.       (25) 

Now  {(l-q)y-qx}  (a:^^z)-^{(l^p)x--py']  {y^fz) 

iM  easily  seen  to  be  the  only  combinant  of  x^j^z  and  y—fz^  and,  ex- 
panding it,  we  get 

(l-3)y«-(i-3)i»V--?"+2P*'-+(i— i>)«y 

+  .{py-(l-p)yj9«. 
Thi»  last  two  terms  taken  together  are 

^  [q  (x-^y')p'+p(x+y')q'^yy^xq'] 

=  ^  {^qp  {^'-^ylip-^q)  --pyp-'^q^'q]^ 

which  becjonies   (since  j[>  +  9  =  — 1.  a  constant  and  therefoiie  anni- 
hi  lilted  by  x+y) 

--2z{pyp-\-qxq)% 

the  other  t«rms  reduce  (using  the  fact  p-\-q  =1)  to 

-p{y{x'ty-z)^2x'y]-q{x{x'\'y-z)-\-2y'x}, 

UMing  (24)  and  (25)  and  remembering  that 

X  =  jp'r,     y  =  g*r, 

we  stH»  that  these  terms  all  disappear. 

We   have   now   only   to   prove   that    pyp-k-q^'q   or     ipy'^q^*)  p 
vanishes.     First,  we  shall  prove  that 

this  is  to  pi\)ve  that 

\  X,  rfjr.       A,   dj-,       Aj    djTj/   X, 

that  is  to  prove  that 

— ai8+a»— i?  (^n-Oii)-q  («»— fla)  =  0. 
The  expression  on  the  left  may  be  written 
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which  vanishes  when  we  put 

Similarly,  we  may  prove  that 

{py'-qx)  -7^  =  0, 

x*+x*+x'  X 

and therefoi^eijy'—g'aj' annihilates     '       \      »,  and  therefore    -^;  that 

Xj  X, 

is,  py^qx  annihilates  any  homogeneous  function  of  X,,  X„  X,,  X^  which 

is  of  zero  degree,  so  that 

{py-qx)pz=:0. 

We  have  seen  that 

{(i-S')y -?•»'}  (•^-y«)+{(i-i?)aj'-iM/'}  iy-q^z) 

is  the  combinant  of  x—ph  and  y—c^z^  and  we  have  now  proved  that 
it  is  satisfied. 

The  system  /j  =  0,  /,  =  0,  and  (/,/j)  =  0  is  now  proved  to  be 
complete,  and,  as  we  have  two  equations  of  the  second  order  and  one 
of  the  first  in  foar  independent  variables,  the  formula 

(l-.a,*)»(l_^)i(l_a;)-*  =  (l+a;)»(l~aj)-»  =  l  +  3a;  +  4»*+4aj»+... 

shows  us  that  foar  derivatives  of  any  order  above  the  first  are 
arbitrary ;  we  could  take  these  to  be 

3a;[     "bxfix^       Oa^jda^j"  vx^x^ 

so  that  the  most  general  common  solution  could  be  taken  to  be 

u  =  ao  +  a5a;,-hajaj,  +  a4a;4+... , 

a  series  in  powers  of  x^  x^,  x^^  the  coefficients  being  functions  of  ;r„ 
the  first  four  arbitrary  and  the  remaining  ones  given  in  terms  of 
these. 
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X^iv^  of  the  Spherical  Harmonic  Pjj*  (ft)  considered  as  a  Function 
o/h.  By  H.  M.  Macdonald.  Bead  May  llUi,  1899.  Re- 
ivived^  with  additional  note^  December  let,  1899. 

t>\n*  tho  solution  of  potential  and  other  allied  problems  for  a 
n^viiiv  Inmndeil  by  two  concentric  spheres,  or  by  two  sorfaces 
diff«kriii>;  but  sHpfhtly  from  them,  the  solutions  of  Laplace*8  equation 
whioh  aw  ixniuii'ed  are 

wh^iv  m  and  n  are  integers,  and  /i  is  real,  such  that  l>/i>  — 1. 
Wht^u  tho  space  is  that  bounded  by  two  coaxal  cones,  the  solutions 
\vf  l^aplaiH^V  iHiuation  which  are  reqnired  are 

xirh^iv  A^Pn"^  (/i)-|-B»P*  (ft)  vanishes  for  each  of  the  two  values  of 
^  \^hioh  lH»long  to  the  surfaces  of  the  cones  ;*  to  find  all  thesolntions 
whioh  i^n  iK*cur,  it  is  necessary  to  find  all  the  values  of  n  for  which 
Ih^  aWvo  iH)nditious  are  satisfied.  In  particular,  when  the  space  is 
Ihal  iHUUidiHi  by  one  cone,  the  solutions  required  are 

and  all  the  values  of  n  have  to  be  found  which  make  P'"*  (ji)  vanish, 
wWi  fk  =  fS*  Among  other  physical  applications  of  the  zeroes  of 
•ac^k  a  function  may  be  mentioned  the  case  of  the  free  vibrations 
af  a  apherical  layer  of  air  bounded  by  a  small  circle  on  the  8phere,t 
aad  th«»  case  of  a  spherical  condenser  bounded  in  the  same  way.^  In 
%W  following  the  values  of  n  for  which  Pj  0*)  vanishes,  when 
^m  f^^  where  /i©  is  a  real  quantity  and  1  >/!,,>  —  1,  m  being  real,  are 
jiawaed ;  the  method  could  be  easily  extended  to  the  discussion  of 


•  nomBon  and  Tait,  Xatural  Philoiophy^  Vol.  i.,  Part  i.,  p.  196. 

t  Rayloigh,  Theory  of  Sou  fid,  Vol.  n.,  p.  259. 

J  Linnor,  Froc.  Lond.  Math.Soc.^  Vol.  xxv.,  p.  133. 
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the  values  of  n  for  which 

^.PTw+B.proi)  or  ^.p:(^)+i?.Q:(/i) 

vanishes  for  two  given  real  values  of  /li  lying  between  —1  and  1,  but 
its  applications  are  of  minor  importance  compared  with  those  of  the 
case  discussed.  The  notation  used  throughout  is  that  of  Hobson, 
Phil  Trans,,  1896. 

In  §  1  the  reality  of  the  zeroes  of  P.^**  (/i),  m  being  a  real  positive 
quantity,  is  demonstrated.  A  formula  suitable  for  calculating  the 
zeroes  when  cos"  V  is  not  near  to  0  or  t  is  given  in  §  2,  and  a  suitable 
formula  when  cos"*  ft  is  near  to  0  is  given  in  §  3,  and  when  cos"'  /n  is 
near  to  ir,  m  not  being  an  integer,  in  §  4.  The  form  of  QT  (a*)  when  m 
is  an  integer  is  discussed  in  §  5,  and  a  formula  for  the  zeroes  of  P,7*"(/u) 
when  cos"' ft  is  near  to  ir,  w  being  an  integer,  is  given  in  §  6.  It  is 
shown  in  §  7  that  the  zeroes  diminish  as  cos"' fi increases  from  0  to  «-. 
A  short  discussion  of  the  zeroes  of  PIT  (fi)  is  given  in  §  8, 

1.  All  the  Zeroes  of  P^"*  (jjl^  are  Real  when  m  and  /i,  are  Real  and 
m  is  Positive. 

The  function  PJ***  (ft)  is  that  solution  of  the  differential  equation 

which  vanishes  when  ft  =  1,  m  being  a  real  positive  quantity. 
Let  P^'"*  (fi)  be  the  corresponding  solution  of 

then   |- [(i-/«')(y'^^ -yZ)]  +(«-»')(«+« +i)yy'  =  0 ; 

therefore 

=  a-K)(p.-f-"-p--f"^, 

hence,  if  n  and  n  are  two  different  values  of  n  for  which  P^"*  (/u^) 
vanishes,  .| 
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unless  n-fw'-fl  vanishes,  which  possibility  can  be  excluded  by  the 
consideration  that  only  zeroes  with  real  part  positive  need  be  taken 
into  account,  as 

prw  =  p::-.(/'). 

Now,  if  P"*"  {fjL^  has  a  complex  zero  n,  it  has  a  conjugate  complex 
zero  n\  for  P,»***  (/i)  is  expressible  as  a  converging  power  series  in 
(1  — f«),  with  real  coefficients  so  long  as  |  1— m  |  <  2 ;  hence,  n  and  n 
being  conjugate  complex  zeroes  of  PJ"*  (ftp),  P,^'"(M)PJ'**(f«)  must  be  a 
real  positive  quantity  for  all  real  values  of  fx  such  that  1  >/li>  —  1 ; 
and  therefore 

rpr(,.)p:,"(^)<i/x 

J  Mo 

cannot  vanish  ;  hence  P,]"  "*  (/ip)  can  have  no  complex  zeroes,  that  is, 
all  its  zeroes  are  real.  The  above  argument  cannot  be  applied  to  the 
function  P||*  (/i),  inasmuch  as  it  does  not  converge  necessarily  when 
/i  =  —  1.  The  argument  applied  in  a  previous  paper  {Proceedings^ 
Vol.  XXIX.)  can  be  used  in  the  present  case,  and  shows  that  P,^"*  (/i) 
has  all  its  zeroes  real  as  above,  while  P,7  (/i)  has  an  infinite  number 
of  real  zeroes,  and,  in  addition,  at  most  2h  complex  zeroes,  where  h 
is  the  greatest  integer  contained  in  m. 

2.  Investigation  of  a  Formula  for  the  Zeroes  of  P,^"*  (/Iq). 
The  expression  for  P;;"'*  (cos  B)  convenient  for  use  when  n  is  large  is 

*P-*"(cos^) 


Vir  n(nf  i)  L  (2sine^)* 


,   12-4^  co8J(«-H)^-^-  2-| 
■^2.2n  +  3  (2  8inO)» 

■'"2.4.2«+3.2»  +  5  (28ititf)* 


+  .. 


] 


•  Hobson,  Phil,  Tram,,  1896,  p.  486. 


1899.]  Zeroes  of  a  Spherical  Harmonic.  267 

The  large  values  of  n  for  which  P^"*  (cos  0)  vanishes  are  given  by 

where  Xc  is  an  integer,  that  is,  by 


Put 


n+\  =  x,     ,J^(2/:+m-h-|)=aro; 


then,  for  all  positive  values  of  n  which  make  P^^ (cos  0)  vanish, 

(«— aJo)  ^  =  «A» 
where  ^  is  to  be  determined  from  the  relation 

tani/r 

l-4m«   sin  ^—  -Oj       (i_4^i)(3i_4^»)  sin(y-2^) 
_      2«(l-ha;)        2sin^        "^  "2^(1+ a?) (2 -ha?)  2  !     (28in^)'    "^'" 

,        l-4m'    ^^  \  2"  ""^/       (l-4m')(3»~4ni')  cos(y2^) 

2*(l-|-ar)        2sin«        ^  2*(l+aj)(2+a:)2 !     (2sin^)»     ■^•*' 

This  may  be  written 

tan  Or  =  -^  +      ^    -  + ^« +  -3—  + ^   -     . 

^^       l+x  ^  (1+^)*  ^  (l-ha;)(2+aj)  ^  (H-aj)»  ^  (l+a.)«(2+aj) 

^(l+x)(2+ar)(3+;c)^-' 
where  Ci=6j,    c,  =  — a,6„   rf,  =  5„    c,  =  ajft,,     (i,  =  —  a,6j  — ajft,, 
^8  =  ^8>    C4  =  —  a,  6„    d^  =  2a, a, 5,  +  a, 6„    e^  =  —  0,6,, 

/i  =  —  Oi&8-"<*8^1»  fl^4  =  ^4»       *^> 


and       Oj  = 


l-4m'  \  2        /       ^        l-4m*         \  2        / 


2  sin  a 


,     61  = 


2sin0 


^■-      2*(2sina)«2!      '''''^^     ^e^;,  *c. , 
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whence  tan  (x—x^)  0  =  Oj-f  a,  +  o,+a4+ ..., 

where  a,  =  ,  ^^    ,     a,  =  ^,  ^   ,.  +  -r= -J^r r- ,  Ac. 

Expanding  by  Lagrange's  theorem    and    neglecting  terms  of  the 

where  0*0  is  written  for  x  in  aj,  a„  ... ,  and  aj  denotes  3^ .     Sabstitnting 

ox^ 
for  C4,  Oj  their  values 


ic  =  a'o+ 


A_-L  ^1 


0(l+x,)      d(l+x,)(2-\-x,)      e(l+a^> 

a,b^-|-fl|6, 65 6i_ 


e(l+a-o)' (2+0-0)       «(I+a.o)(2+^o)(3+aJo)       »*a+'i»)' 
^«(l+aJo)*^    ^(l+a'o)'(2  +  a?o)        e{l-\-x,)\2-^x,y 

^o'li-^x^y    ^(i+^o)'(2+^o)  ^(1+^0)^2+^0)' 

The  negative  values  of  n  for  which  P^"*  (/u^)  vanishes  are  obtained 
from  the  above  by  changing  the  sign  of  the  right-hand  side,  as 

pr(M)  =  p:",(^). 

When  0  lies  between  ir/4  and  3ir/4  it  will  be  found  that  the  omission 

of  terms  of  order  — r^  and  higher  orders  at  most  affects  the  fifth 

(l+^o) 
decimal  place,  and  the  series  can  be  extended  so  as  to  approximate 
more  closely.  As  0  diminishes  to  0  or  increases  to  ir,  a  greater 
number  of  terms  must  be  taken  to  obtain  a  good  approximation,  and 
when  0  is  near  to  0  or  x  the  series  is  unsuitable ;  series  suitable  for 
these  cases  are  given  below. 
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3.  Zeroes  of  PJ**  {cos$)  when  6  is  a  small  quantity. 
From  the  expression  for  P,,'**  (ft), 

*    ^  '^       \l+/i/      t  n(n-r)n(m+r)n(r)  \    2    /' 

it   may  be   shown,  by   expanding    _  V^'*'^/    {^   powers   of  n    and 

n 

arranging  the  result  for  P^"*  (ji)  in  powers  of  2n8in-;r- ,  that 

prccofltf) 

(«cos-) 
-sin* |- {!-/.,.  («)-|J...  (x)+  |-/„,.  («)  } 

where  a;  =  2n  sin  -- . 

2 

#[For  ^fj!f^^{n^^^rn){^^^^ 
^  il\n  —  r)  ' 

where    (n'-l')(n«-2')  ...  {»»-(r-l)'}  =  n*-'+a"-" n*-«  +  ... ; 

r-l 

whence  oj""  =  —  5  «*, 

aj--"  =  -  s'«'aj-"',  4c., 
that  is, 

a"-"  =  -ir(r-l)(r-2)-ir(r-l), 

>,■.._.       n(r)         ,.      n(r)         .,     n(r)         .     n(r)         . 

*  Added  December  \%t,  1899. 
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'    ^'^^      U+/x/     t  n(i»+r)n(r)\    2    / 

[.    n(r)  nrr)         nir)_U''-' 

(  '  n  (r-4)  ^  '  il  (r-3)  ^  n  (r-2)  ) 
that  is  -P.^C/*) 

(2  \'"  •["  ^  /         x'\'  •         $  1  I  ^  \'~' 

^;;;;^j  ?Ln(^+r)n(r)l~4")  -"^"^'t  n(»»+r)n(r-r)l~Ty 

2  (  8    n(m  +  r)n(r-2j\      4/  2*.3  n(m"+r)n(r-3)  •      4/      ) 

_ .  ,^  (^       1       /_5!v"'-i/^v ^- i^^y^ 

®'^  2  I  2    n(m+r)n(r-2)  \      4/  M  2  /   n(m-f  r)n(r-3)  V      4  / 

^  \  2  /  n(m  +  r)n(r-4)  V       4  / 

+  sin*2  |tV(-2)   A'C^+OnCr-e)!""!/      "*^\2)   if(~7>i^n(r-"5)  V  ""  4  ) 

"^  '*""  V2  /  n(m+r)n(r-4)V      4/  M  2  /  n(m  +  r)n(r-3)  V      4/       J  J 

whence  the  result.] 

The  zeroes  of  P^"*  (eos^)  are  then  obtained  by  making  the  series 
on  the  right-hand  side  vanish.  When  B  is  very  small  the  zeroes  are 
given  by  the  zeix)es  of  /,„  {x)  ;  if  x^  is  one  of  these  zeroes,  the  corre- 
sponding zero  of  P^*"  (cos^)  is  given  by 

n  =  -f  cosec  -      or     w  =  -^  , 

2         2  e' 

and  for  small  values  of  0  this  value  of  n  is  a  first  approximation.     To 
obtain  a  fui*ther  approximation  the  values  of  the  Bessel  functions 


^y 
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which  occur,  and  of  their  differential  coefficients  when  /„»  (x)  =  0,  are 
required  ;  these  are  as  follows  : — 

Jm  (x)  =  0,     Ji.  (a?)  =  —  j;,.^i  (aj),     JZ  (x)  =  —  J«+,  (aj), 

X 

a;  V.  aj  J 

7'"  <■^^_  i  >»  +  2      (m  +  l){m  +  2)(m  +  B)'(  ,      ,  . 
J„,i(a;)  =  I  — ^ ^     ^    "^^ j  Jm,,  (a), 

J»..(<r)=  {  2  (-_+lK-+21(-+3)  _  2:^  J  j-„^,  (,), 
I-      ,  X       f  4(m4-l)(m+2)      ,  )  ^       .  v 

r     ^^\-  f3m  +  5       4,rm-fl)(m  +  2)(m+3)7  ^       ,. 
•^^i-sW—  I — ^^ ^^, ^  j  ,/«^i  (a;), 

r"    ^^N-  (4(m  +  l)(m  +  2)(m4-3)C77H-4) 
•^«.*.W-  I ^^^^ 

^^^^(^) ^  J 8(m-fl)(y2)(^-f3)  _ 40^  j  ^^^^^  ^^^^ 

8(m  +  l)(m  +  2)(m  +  3)(m+4))  j      ,  . 
r     /^^^-  J  1^  0n,  +  l)(m  +  2)(m  +  3)(m  +  4) 

r     «',^-56(»»l^-3)      32(r>t  +  2)(m+3)(w+4) 

-'-'^"^  -  I  -     X ? 

^32  (w  +  l)(m+2)(m+3)(«t+4)(m+5)  )  j^     ,. 
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To  make  J^  (aj)— sin  —  J,»+i  («)  —  ...  vanish,  assame 

B  ti  H  R 

X  =  aro+a,8m  — 4-a,8m'---  +a,sin'—  +048111*—+...  ; 

then  it  can   be  shown,   either  by  saocessive  approximation,  or  by 
applying  Lagrange's  theorem,  that 

a.  =  «l,     a.  =  -f  (l+il^),     a.  =  0, 

_  __  17z^      592m«+40»^-13     48m* + 648am,' +28400m^  7720    . 
"^^ "      360  ■*■  ISOco  360^  "' 

4.  Zeroes  of  P,^*"  (/n)  tr/i«*  ir  —  0  is  Small  and  m  is  not  an  Integer. 

To  obtain  a  suitable  formula  for  calculating  the  zeroes  in  this  case, 
it  is  convenient  to  expirees  P^^  (/a)  in  terms  of  functions  of  — /i. 
Fix)m  the  relation 

P**  /  -1-       \  xwwi  -riiM  /        ,        N  2sin(W+W)ir      -mwt^^m/       ,        V   ^ 

IT 

it  follows  that 

e* '""'  P:  (  -/I  -o.) + e'  ""••'  P."  (  -M + o.) 

=  e-"*»f-)p;  (;.+o,)+e""**'""-P:  (u-o.) 

_2  8m(,^+m),  ^^-.(.„,  Q:(^  +  „.)+e"-'Q:(M-oO}, 
that  is,  fi  being  real, 
e     P„(-/^)  =  e      cos(n  +  w)7r.P,  (/a) '    ^     '    e     Q- W  ; 

IT 

hence    K (-f)  =  cos  (»+m) r PT (^) -  2 8in(«+m)x ^  ^^^ 

IT 

From  the  relation 


*  Hobson,  Phil,  Tran*,,  1806,  p.  463. 
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it  follows  that  when  /i  is  real 

^r"  (^)  =  fTT^^T^s  ]  Pn  (/i)  cos  mir sin  mirQlT  (m)  ]  , 

11  (^?t  -<-  VI)    L  IT  J 

that  is, 

q:  (p)  =  ,^^  5  K  (m)  cos  mx-  Pi!^+!?-)  P;"  (m)  ]  . 
2  Sin  WIT  C  n(?i— m)  ) 

Hence 

K'  (— /*)  =  COS  (?i+m)  tP;;*  (/i) 

smmw-       C  n(n— wi)  ) 

The  zeix)es  of  P,7"*(^)  when  tt— ^  is  small  are  given  by 


tan  (71— m)  v  = 


where 
that  is,  by 


8in7?i7r.PJ"*  (/i') 
/i'  =  COS  (tt  — ^), 


sinmjT.P"*"  (m') 


n  =  iH  +  /:+  — tan"^  J  -— r 

IT  I  11  vn  —  w )  Tj"»  /   '\  T»-»»»  /   f\ 

I  fF7~^~(  ^n  (A'  )  -  COS  micP^    (fi  ) 


where  k  has  all  positive  integral  values  including  zero.  The  above 
can  be  expanded  by  Lagi'ange's  theorem ;  in  particular,  when 
w— ^  =  ^  is  very  small, 


M  =  m4-A:+  -  -  ta.n^  ]  „^      — ^^=77 — — ^  tan^"* 

T         cn(»-w)n(7/i) 

that  is, 

7i  ^  7u  +  Ar  + 


« 


sinmir 


}• 


U(2m-¥k) 


n(m)Uf,vi—l)  U(k) 


tan 


2m   <^ 


The  negative  zeroes  of  P„  *"  (fi)  ai-e  found,  as  before,  by  writing 
— n— 1  for  n.  When  m  is  an  integer  the  above  method  fails,  and  to 
obtain  an  expression  for  the  zeroes  it  is  necessary  to  express  QT  (/^) 
when  m  is  an  integer  in  a  suitable  form. 
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5.  Form  of  Q'^  (/a)  ivheti  vi  uf  an  Integer. 
Fi-om  the  relation  given  above 

q:  0.)  =  _Ji_  {  p:  (^)  cos m»-  5i!i±:!L)  p;-  (;,)  I . 

2  8inwir(.  n(>i— w)  ; 

it  follows  that 

n*^  f    \  ^         f  cosmir    /I  +  mN*"'^/  ,,    «  1— A*\ 

Qh(/^)=..  ;^,        .(,     '^      J?'(-«,  n  +  1,  1-m,  -^-1 

and  the  limiting  value  of  the  expression  on  the  right-hand  side  when 
m  is  an  integer  is  required.     This  may  be  written  in  the  form 

=  _5..  _  (eosm^r  /'1±1'V'"'2  H ( -n  +  v^- 1 .  H (n +  r)__     /l::J^y 

2sinmn-(  \l-,i/       u  Hf^w)  n  (-w-1)  n(r)  n{r-m)  V    2     / 

+        cosm,r^^__J      2  ff-(,,^n(-7.-l)n,i)n(r-m)l    2    ^ 

n(n-m)  li-h^/     0  n(w)n(-n-i)n(/)ii"o-4-m)  V  2"/  r 

where  *  is  the  greatest  integer  contained  in  m.     Hence 

=  i  { :; — - )     cos mw  2,   — i IL^     -„^   ^ =\  -^^ ^  I  --^- )  COB  rr 

Ml— ^/  0  n(7on(— n-1)  n(r)  \  2  / 

f  /Ijf^N*"^         n(-n-hrH-^-l)  nrn-hr-hg)         /I-  i\-- 

(  \i-^/    onoonc-n-i)ii(r^*;n(r-f-5-m)l  2   / 


2  win  7)1  /r 


_n(nH:m}  /Ijz^y^^ n(-?i4-r-l)n(n  +  r)  /i~i*y) 


275 


1899.]  Zeroes  of  a  Spherical  Harmonic. 

Proceeding  to  the  limit  when  m  =  *, 

__       sin nir cos  niv  / 1 4- /m\  ***  *U*  II(  — n-fr— l)n(n -fr)  11  fm  —  r- 
2r  V1-/I/        7  njr) 

X  (^-'^)'"  J'(-n+.«,  n+m+1,  1+m,  ^) 
.  n(n+m) /l-fi\»»      1      r./  .11.        l-ZiN) 

•    +n(^-m)(rT^)  nw^""'"""'  ■^'"'~^)r'"'"' 

+i  Icosm^  /l±ifV"s  n(-»+r+m-l)n(n+r+m)n» 
*C  U-M/      0  ri(.n)n(-«-l)n(r+m)n(r)n(r) 

x(¥)'" 

n(n-i-7M) /1--m\**"| n(—n-hr-fl)n(n-fr)n'(r+m) 

n(7i-m)\l+/x/      0  n(»)n(— n— l)n(r)n(r+m)II(r+m) 

I  {n—m)       n  (7t— tn)  11  (n— m)J   \l4-/x/ 

x2  n(-nH-r-H)n(n+r)  /l-^VKccm> 


[  n  (7*— m)       n  [n—m)  U  (n— m)J   \l4-/x/ 

5  n(-nH-r-fl)n(n+r) 

V  n(n)n(— n-l)n(r)n(r+m) 

therefore  Qn  (a*) 

=  iK(,).».Ai;+j{2nxo)-S:i^-|i===){i:0., 

_  Binnffcosnur  /1+m\*"  "f'  n  (-n+r— 1)  n(n+r)  n(TO— r— 1) 
2ir  \l->i/       V  n(r) 

T  2 


7  n{n)n(- 

-l-l.l  +  m.i-J') 
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,  f  /l  +  M\*"sn(-n+r+OT-l)n(»i+r+m)    . 

-qcos»..(j_^)    s n (^.jTi (-n-1) ff(r+^>onoo ^ 


'<(^-?r 


n(«  +  m)  /l-M'"  I  n(-n+r+l)n(n+r)  „ 

"n(w-m)  \l+/i/      0  n(n)n(-n-l)n(r+m;n(r)     ' 


Ci-')'} 


secmv. 


where  J,  =  2 -^     and     P,  =T-i-. 

1    A;  1     A; 

When  m  =  0  this  takes  the  form 

«      n(-n4-r-l)n(n4-r)      /l-^iX'^  . 
7n(n)n(-n-l)n(r)n(r)  V    2    /      •" 

6.  Zeroes  of  PJ"*  (/i)  it'^en  tt— ^  i«  Small  and  m  is  an  Integer. 

From  the  relation 

r»-»*/        \              /           \D-'"/\      2  sin  (n  —  m)  tr  ^m%  ,    v 
-Ph    (-/*)  =  cos  (n-m)vP,     (/x)- ^ ^—Q^  (a*), 

IT 

the  zeroes  of  P„"'  (f*)  when  w  — 6  is  small  are  given  by 

n/   ^     ,  Q«  (a* 0 -cos  (?i-w)  vP,    (ft )  =  0, 

where  f<'  =  cos  (tt— 6^), 

that  IS,  by  n  =  7m  +  A;+  —  tan     \  —) (    -^n.-    .r  -^  \  , 

where  k  has  all  positive  integral  values  including  zero.  As  before,  a 
series  for  n  may  be  obtained  by  expanding  the  above  by  Lagrange*R 
theorem.     WTien  ir— 6  =  <^  is  very  small,  and  m  is  different  from  zero, 

n  (m)  n  (7/1—1)  n  (A:)         2  ' 

as  before.     When  7/1  is  zero,  the  zeroes  of  P„  {ji)  are  g^ven  by 
n  =  A:  +  —  tan~*  J ^ -,  I , 
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tr—O  =  ^  being  very  small,  that  is,  by 


21og 


277 


7.  2%e  Zeroes  of  P„"*  (ja)  decrease  as  cos"*  (/*)  increases  from  0  to  tr. 

Let  V  be  a  zero  of  P^"*  (cos  0)  and  v-^^y  the  corresponding  zero  of 
P;"'{cos(d+^d)};  then 

-sin^9g-^U^4-^v^-^r^"^=Q> 
0/»  On 

Now,  from  §  1, 
(n'-n)  («+«'+!)  r  P.-  (,.)  P.-~  (ju)  dM 

=  (1-m')  { P.-  (m)  ^^^  -p;"  (/.)  ^-?^^  }  , 

therefore,  writing  n  =  v,  n'  =  v+^v, 

8v  (2.+ 1)  I'  {p;-  (m)  }»rf^  =  -  (1  -^')  ^^£W  ^^^8v, 
when  n  =  V,  that  is, 

8.  (2.'  +  l)£  (P:-  (m)}'dM  =  -  (1-m')»  (^^JtiySe  ; 

hence  -r-  is  negative  for  all  values  of  d  between  0  and  tt  ;  and  there- 
dy 

fore,  as  d  increases  from  0  to  ir,  any  zero  diminishes. 

8.  The  Zeroes  of  P^  (/i). 
An  infinity  of  real  zeroes  can  be  found,  as  in  §  2,  fi'om  the  expression 


KM 


y ^  il  (m + i)  \  (2  sin  (9)"*  /' 


where,  in  this  case,  in  the  series  for  n  +  ^  =  a;, 
^0  =  ^(2/^  +  2^-^+1), 
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§  beinf^  the  (greatest  integer  less  than  m,  and  k  having  all  poaitiYe 
inte^^l  valaes  including  zero;  the  corresponding  n^;atiYe  real 
zeroes  are  obtained  by  changing  the  sign  of  the  right-hand  side.  A 
formula  for  tlie  zeroes  when  0  is  small  can  be  obtained,  as  in  §  3,  by 
writing  ^m  for  m  in  the  expression  for  P~"  (/&)  in  terms  of  Bessel 
functions.  It  appears  that  when  6  is  small  TZ  (jm)  has  2f  oamplex 
zeroes,  nnlebs  m  is  an  integer,  when  §  is  the  greatest  integer  less 
than  m  ;  as  ^  increases  from  0  to  x  '2,  these  zeroes  become  real^  two 
at  a  time,  being  all  real  when  ^  =  x/2,  and,  as  $  increases  from  r/2 
to  IT,  they  reappear  as  complex  zeroes,  two  at  a  time,  being  all  com- 
plex when  $  differs  but  slightly  from  v.  A  formula  for  calcalating 
them  can  be  obtained  from  the  expression  for 

'-■■  WffF^,  (ij?)"'  (-»■  '^'- '—  ¥)• 

which  may  be  written 

\l-h^/       0  n(n-r)  U(r)  \     2    I 

/l-/u\*-|  n(n  +  r)cosnr  /l-^r 

VWtil       .   n(w-r)n(r-m)n(r)  \    2    /    ' 

when  VI  is  an  integer  this  has  I'eal  zeroes  given  by 

and  the  zeroes  continuous  with  these  can  be  obtained  in  a  similar 
manner  to  that  given  in  a  previous  paper.*  The  real  zeroes  when 
w—0  is  a  small  quantity  can  be  obtained,  as  above,  from  the  formula 

tan(nH-7^)ir  =  4  ^'^  ^'\ 
2    q:(^') 


*  Prooeedingtf  VoL  xzix.,  p.  583. 
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The  following  presents  were  made  to  the  Library  during  the 
Recess : — 

•*  Educational  Timea,"  July-October,  1899. 

*'  Indian  Engineering,"  Vol.  xxv.,  Nos.  20-25,  May  20- June  24  ;  Vol.  xxvi  , 
Noe.  1-11,  July  1-Sept.  9,  1899. 

Sprague,  T.  B. — '*0n  the  Eight  Queen  Problems,"  pamphlet;  Edinburgh, 
189  i-99. 

Jamin,  J. — **Cour8  de  Physique  de  I'Ecole  Polytechnique— Tables  gen^rales," 
8vo ;  Paris,  1891. 

Poincar6,  H. — **  Cincmatique  et  M^canismes  Potentiel  et  M6camque  des  Fluidef*," 
roy.  8vo;  Paris,  1899. 

Loreuz,  L. — **  (Euvres  Scientifiques,"  revues  et  annotees  par  H.  Valentiner, 
Tome  n.,  Ease.  1,  8yo  ;  Copenhagpie,  1899. 

**  Proceedings  of  the  American  Philosophical  Society,"  Vol.  xxxvni.,  No.  169 ; 
PhiUdelphia,  1899. 

"  Mathematical  Gazette,"  No.  17  ;  London,  1899. 

**  Annales  Scientifiques  de  TEcoleNormale  Sup^rieure — Table  desMaticres  (1864- 
1883)"  ;  Paris,  1899. 

**  Journal  de  Mathcmatiques  Puree  et  Appliquees  "  (Liouville,  G.  Jordan) ;  Paris, 
1897. 

**  American  Journal  of  Mathematics,"  Vol.  xxi.,  No.  4  ;  October,  1899. 

''Annals  of  Mathematics,"  Vol.  xii..  No.  6,  June,  1899  ;  Virg^inia. 

Mittag-Leffler«  G.  —  "  Sur  la  Representation  Analytique  d'une  Fonction 
Monog^e"  ("  ActaMathematica,"  Tome  xxm.). 

Huygens,  Ch.— "  (Euvres  Completes,"  Vol.  vra.,  4to  ;  La  Haye,  1899. 

'*L*Enseignement  Math^matique,"  No.  4  (July,  1899)  and  No.  6  (Septeml)er, 
1899). 

"Reciprocal  Polygons,"  by  Jamshedji  Edalji ;  Ahmedabad,  1898  (from  the 
Author). 

''Bourne's  Reciprocals"  ;  Liverpool,  1899. 

The  following,  bound  in  half  calf,  were  presented  by  Mr.  Tucker : — 

"  Philosophie  der  Arithmetik :  psychologische  und  logische  Untersuchungen," 
von  Dr.  E.  G.  Husserl,  Band  i. ;  Halle-Saale,  1891. 

"Lehrbuch  der  Algebra,"  von  Heinrich  Weber,  2te  Auflage,  Band  n. : 
Braunschweig,  1899. 

"Die  mathematischen  Elemente  der  Erkenntnisstheorie :  Grundriss  einer 
Philoeophie  der  mathematischen  Wissenschaften,"  von  O.  Schmitz-Dumont ;  Berlin, 
1878. 

The  following  exchanges  were  received: — 

.  *  "  Transactions  of  the  Royal  Society,"  Series  A,  Vol.  cxci.,  1898 ;   and  List  of 
Members,  November,  1898. 

'•Proceedings  of  the  Royal  Society,"  Vol.  lxv.,  Nos.  416-417,  1899. 

"Record  of  the  Royal  Society,"  No.  1  ;  1897. 
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**  Beibliitter  zu  den  Annalen  der  Phyiiik  und  Chemie/'  Bd.  zxm.,  St.  5-9 : 
Lfipziar,  1899. 

'*  Rendiconti  del  Gircolo  Matematico  di  Palermo/*  Tomo  xin.,  Faac.  3,  4  ;  1899. 

*'  Bulletin  de  la  Soci^te  Math^matique  de  France/'  Tome  xxvu.,  Ease.  1 1 ;  Pterit. 
1899. 

**  Bulletin  of  the  American  Mathematical  Society,"  Series  2,  VoL  v.,  No8. 9,  19 ; 
New  York,  1899. 

**  Bulletin  dot*  Sciencen  Math^matiqueA,'*  Tome  xxm.,  Ay.,  Juin,  Juillet,  Aoilt. 
1899  ;  "  Table  des  Mati6re«,"  Tome  xxn. ;  Paris,  1898. 

**Rendiconto  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiohe,"  Serie  S, 
Vol.  in.,  FaBc.  7,  1897  ;  Serie  3,  Vol.  v.,  Faac.  5-7,  1899 :  Napoli. 

*<  Journal  fiir  die  reine  und  angewandte  Mathematik/'  Band  cxx..  Heft  3,  4: 
Berlin,  1899. 

'*  Annali  di  Matematica,"  Serie  8,  Tomo  n.,  Faac.  4  ;  Milano,  1S99. 

"  Archives  Neerlandaisefl/'  Serie  2,  Tome  lu.,  Livr.  1  ;  La  Haye,  1899. 

"Atti  della  Reale  Accademia  dei  Lincei — Kendioonti,"  Sem.  1,  V6L  vxn.. 
Fane.  10-12  ;  Sem.  2,  Vol.  vm.,  Fasc.  1-5 ;  and  *'  Rendiconto  dell'  Aduiaiiia 
Bolenne  del  4  Giugno  1899,  onorata  della  preeenza  delle  LL.  MM.  il  Be  e  la 
Retina";  Roma,  1899. 

**  Berichte  iiber  die  Verhandlungen  der  Kunigl.  SiichR.  GeseUachaft  der  Wimen- 
Achaften  zu  Leipzig,"  Bd.  iii.-iv.  ;   1899. 

**  Nyt  TidRskrift  for  Matematik,"  A.  ^Vargang  x.,  Nr.  6,  7  ;  Ck)penhag©n,  1899. 

**  ReiTie  Semeeirielle  des  Publications  Mathomatiquee,"  Tome  vn.,  Partie  2 
(Oct.  1898-Av.  1899) ;  Amstenlam,  1899. 

*'  Journal  of  the  Institute  of  Actuaries,"  Vol.  xxxiv..  Part  6  ;  July,  1899. 

**  Vierteljahrsschrift  der  Naturforschenden  G^sellschaf t  in  Ziirich,"  Jahrgung 
xuv..  Heft  1,2;  1899. 

**  Nieuw  Archiev  voor  Wiskunde,"  Reeks  2,  Declnr.,  Stuk  2  ;  Amsterdam,  1899. 

"Wiskundige  Opgaven,"  Deelvn.,  Stuk  7  ;  Deel  vm.,  Stuk  1 ;  Amaterdam, 
1899. 

**  Proceedings  of  the  Physical  Society,"  Vol.  xvi.,  Pt.  6  ;  London,  1899. 

"  Annalos  de  la  Facultc  des  Sciences  de  Marseille,"  Tome  ix.,  Faao.  1-5  ; 
1899. 

*'  Sitzungsberichte  der  Kiinigl.  PreusH.  Akademie  der  "Wissenschaftenzu  Berlin," 
NoH.  23-38  ;  1899. 

'*  Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  x.,  Pt.  2  ;  1899. 

*'  Transactions  of  the  Cambridge  Philosophical  Society,"  Vol.  xvn.,  Pt.  3  ;  1899. 

♦*  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society," 
Vol.  XLUi.,  Pt.  2;  1898-9. 

**  Nachrichtcn  von  der  Konigl.  G^sellschaft  der  Wissenschaften  zu  G^ttingen  "  : 
GeschaftUche  Mitthcilungen,  1898,  Pt.  2,  1899,  Pt.  1 ;  Math.-Phys.  KlaMe,  1899, 
Pt.  1  ;    1899. 

*Mahrbuch  iiber  die  Fortschritte  der  Mathomatik,"  Bd.  xxvin.,  Heft  1,  2 
(Jahrgang,  1897) ;  Berlin,  1899. 

*'  Acta  Mathematica,"  Vol.  xxn.,  No.  4  :  Stockhohn,  1899. 

**WiadomosciMat€matyczne,"  Tomni.,  Zeszyt  3,  4  ;  Warsaw,  1899. 

**  Pnx^eodings  of  the  Russian  Mathematical  Society,"  Vols,  xvi.,  xix. ;  Odessa, 
1899. 
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**  Proceedings  of  the  Edinburgh  Mathematical  Society,"  Vol.  xvn.,  1898-9. 
**Periodico  di  Matematica,**  Serie  n.,  Vol.  n.  ;  Livomo,  1899. 
**  Supplemento  al  Periodioo  di  Matematica/'  Livomo,  1899. 

Purchase  : 

*'  Official  Year  Book  of  the  Scientific  and  Learned  Societies  of  Great  Britain  and 
Ireland,"  1899  (C.  Griffin  &  Co.). 


APPENDIX. 
(Session   1898—1899.) 


Lord  Kelvin's  communication  (p.  147)  is  published  in  the  Philo- 
sophical Magazine  for  May,  August,  and  October,  1899.  The  title  of 
it  is  **  On  the  Application  of  Force,  within  a  Limited  Space,  required 
to  produce  Spherical  Solitary  Waves,  or  Trains  of  Periodic  Waves, 
of  both  species,  Equivoluminal  and  Iri-otational,  in  an  Elastic  Solid." 

The  following  is  the  text  of  the  address  which  was  presented  by 
Lord  Kelvin,  on  behalf  of  the  Society,  to  Sir  George  Gabriel  Stokes, 
on  the  occasion  of  the  celebration  of  his  Jubilee  as  Lucasian 
Professor : — 

To   Prof.  Sir   Geoeoe  Gabeikl  Stokes,  Bart.,    M.A.,  D.C.L.,  LL.D.,  F.R.S., 

Lucent ian  Professor  of  Mathematics  in  the  University  of  Cambridge. 
'  Sib, — ^The  Council  of  the  London  Mathematical  Society  have  much  pleasure  in 
tendering  to  you  their  sincere  congratulations  on  the  approaching  completion  of  the 
fiftieth  year  of  your  tenure  of  the  Lucasian  Professorship. 

They  recognize  that  many  of  the  Memoirs  published  in  the  Proeeedinffs  of  the 
Society  bear  witness  to  the  great  influence  which  your  writings  have  had  in  opening 
new  paths  of  discovery  in  Mathematics,  and  in  pointing  the  way  to  novel  applica- 
tions in  the  domain  of  Natural  Philosophy,  and  they  desire  to  express  a  hope  that 
you  may  live  long  to  represent  in  Great  Britain  the  science  which  you  have  done 
80  much  to  promote.  KELVIN,  President. 


A.  E.  H.  LOVE,/ 
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The  Connecticut  Academy  of  Ai-ta  and  Sciences,  on  the  occaBion  of 
<'elebrating  its  centenaiy,  on  October  11th,  1899,  invited  delegateB 
from  the  Society  to  attend  the  "  commemorative  exercises."  The 
following  addi'ess  was  drawn  up  and  signed  by  the  President  and 
Hon.  Secretaries.  Pi-of.  E.  W.  Brown  undertook  to  present  the 
address  :  — 

The  London  Mathematical  Society  preflent  fraternal  greetings  to  the  Conneoticat 
Academy  of  Sciences  on  the  occasion  of  the  hundredth  anniversary  of  their  fonxidA- 
tion. 

Tliey  look  back  with  satisfaction  on  the  exchange  of  publications  whiob  han 
subsisted  between  the  two  bodies  ever  since  their  own  foundation  in  the  year  1865. 

They  recognize  with  much  pleasure  the  importance  of  the  researches  in  Mathe- 
matical and  Physical  Science  given  to  the  world  by  the  Connecticut  Academy,  in  a 
language  which  does  not  convey  to  them  any  suggestion  of  foreign  origin.  In  no 
country  has  the  value  of  these  researches  been  earher  or  more  fully  recognized 
than  in  Great  Britain. 

They  desire  and  expect  a  long  career  of  increasing  usefulness  and  honour  for  the 
Connecticut  Academy  of  Sciences,  which  even  now  takes  rank  among  the  mo«t 
ancient  of  the  existing  learned  societies  of  the  world. 

KELVIN,  President. 

R.  TUCKER,      W,,,.^,. 

A.  E.  H.  LOVE,/ 

Dr.  Ma<;aulay  has  drawn  up  the  accompanying  notice  of  his  friend 
Mr.  S.  0.  Roberts,  and  placed  it  at  our  disposal : — 

Samuel  Oliver  Roberts,  son  of  Samuel  Roberts,  F.R.S.,  was  born 
at  Boston,  in  Lincolnshire,  on  September  19th,  1859,  and  was 
educated  at  the  Islington  Proprietary  School.  He  went  to  Cambiidge 
in  1879,  having  gained  a  scholarship  at  St.  John's  College,  and  was 
seventh  Wrangler  in  1882.  In  1884  he  became  Mathematical  Master 
at  the  Grammar  School  of  Newcastle-on-Tyne,  and  in  1888  second 
Mathematical  and  Science  Master  at  Merchant  Taylors'  School.  In 
the  present  year  he  was  one  of  the  selected  candidates  for  the  Head- 
mastership  of  the  Central  Foundation  School,  but  had  to  i-esign  his 
candidatui*e  owing  to  the  illness  from  which  he  was  not  destined  to 
recover.  He  became  a  member  of  the  Mathematical  Society  in  1885, 
and  occasionally  attended  the  meetings,  bat  his  time  was  too  fully 
occupied  to  allow  of  his  contributing  any  papers  to  the  Proceedings. 
He  was  also  an  actively  interested  member  of  the  Physical  Society.* 

*  Mr.  Roberts  was  also  an  Hon.  Secretary  of  the  Mathematical  Association, 
which  has  taken  up  and  extended  the  work  of  ^e  Association  for  the  Improvement 
of  Geometrical  Teaching. 
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His  abundant  energy  was  devoted  to  the  intei^ests  of  his  school, 
and  there  was  no  department  of  school  life  in  which  his  help  was  not 
eagerly  sought  and  readily  given.  He  is  described  by  his  colleagues 
as  a  bom  organizer.  His  pupils  gained  many  remarkable  successes 
at  Oxford  and  Cambridge.  He  was  a  good  French  scholar,  and 
keenly  interested  in  modern  history  and  in  all  educational  questions. 
Apart  from  this  he  devoted  much  time  to  the  school  athletics,  had 
the  management  of  the  cricket  club,  and  was  a  fine  chess  player. 

Towards  the  close  of  the  year  1888,  Mr.  Tucker,  at  the  request  of 
Mrs.  Spottiswoode  and  Dr.  Hirst,  undertook  to  edit  the  late  Mr. 
Spottiswoode's  Mathematical  Papers.*  After  some  little  delay  the 
idea  was  abandoned,  the  papers  remaining  in  Mr.  Tucker's  possession. 
The  result  of  a  recent  correspondence  with  Mr.  Hugh  Spottiswoode 
was  that  the  Council  received  a  letter  from  this  gentleman  in  which 
he  expressed  a  desire  to  present  to  the  Society  the  pure  mathe- 
matical papers — "  the  only  stipulation  that  I  should  make  would  be 
that  I  should  have  free  access  to  the  papers  at  any  future  time 
should  I  desire  to  reprint  them  or  consult  them  for  any  other 
purpose."  The  offer  was  accepted,t  and  Mr.  Tucker  was  directed  to 
return  the  thanks  of  the  Council  to  Mr.  Spottiswoode.  The  physical 
papers  were  returned  to  Mr.  Spottiswoode. 

The  following  is  a  list  of  the  papers  retained  by  the  Council : — 

From  CrelleU  Journal  des  Mathimatiques  puret  et  appliquees  :  — 

'^Memoire  but  quelques  formules    relatives   aux    surfaces  du  second  ordre'* 

[Tome  xm.],  1860. 
'*M^oire  sur  les  points  singuliers  d'nne  courbe  ii  double  courbure  "  [Tome 

XLn.],  1851. 
**  Two  lettres  [«t>]  of  the  geometrical  correspondence  between  M.  Donkin  and 

M.  Spottiswoode,"  March,  1853. 
**  Sur  quelques  formules  g^ndrales  dans  le  calcul  des  operations  "  [Tome  ltx.], 

1861. 
"Note  sur  la  transformation  de  la  cubique  temaire  en  sa  forme  canonique** 

[Tome  Lxm.],  1863. 

**  Elementary  Theorems  relating  to  Determinants  "  [64  pp.],  1851. 

*' Elementary  Theorems  relating  to  Determinants,"  2nd  edition,  rewritten  and 

much   enlarged   by   the   Author  (this    was    published  in   Crelle*8  Journal, 

Tome  LI.,  116  pp.),  1855. 
*♦  Meditationes  Analyticse  "  [Pts.  1-6,  Pt.  1  is  m  MS.]t.  Oxford,  1847. 


♦  Cf.  Letter  in  Xaturc,  for  December  27th,  1888,  p.  197. 

t  October  12th,  1899.  %  Made  by  Mr.  Tucker. 
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From  the  PhiloHophieal  TrantaciioM  : — 
**  On  an  Extended  Fonn  of  the  Index- Symbol  in  the  Oalcoliu  of  Opermtioiis,** 

l)ecem>>er.  1859. 
**  On  the  Contact  of  Curves,"  November,  1861. 

**  On  the  CalculuM  of  Symbols  '*  (two  memoirs),  November,  1861 ;  Jamutfy,  1862. 
**  On  the  Sextactic  Points  of  a  Plane  Curve,"  June,  1865. 
**  On  the  Contact  of  Conies  with  Surfaces,"  March,  1870. 
*•  On  the  Contact  of  Surfaces,"  February,  1872. 
*•  ^)i\  Multiple  Contact  of  Surfaces,"  June,  1875. 
**  On  Hyper- Jacbbian  Surfaces  and  Curves,"  May,  1877. 
**  On  the  Forty-eight  Coordinates  of  a  Cubic  Curve  in  Space,"  January,  1881. 

From  the  Comptes  Jietuitit : — 
**  Note  Hur  Tequilibre  des  forces  dans  Tespace,"  January,  1868. 

From  rroceedingn  of  the  Royal  Astronomical  Society ^  Vol.  xxxx.  ; — 

'*  On  a  Method  for  determining  Longitude  by  means  of  Obeervations  on  the 
Moon's  greatest  Altitude,"  December,  1860. 

From  Vvoceediuf/H  of  Royal  Society  : — 

**  On  the  Equations  of  Rotation  of  a  Solid  Body  about  a  Fixed  Point,"  [No.  59] 

April,  1863. 
**  ()u  the  Rings  produced  by  Crj'stalH  when  submitted  to  Circularly  Polarized 

Light,"  [No.  134]  1872. 
•»  On  Multiple  Contact  of  Surfaces,"  [No.  163]  1875. 
•'  An  Experiment  on  Electro -Magnetic  Rotation,"  [No.  168]  1876. 
•»  On  the  48  Coordinates  of  a  Cubic  Curve  in  Space,"  [No.  209]  1880. 
**0n  certain   Geometrical  Theorems,  No.  1,"   [No.  217]   1881,  and  **  No.  2," 

[No.   220]    1882,    by  W.    H.   L.    RuHsell,    with  Note  on   *'No.  2,"   by 

W.  SpottiKwoode,  [No.  220]  18S2. 
•*  Note  on  Mr.  Russell^s  Paper  *  On  certain  Definite  Integrals,  No.  10,'  "  [No.  218] 

1882. 

*'  Die  Mntheraatik  in  ihren  beziehungen  zu  den  anderen  Wissenschaften," 
Leipzig,  1879  [truuHlation  of  his  Presidential  Address  at  the  Dublin  meeting 
of  the  Britinh  Association,  1878]. 

From  the  Cambridge  and  Dublin  Mathematical  Journal : — 

♦  *  On  certain  Geometrical  Theorem  s , "  May,  1851. 

*♦  On  the  Curvature  of  Curves  in  Space,"  November,  1854. 

From  the  Quartvrhj  Journal  of  Pure  and  Applied  Mathematics : — 

«*  On  a  Theorem  in  Statics"  (4  pp.). 
«*Note  on  Axes  of  Equilibrium  "  (4  pp. ). 
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**  On  Typical  Mountain  Ranges  :  an  Application  of  the  CalculuB  of  Probabilities 

to  Physical  Geography  '*  (read  before  Royal  Geographical  Society,  April 

23rd,  1860). 
**0n  the  Siirya  Siddh&nta,  and  the  Hindu  method  of  Calculating  Eclipses" 

(from  Journal  of  Royal  Aaiatic  Society). 
<*  Note  on  Differential  Resolvents,''  [^Memoira  of  the  Literary  and  Phihtophieal 

Society  of  Manchester]  1864. 

From  the  Philoeophical  Mayazitie  : — 

**  On  the  Quaternion  Expressions  of  Coplanarity  and  Homoconicism  "  (3  pp.). 

•*  On  a  Geometrical  Theorem  "  (1  p.),  1850. 

•*  On  the  G^metrical  Interpretation  of  Quaternions  "  (10  pp.). 

**  On  a  Problem  in  Combinatorial  Analysis,"  May,  1852. 

**  Presidential  Address  to  the  Mathematical  Section,  Birmingham  Meeting  of 

British  Association,  1865." 
*'  On  Petzval's  Asymptotic  Method  of  Solving  Differential  Equations,"  and  "  On 

the  Reduction  of  a  Decadic  Binary  Quantic  to  its  Canonical  Form"  [slip 

from  British  Association  Report  for  1861]. 


From  Proceedings  of  London  Mathematical  Society  : — 

** Remarks  on  some  recent  Generalizations  of  Algebra"  [Nor.  50,  51],  Presi- 
dential Address. 

**  On  the  Contact  of  Quadrics  with  other  Surfaces"  [Vol.  v.,  No.  71]. 

**  On  Determinants  of  Alternate  Numbers"  [Vol.  vii.,  Nos.  94,  95]. 

"  On  Curves  having  Four- Point  Contact  with  a  Triply-Infinite  Pencil  of  Curves" 
[Vol.  vm.,  Nos.  105,  106]. 

**  On  the  Twenty-One  Coordinates  of  a  Conic  in  Space  "  [Vol.  x.,  Nos.  152,  153]. 

"  On  the  Polar  Planes  of  Four  Quadrics  "  [Vol.  xni.,  No.  181]. 
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THIRTY-SIXTH  SESSION,  1899-1900 
(since  the  Formation  of  the  Society,  January  16th,  1865). 

November  9th,  1899. 

The  Sixth  Annual  Genkral  Meeting  op  The  London  Mathe- 
matical Society,  as  incorporated  under  the  Companies  Act, 
1867,  on  October  28rd,  1894,  held  at  22  Albemarle  Street,  W. 

Lord  KELVIN,  G.C.V.O.,  President,  in  the  Chair. 

Eighteen  members  present. 

The  Treasurer  gave  a  short  abstract  of  his  Report ;  its  reception 
was  moved  by  Mr.  Kempe,  and  seconded  by  Prof.  W.  Bumside,  and 
cariied  unanimously. 

The  President  stated  that  Mr.  Gallop  would  be  asked  to  act  as 
Auditor  of  the  Report,  as  in  the  past  session. 

Mr.  Tucker  announced  that  the  Council  had  consented  to  exchange 
the  Proceedings  with  Dr.  Lazzeri  for  his  Periodico  di  McUtmaticii  per 
Vinsegiiainento  secondario.  He  also  mentioned  that  the  Society's 
losses,  by  death,  during  the  session  had  been  Prof.  Bartholomew 
Price,  Mr.  S.  0.  Roberts,  and  an  honorary  member,  Prof.  Sophus 
Lie. 

Mr.  Love  said  that  the  number  of  the  members  at  the  beginning  of 
the  session  was  234,  losses  by  death  had  been  2,  and  the  new  mem- 
bers elected  during  the  session  were  17,  thus  making  the  present 
number  of  member's  to  be  247. 

On  the  motion  of  Mr.  Kempe,  a  vote  of  thanks  was  unanimously 
carried  to  Mr.  F.  W.  Russell  for  his  services  to  the  Society  as  Hon. 
Librarian.  On  this  gentleman's  resignation  of  the  office,  Mr.  A.  E. 
Western,  having  expressed  his  willingness  to  undertake  the  duties  of 
the  post,  was  appointed  Librarian. 

Lord  Kelvin  briefly  stated  that  the  Council,  as  announced  at  the 
June  meeting,  had  awarded  the  De  Morgan  Medal  to  Pi-of.  W. 
Bumside,  and  requested  Major  MacMahon  to  state  the  grounds  of 
the  CounciVa  award.     Lord  Kelvin  then  presented  the  medal,  and 
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Pix)f.  Bumside  feelingly  thanked  the  Council  for  the  honour  they 
had  conferred  upon  him. 

The  ballot  was  next  taken,  and  the  result  was  st-ated  by  the 
Scrutators,  Messra.  A.  E.  Western  and  E.  W.  Barnes,  to  be  that 
the  following  gentlemen,  nominated  by  the  Council,  were  elected  as 
the  Council  for  the  Session  1899-1900  :— President :  The  Right  Hon. 
Lord  Kelvin  ;  Vice-Presidents :  Prof.  Elliott,  Lt.-Col.  Cunningham, 
and  Pi-of.  Lamb ;  Treasurer:  Dr.  J.  Larmor  ;  Hon.  Sees. :  Mr.  Tucker, 
and  Prof.  Love.  Other  members  :  Prof.  W.  Bumside,  Dr.  Glaisher, 
Prof.  M.  J.  M.  Hill,  Dr.  Hobson,  Mr.  Kempe,  Dr.  Macaulay^ 
Mr.  H.  M.  Macdonald,  Major  MacMahon,  and  Mr.  Wliittaker. 

Prof.  Bumside  communicated  a  short  note  by  Dr.  L.  E.  Dickson 
on  "  The  Abstract  Group  isomorphic  with  the  Symmetric  Group  on 
A*  Letters."  Major  MacMahon  spoke  on  "  The  Fundamental  Solu- 
tions of  the  Indeterminate  Relation  Xa:  ^  fti/.*'  Mr.  Western  and 
fjt.-Col.  Cunningham  asked  a  few  questions  on  the  subject  of  the 
communication. 

The  following  papers  were  read  in  abstract : — 

Certain  Correspondences  between  Spaces  of  n  Dimensions : 
Dr.  E.  O.  Lovett. 

(i.)  On  the  Form  of  Lines  of  Force  near  a  Point  of  Equilibrium ; 
(ii.)  The  Reduction  of  Conies  and  Quadrics  to  their  Principal 
Axes  by  the  Weierstrassian  Method  of  Reducing  Quadratic 
Forms  ;  and  (iii.)  On  the  Reduction  of  a  Linear  Substitution 
to  a  Canonical  Form,  with  some  Applications  to  Linear 
Differential  Equations  and  Quadratic  Fonns  :  T.  J.  I' A. 
Bromwich. 

(i.)  On  Ampere's  Equation  Er+2iS«-|-rf +Cr(ri— «*)  =  F;  and 
(ii.)  The  Theory  of  Automorphic  Functions:  Prof.  A.  C. 
Dixon. 

Note  on  Clebsch's  Second  Method  for  the  Integration  of  a 
Pfaffian  Equation  :  J.  Brill. 

The  following  presents  were  made  to  the  Library  : — 

**  Mathematical  Gazette,"  No.  18  ;  October,  1899. 

**  Transactions  of  the  Connecticut  Academy  of  Arts  and  Sciences,"  Vol.  x.,  Pt.  1  ; 
Newhaven,  U.S.A.,  1899. 

*'  Wiadomosci  Matematyczne,'*  Tom  m.,  Zeszyt  5,  6 ;  Warsaw,  1899. 

'*  Annals  of  Mathematics,"  Series  2,  Vol.  i.,  No.  1 ;  Cambridge,  Mass.,  U.S.A., 
1K99. 


288  Annual  General  Meeting.  [Xov.  1>, 

Bubnov,  Dr.  N. — *'Gerberti  po8tea  Silvestri  II.  Papie  Opera  Mathematica." 
Nvo:  lieroliiii.  1899. 

Biddle,  I).—"  Mathematical  QueHtions  and  Solutioxu}  from  the  *  Educational 
Timen/  "  Vol.  lxxi.,  8vo  :  London,  1899. 

♦»E<lu(ationiil  Times,"  November,  1899. 

**  Indian  Engineering,"  Vol.  xxvi.,  Nos.  12-16;  Sept.  16-Oct,  14,  1899. 

Tlie  following  exchanges  wei'o  received  :  — 

**  Periodico  di  Matematica  per  rinsegnamento  Bocondario,**  .Vnno  xv.,  Fa*o.  2. 
Sett.-Ottob.  :  Livomo,  1899. 

*♦  l>roct'edingH  of  the  Royal  Society,"  Vol.  lxv..  Nob.  418-420  ;  1899. 

•*Beiblatt«r  zu  den  Annalen  der  Physik  imd  Chemie,"  Bd.  xxm.,  St.  lu  ; 
Leipzig,  1899. 

**  Rendiconti  del  Circolo  Matematico  di  Palermo,"  Tomo  xin.,  Fasc.  5  ;  1899. 

»'  Bulletin  de  la  Societe  Mathcmatique  de  France,"  Tome  xxvu.,  Faac.  3  ;  Paris, 
1899. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  vi.,  No.  1 ; 
New  York,  October,  1899. 

•*  Monatwhcfte  fiir  Mathematik  uud  PhvHik,"  Jahrgang  x.,  Pt.  4  ;  Wien.  1899. 

**  Bulletin  deu  Sciences  Mathonuitiques,"  Tt»me  xxiii.,  Sept.,  1899  ;  Pari**,  1899. 

"Journal  fiir  die  rcine  und  angt-wandte  Mathematik,"  Bd.  cxxi..  Heft  1,  2: 
BerUn,  1899. 

••  Annali  di  Matematica,"  Serie  3,  Tomo  in.,  Fa«o.  1,  2  :  Milano,  1899. 

••  SitzungHbericjhte  der  Physikalii^ch-mediciuisfhen  Sooietiit  in  Erlangt>n," 
Heft  30:  1898. 

•*Atti  della  Reale  Accademia  dci  Liucei  —  RfmlicMmti,"  Sem.  2,  Vol.  vin., 
F««c.  6-8 :  Roma,  1899. 

••Joumalof  the  Institute  of  Actuaries,"  Vol.  xxxv.,  Pt.  1  :  October,  1899. 

"Memorie  della  Regia  Accademia  in  Modeua,"   Serif  in..  Vol.  i.,  Tavole  1«; ; 

;$99. 

••NieuwArehievvoorWiskimde,"  2  Reeks,  DihjI  iv.,  Stuk  3  :  Amsterdam,  1899. 
"TraiiMCtions  of  the  Canadian  Institute,"   Vol.  ii.,   Pt.  2,  No.  8;    Toronto, 
>EC<wbcr.  1899. 
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On  the  Bedv4ition  of  a  Linear  Substitution  to  a  Canonical  Form. 
By  T.  J.  I' A.  Bbomwich.  Received  October  27th,  1899. 
Bead  November  9th,  1899. 

I.  Introductory  Remarks, 

It  will  be  seen  at  once  that  the  main  idea  of  the  following  note  is 
the  same  as  that  of  Herr  Netto's  paper  *^  Znr  Theorie  der  linearen 
Sabstitationen."  *  That  is  to  say,  we  pass  from  the  case  of  a  snb- 
stitntion  whose  characteristic  determinant  has  a  root  a  repeated 
p  times  to  the  case  of  a  substitution  with  p  roots  differing  but  little 
from  a,  but  all  distii^ct.  The  change  is  made  by  increasing  each 
coefficient  of  the  substitution  by  a  small  arbitrary  quantity  ;  and  so 
we  reduce  the  substitution  to  the  limiting  case  of  one  with  all  its 
roots  distinct. 

The  point  of  divergence  between  my  work  and  Herr  Netto's  is 
that  I  have  shown  that  it  is  unnecessary  to  retain  these  small 
changes  in  the  coefficients  when  we  seek  to  determine  the  linear 
functions  which  reduce  the  substitution  to  a  canonical  form.  This 
simplification  will  be  found  of  considerable  advantage  in  cases  of 
numerical  calculation ;  from  a  purely  theoretical  point  of  view,  it  is 
probably  of  less  importance.  To  show  that  the  difficulties  of  calcu- 
lation are  not  great,  I  have  worked  out  at  length  the  particular 
example  given  by  Prof.  Bumside  in  illustration  of  his  method  for 
leducing  linear  substitutions.! 

II. 
Suppose  we  have  the  substitution 

x[  =  aiia5,-ha„a^-|-...+ai„«„, 

•K»  =  OnjXi  -f . . .  +  a«««n. 


•  Acta  Mathematicay  Vol.  xvn.,  p.  266. 

t  Froc,  Zond.  Math.  Soe.,  Vol.  xxx.,  p.  180. 

VOL.  XXXI. — NO.  697.  U 
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Then,  forming  the  quantity 

we  shall  have  that  this  is  0  times 
provided  we  have 


=  0 
=  0 


(1) 


Hence  d  is  a  root  of  the  determinantal  equation 


A  = 


...,     ann-tf 


=  0. 


If  the  roots  of  this  equation  are  all  distinct,  we  have  n  values  of  tf, 
and  n  corresponding  determinations  of  the  ratios 

Z,  :  Z,  :  ...  :  /.. 

But  this  method  breaks  down  if  we  find  that  any  root  of  A  =  0, 
say  ^  =  a,  is  repeated.  The  object  of  this  note  is  to  explain  how  we 
can  very  easily  extend  our  method  so  as  to  cover  this  case.  Suppose, 
then,  that  {$  —  a)  is  a  ^-times  repeated  factor  of  A  and  a  g-times 
repeated  factor  of  every  first  minor  of  A  ;  so  that  (tf  —  a)'"'  is  a  first  in- 
variant-factor (Ehmentartheihr)  of  A.  Solve  for  the  ratios  Zj :  Z, :  . . .  :  l^ 
from  any  (w— 1)  of  the  equations  (1) ;  we  shall  suppose  the  last  (n  — 1) 
to  be  selected,  to  avoid  verbal  confusion,  the  method  of  procedure  being 
the  same  whatever  (n — 1)  equations  are  chosen.     We  now  have 

i  =  A-  =  ...  =  A, 

the  capital  letters  being  the  first  minors  of  the  corresponding  small 
letters  in  A.  Every  one  of  the  quantities  -4,i, ...,  A^i  will  contain  the 
f actor  (^  —  a)' ;  divide  out  by  this  and  write  0  =:  a-\-t.  We  then 
have  Z„  Zj,  ...,  Z„  expressed  as  polynomials  in  t ;  one  at  least  of  these 
polynomials  must  have  a  term  independent  of  t,  which  implies  that 
at  least  one  of  the  minors  A^^,  ...,  A^i  is  regular  or  is  not  divisible  by 
a  higher  power  than  ^'.* 


*  If  this  is  not  the  case,  we  must  use  another  set  of  (n— 1)  equations  for  the  Ts. 
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Now  write  i  =  (on— 0)  Zi  +  a,ii,+  ...+a„iZ«, 

and  eliminate  Z,  :  Zj  :  ...  :  Z„. 

We  obtain  a  determinant  equal  to  zero,  which  only  differs  from  A  in 
having  n^i  replaced  by  a^i— f/Z*,  where  k  is  any  one  of  the  numbers 
1,  2,  ...,  n  which  satisfies  the  condition  that  Aj^i  is  regular. 

Thus  we  have  A  -  (f^*,  /  k)  =  0, 

and,  replacing  0  by  (a-ff),  we  see  that  A  contains  ^''  as  a  factor,  and 
-^ii/Zjt  contains  if.  Hence  (  contains  f'^  as  a  factor,  the  remaining 
factor  not  vanishing  with  t. 

Thus  we  have  the  equations 

aiiZi  +  a3iZj+...+a«iZ„  =  (c  +  0  ^i 

-f  terms  of  order  f'^  and  higher  orders, 
OijZi-f  a„Z,+  ..:+a„2Z„  =  (a+t)  Z„ 

ai«Zi+a2«Z2+  ...  +a„„Z„  =  (a  +  t)  l„. 

Hence       lix[-^l^xi-]r  ...+1^x1=  (a-^t){l^Xi  +  l^a:i+ ...-\-l^x^) 

+  terms  of  order  f'^, 
or,  if  we  expand  ZiaJi+...  +  Z„a;„  in  the  form 

we  shall  have 

XH-XJi+XJ^+...  =  (a+0(Xi  +  X,f  +  X,^+...) 

4- terms  of  order  f'^. 
Thus,  equating  coefficients  of  corresponding  powers  of  t,*  we  have 
X{     =  aXi, 
Xi     =aX,  +  X„ 
Xs     ^  aX,4--Xj, 


*  This  step  is  legitimate,  for  ^  is  arbitrary,  and  the  series  on  the  two  sides  will 
be  terminated. 

U2 
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It  should  be  observed  that  the  valaes  of  the  X*8  so  determined  are 
not  unique  ;  for  we  need  not  take 

A  =  ^,  4c., 

and  it  is  only  necessary  to  pnt 

J.  =  ^(/3.+/3.*+/3,«'+...), 


«»=^(/3.+A<+/3.<'+...)- 
Then  we  see  that,  if 

(Xj-f  x,^-f  x,^-f  ...)(A+/3,^4-/3,^'+...)  =  r,+r,<+r,<*+..., 

so  that  r«  =  AX„+/3,X,.»  +  ...+/3«Xi, 

the  series  of  Y*s  will  satisfy  the  same  equations  as  the  X's  ;  and  the 
Y's  contain  (p—q)  arbitrary  constants.  There  may  be  a  further 
indeterminacy,  according  to  the  particular  line  in  equations  (1) 
whose  minors  give  the  Vs. 

We  now  proceed  to  get  more  linear  functions  of  a?,,  ...,«„  which 
possess  similar  properties.  Suppose  that  {0 — a)*"  is  a  factor  of  ever}' 
second  minor  of  A,  and,  further,  that  this  is  the  highest  power  of 
{0  —a)  that  does  occur  in  every  second  minor. 

Solve  for  the  ratios  Z,  :  h  :  ...  :  l„  from  the  last  (n— 2)  equations* 
of  (1)  ;  the  results  will  involve  one  arbiti^ary  quantity  (such  as  the 
ratio  Zj  :  Z,) .  We  write  ^  =  a  -f  Z,  and  express  the  ratios  in  powers 
of  t^  dividing  by  Z*" ;  now  put 

i=  K-«)Zi-fas,Z,+  ...-fa„,Z,, 

77=  a„Z,  i-(a,2  — 0)  l^-\-..,-ha„Jn. 


•  We  might  use  equally  well  any  other  («  — 2)  of  the  equations  ;  the  process  of 
■Jwitian  adopted  here  is  to  cancel  Buccessively  the  first,  second,  third,  ftc,  of 
•qpations  (I). 
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ai^Zj  +  a^^Z*,         a,^, 


a-H— « 


where  the  two  Ts  in  the  first  colamn  may  be  any  two  we  please, 
although  here  one  has  been  taken  to  be  /„  simply  to  save  multiplicity 
of  distin/spiishing  suffixes. 

Expanding  out  this  determinant,  we  have 

If  (a  second  minor  of  A)  =  l^  (a  first  minor)  4-  h  (&  fii^t  minor). 

Now,  at  least  one  of  the  second  minors  contains  as  a  factor  t  raised 
to  DO  higher  power  than  f  (or  is  regular) ;  we  here  suppose  this  to  be 
true  for  the  minor  obtained  by  deleting  the  first  and  second  rows  and 
columns  of  A.  All  the  first  minors  contain  ^  as  a  factor,  whilt 
none  of  the  Vs  contain  negative  powers  of  t.  Hence  the  lowest  power 
of  Hn  ly  is  at  least  t^'' ;  the  same  result  holds  for  (. 

Accordingly  we  have  the  equations 

®ii^  +  ^i^+-"  +ttiii^n  =  («  -*-0  ^1  + terms  of  order  ^*■^ 

Oiji,  +  C4, Z, -h . . .  +  a„2Z„  =  (« -f  0  ^ "T  terms  of  order  ^" •", 

ai8^  +  cti,Z,-f  ...-f  a^aZ,.  =  (a  +  O  ^• 

ainZi+aaJ,+  ...+a,J„  =  (a-f  f)  l„. 
Thus,  if  with  these  values  of  Zj,  Z,,  ...,  Z„,  we  write 

Z,aj,-f...  +  Z,a?,  =  Xp>,,i  +  ZX,.,,2  +  ^«Xp.„,+  ...+^-*-%.,+  ..., 
we  shall  have 

^P't*i'^tXp.g^2'^t  Xp.g^z-^ ...  =  (a  +  ^)(X^_,^i  +  fXp_,^2+ •••) 

+ terms  of  order  t^''. 
Hence  ^p.q*i  =  aX„_,^„ 

^p-q*2  =   a^j»-«  +  j+-3Lp.,^i, 


Just  as  before,  we  can  construct  a  set  of  T^s  which  satisfy  these  equa- 
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tions  and  contain  (q—r)  arbitrary  constants.  But  we  may  add  to 
^P'i*k  any  term  such  as 

for  X„  X,,  ...,  Xk,  ...  satisfy  the  same  relations  as  X,_,^i,  -S^-,+s,  ..., 
Xp.g^k  ...»  and  so  we  get  (q—r)  more  arbitrary  constants.  It  should 
be  observed  that  the  last  (q—r)  constants  should  include  the  one 
arbitrary  constant  that  appears  in  the  original  solution  for 
Z,  :  Z, :  ...  :  Z„.  We  have  thus  in  the  general  reduction  of  these  {q—r) 
terms  2(g  — r)  arbitrary  constants. 

It  is  now  easy  to  see  how  we  can  extend  the  method  proposed  so 
as  to  deal  with  terms  which  arise  from  minors  of  higher  orders. 
Suppose  h  denotes  the  difference  between  the  index  of  (d— a)  in  the 
greatest  common  measure  of  all  the  (A:— 1)^  minors  of  A,  and  the 
corresponding  index  for  the  A*"*  minors  ;  so  that  (d— a)*  is  the  A*** 
invariant- factor  (Elementarthetler)  of  A.  We  solve  for  Zj  :  Z,  :  ...  :  Z« 
from  the  last  (n  —  k)  of  equations  (1)*  ;  then  we  write  d  =  a  +  /,  and 
divide  by  the  extraneous  power  of  t ;  the  values  of  Z,  :  ...  :  Z„  so  found 
will  satisfy  the  first  A;  of  equations  (1)  up  to  terms  in  i^.  Then  we 
expand  /!«,  +  ... -f-Z„i»„  up  to  terms  in  ^'^  and  so  obtain  h  linear 
functions  of  aj„  ...,ir„,  say  X,,^.,,  X^^2,  •••>  -^r+A-     These  will  satisfy 

Xr*2  ^   ttXr  +  2"l"Xp^i, 
Xf^f,  =   aXr^f^-^-Xf^h-l' 

The  most  general  values  which  satisfy  these  equations  can  be  con- 
structed as  before  explained ;  and  we  see  that  they  will  contain  hk 
arbitraries,  h  from  each  of  the  k  groups  of  linear  functions 
(Aj,  ...,  Xp_,),  (Xp_,^i,  ...,  Xj,_r)i    -.J  (-X^c+ii  •'")  •^•♦a). 

Our  process  goes  on  until  we  reach  a  minor  of  A  which  does  not 
contain  (<^  — a)  as  a  factor.     We  shall  then  have  found 

linear  functions  of  iC|,  ...,  x„  which  reduce  to  canonical  forms  those 
parts  of  the  substitution  which  correspond  to  the  root  ^  =  a  of  A  =  0. 
Proceeding  in  this  way  for  each  root  of  A  =  0,  we  finally  obtain 
n  linear  functions  which  will  reduce  the  given  substitution  to  its 
canonical  form. 

*  We  assume  that  one  at  least  of  the  minors  formed  from  these  (n— A*)  equations 
jsre^rular. 
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III. 

To  give  a  numerical  illustration,  and  to  compare  the  method  with 
Prof.  Burnside's  {Froc.  Land,  Math.  Soc,  Vol.  xxx.,  p.  191),  let  ns 
take  his  example, 

x[  =  —  2x^'-  ar,— iC3+3af4-f2a'5, 

icj  =  —  4r,+  a;,— iCj-|-3a;4-l-2a^, 

«;  =  —  4ci— 2a',— iP,+  5a;4+  x^, 
xl  =      4ai-\-  Xi-\-x^—Sx^. 
We  find  the  equations  for  the  Ts, 

-(2-h^)/i-4i,-f  Z,-4Z,+4Z,  =  0, 

-Z,  +  (l-d)Z,  +   Z,-2Z,+  Z5  =  0, 

-k-h-^h-   ^4+   ^5  =  0, 

3Z,  +  3Z,-3/,-h(5-^)  Z,-3Z5  =  0, 

2Zi  +  2Z,  -  2Z, + Z^- dZj  =  0, 

and  these  give  A  =  -  (0+ 1)'  («-2)». 

The  minors  of  the  elements  of  the  first  row  are  found  to  be,  in  order, 

-(^4-1)^(^-2), 

-(^-2)», 

3(d  +  l)(d-2)', 

(^  +  l)(^-2)(2^-7), 

so  that  (W— 2)  is  a  factor  of  all  these,  but  (^  +  1)  is  not.  As  a  matter 
of  fact  (^—2)  is  a  factor  of  every  first  minor;  so  that  for  (6  —  2)  the 
second  and  fifth  of  the  above  are  regular;  for  (^  +  1),  the  first  and 
third.  To  proceed  put  6^  =  —  1  +  ^,  and,  the  corresponding  difference 
(p— g)  being  equal  to  2,  we  have  to  expand  only  as  far  as  the  terms 
in  t.  After  dividing  by  —  3  («— 2),  we  find,  neglecting  terms  in  t^ 
and  higher  powers  of  ^,  in  agreement  with  our  rule, 

^=i(l-0(3-0'  =  3-5^ 
I,  =  \i^  =  0, 

Z,  =  -H3-0'  =3-2^ 

Z4  =  ^(3-0  =        3^ 

Z5  =  1^(9-20  =        3^. 
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Hence  X,  =  3  (x, +3-,), 

We  shsll  not  hsTe  to  proceed  to  the  second  minoiB,  as  (#+1)  is 
not  a  factor  of  all  the  first  minorB. 

We  next  pnt  0  =  2+^,  and  divide  by  (—Si)  ;  then 
/,  =  -*/»  (2+0         =0, 
I,  =  i(3+0*  =3+2A. 

^  =  i/*  =0, 

^^  =  -^(3+0  =-3f, 

t  =  i(3+0(3-2*)=3-y, 

where  we  expand  onlj  to  terms  in  f ,  because  the  diiSBrence  (p-*^)  is  2. 

Thas  X,  =  3(«,+a^, 

X,  =  2ar,-ar,-ar,. 

In  this  case  we  have  to  go  on  to  solve  the  last  three  equations  in  the 
Ts ;  bat  we  may  simply  write  6=2,  and  drop  the  t,  for  the  difference 
(q—r)  is  1 ;  so  that  the  Vs  need  only  be  calcnlated  to  the  term  inde- 
pendent of  t     Hence  we  take 

2fZ,  +  g  +  2Z,+Z,-2Z,  =  0, 
giving  Z,  =  0,     ^4  =  0,     Z,  +  ^  =  7,. 

Hence  Xj  =  Z,  (a?i  +«,)  +  Z,  (ar, +^5), 

and  Z,  must  not  vanish,  for,  if  so. 

3X5  =  Z.X,. 
We  now  have  the  given  substitution  reduced  to 
X{  =  -X„ 
Xj  =  —  X,  4*  Xj, 
Xi  =  2X„ 

x;  =  2x,+x,. 

X;  =  2X,. 

which  is  a  canonical  form  of  the  sabstitation.  We  see  that  the 
classification  of  any  substitution  is  given  by  the  indices  of  the  in- 
variant-factors,  and  hence  this  substitution  is  typified  by  [(2,  1),  2]. 
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We  may  take  the  generalized  reducing  functions 

Y,  =  y,x„ 

where  /Sj,  /3„  yi,  y„  ^^  are  arbitrary. 

Prof.  Bnmside's  two  rednctions  are  given  by 

(i.)A  =  -3,     /3,  =  0,     y,  =  -3,     y,  =  0,         h^-ly 
(ii.)A  =  i,         /3,  =  |,     yi  =  i,         y,  =  -|,     Z,  =  -^i. 

[February  Ibth. — Since  completing  the  above  I  have  seen  Mr.  A.  C. 
Dixon's  paper  (p.  170  of  this  volume).  His  method  is  quite  different 
from  mine.] 
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Under  the  above  heading  I  propose  to  make  some  remarks  on 
certain  points  in  the  theory  of  automorphic  functions,  from  the 
point  of  view  taken  by  Poincare  in  his  memoirs  (Acta  Mathematical 
Vols.  I.,  III.,  IV.,  v.). 

In  the  first  place,  I  show  how  the  theorem  given  by  him  that  a 
Fuchsian  function  exists  of  the  second  family  and  of  class  0,  and 
taking  assigned  values  at  singular  points,  may  be  used  to  establish 
the  existence  theorem  on  a  Riemann  surface,  so  far  at  least  as  that 
theorem  relates  to  uniform  functions  of  position  on  the  surface. 

Next  I  give  expressions  for  Abelian  integrals  of  the  first  two  kinds 
in  terms  of  series  of  the  type  used  by  Poincare.  Series  of  the  same 
type  are  also  used  to  form  factorial  functions. 

It  is  also  shown  that  a  uniform  function  of  the  automorphic  class 
exists  which  will  serve  as  a  prime  function  in  the  expression  of 
Fnchsian  functions  as  the  product  of  factors.  Such  have  been  con- 
structed for  automorphic  functions  existing  all  over  the  plane.  That 
which  is  here  given  serves  for  the  other  class. 
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The  Existence  Theorem  of  Biemann. 

1.  The  existence  of  a  second  uniform  function  of  position  on  a 
Riemann  surface  of  the  ordinary  kind,  consisting  of  n  spherical 
sheets  connected  together,  may  be  proved  on  the  lines  of  Poincare's 
work*  as  follows. 

Let  X  be  the  original  variable,  so  that  each  of  the  sheets  is  the 
inverse  of  the  a^-plane,  and  let  Oj,  a,,  a,,  ...  be  the  values  of  x  at  the 
branch -points.  Then  it  is  proved  by  Poincare  (Acta  McUhematica^Yol, 
IV.,  pp.  242-250)  that  x  may  be  made  a  Fuchsian  function  of  class 
(genre)  0  of  a  new  variable  z^  in  such  a  way  that  the  vertices  of  the 
fundamental  polygon  all  rest  on  the  circular  boundary  of  the  function, 
the  angles  at  those  vertices  being  accordingly  zero,  and  that  only  one 
point  in  the  polygon  cori^esponds  to  each  point  on  the  a;-plane  or 
sphere,  while  the  points  corresponding  to  Ui,  a^,  ct^,  ...  are  all  vertices 
of  the  polygon.  The  present  argument  is  not  affected  by  the 
symmetry  of  the  polygon,  or  the  fact  that  it  generally  has  other 
vertices  as  well  as  those  corresponding  to  the  points  Ui,  a^,  a^,  .... 

Tliis  function  gives  a  conformal  representation  on  the  Fuchsian 
polygon  of  the  a?-sphere,  that  is  to  say,  of  a  single  sheet  of  the  Riemann 
surface. 

The  sides  of  the  polygon,  in  pairs,  repi*esent  the  parts  of  a  cut  in 
the  a;-sphere,  still  a  single  sheet,  the  cut  passing  through,  or  at  least 
reaching  to,  the  points  Oj,  a„  a,,  ...,  but  not  dividing  the  spherical 
surface  into  parts.  Let  this  cut  be  made  right  through  all  the  sheets 
of  the  Riemann  sui-face.  This  surface  will  then  be  divided  into 
n  separate  sheets,  each  consisting  of  a  spherical  surface  with  the  one 
cut,  and  any  one  of  these  sheets  is  conformally  represented  on  any 
one  of  the  polygons  into  which  the  area  enclosed  by  the  circular 
boundary  of  the  function  is  divided.  Distinguish  these  polygons  as 
L,  IL,  IIL,  ... . 

Take  the  polygon  I.  to  represent  the  first  of  these  separate  sheets, 
and  remove  a  piece  of  one  of  the  cuts  in  such  a  way  as  to  connect 
this  with  another  sheet,  say  the  second.  As  x  travels  into  the 
second  sheet  across  this  cut,  z  will  travel  into  a  new  polygon  II., 
adjacent  to  I.  Suppose  II.  added  to  I.  Xow  take  out  another  piece 
of  a  cut  so  as  to  connect  the  first  or  second  sheet  with  a  third,  and 
suppose  III.  to  be  the  polygon  into  which ;:  passes  from  I.  or  II.  when 
X  crosses  this  cut  into  the  third  sheet.     Add  III.  to  I.  and  II.  and 


See  eHpecially  Acta  Mathematical  Vol.  r7.,  pp.  301,  302. 
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carry  on  this  process  until  there  are  n  polygons  joined  together,  one 
representing  each  sheet.  Let  P«  be  the  polygon  which  is  made  up 
of  these  n.  Then  the  whole  Riemann  surface  as  bounded  by  those 
cuts  which  are  left  is  conformally  represented  on  P„  by  means  of  the 
functional  relation  between  x  and  z.  But  P„  is  a  polygon  bounded 
by  circular  arcs  orthogonal  to  the  bounding  ciixjle,  and  all  its  vertices 
lie  on  this  bounding  circle.  Also  the  correspondence  of  its  sides  in 
pairs  is  quite  definite,  being  ascertained  by  noticing  the  way  in  which 
the  n  sheets  must  be  united  again  to  form  the  original  Riemann 
surface.  Hence  P„  is  the  generating  polygon  of  a  Fuchsian  group, 
which  is  a  sub-group  of  the  original  one. 

Form  by  Poincare's  method  a  Fuchsian   function  of  z  having  this 

group.      Take,  for  instance,  as  generating  function  ,  where  a 

Z'—a 

is  a  point  within  the  bounding  circle.     The  theta-Fuchsian  function 

8  thus  formed  will  not  vanish  identically,  nor  will  it  have  the  pseudo- 

automorphic  property  for  any  greater  group  than  that  of  P„.     But  x 

is  included  among  the  Fuchsian  functions  belonging  to  P^,  and  there- 

dx 
fore  9  divided  by  the  proper  power  of  —   will  be  another  of  them, 

CLZ 

necessarily  distinct  from  x  because  its  group  is  not  the  same  as  that 
of  x.  Thus  we  have  another  Fuchsian  function  of  z,  say  y,  which  is 
a  uniform  function  of  position  on  the  Riemann  surface,  and  is  there- 
fore connected  with  x  by  an  algebraic  equation  to  which  the  given 
Riemann  surface  will  be  appropriate ;  from  the  way  in  which  y  was 
formed  it  follows  that  every  uniform  function  of  position  can  be  ex- 
pressed rationally  in  terms  of  x  and  y,  since  y  becomes  infinite  at  a 
point  in  one  sheet  and  not  at  the  corresponding  points  in  the  other 
sheets. 

A  simple  example  of  the  construction  may  make  the  argument 
clearer.  Take  a  surface  of  three  sheets  having  one  branch  line  AB 
(Fig.  1),  and  no  branch-points  other  than  A,  B.  The  closed  circuit 
drawn  round  B  shows  the  order  in  which  the  sheets  are  connected, 
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the  anbroken  part  being  in  the  first  sheet,  the  broken  part  in  the 
second,  the  dotted  part  in  the  third. 

In  Fip^.  2,  let  acecbdb'c'a  be  the  original  Fnchsian  polygon,  the 


paifs  of  corresponding  sides  being  ac  and  ac\  re  and  ce,  cb  and  c^k', 
db  and  db';  the  cycles  are  then  a,  66',  ccc",  d,  e.  Let  A,  B,  G,  D^  B 
be  the  points  of  the  ^-plane  corresponding  to  these  cycles  respectirely 
(Fig.  3)  ;     then  what  is  conformally  represented  on  the  Fuehsian 


Fig.  3. 
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polygon  is  the  a;-plane,  a  single  sheet  only,  bounded  by  a  cut  con- 
sisting of  three  lines  CM,  CBD,  GE ;  these  are  supposed  drawn  in 
Fig.  3. 

Now  distinguish  points  in  the  different  sheets  by  suffixes,  and 
suppose  the  whole  surface  cut  through  along  the  lines  (7-4,  GBD,  GE ; 
it  is  thus  divided  into  three  sheets  whose  boundaries  are 

AG^E^G^BB.BG^A, 

AG^E^O^BD.BG^A, 

AGj^E^G^BD^BG^A ; 

in  fact,  the  area  A  G^B  is  transferred  from  the  2nd  sheet  to  the  1st, 
AG^B  „  „  3rd        „         „     2nd, 

AC,B  „  „  1st         „         „     3rd. 

Take  the  representation  of  the  first  sheet  AG^E^G^BD^BG^A  upon 
the  polygon  acechdl/c'a.  Since  the  passage  across  BDy^  or  G^E^  does 
not  lead  into  another  sheet,  the  polygons  adjoining  ace  ...  c"a  along 
hd^  h'd,  ce,  ce  will  also  represent  the  first  sheet.  On  the  other  hand, 
the  passage  across  AG^  or  (7,B  leads  into  the  second  sheet,  which  is 
therefore  represented  by  either  of  the  polygons  adjoining  ace  ...  c"a 
along  ac'  and  c"fe',  and  the  passage  across  AGi  or  GiB  leads  into  the 
third  sheet,  which  is  therefore  represented  by  either  of  the  polygons 
adjoining  ace  ...  c^a  along  ac  and  be. 

Remove  the  cuts  BG^,  BG^;  the  three  sheets  are  thus  joined 
together  into  a  simply  connected  whole  whose  boundary  is 

AG^E^G^AG^E^G^BD^BD^BB^BG^AG^E^G^A, 

Let  the  polygon  adjoining  a^cbdVc"a  along  c'V  be  a,c,e,c"6'(i,6JcJ'a„ 
and  that  adjoining  along  cb  be  a^c^e^c^b^d^bca^.  Then  the  Riemann 
suHace  with  the  boundary 

AG,E,G,AG^E^G,BD^BI),BDiBGiAG^E,G^A 

is  conformally  represented  on  the  polygon 

aceca^  c,  e^<i\d^  bdb'd^  62  ci'  0%  c,  e,  c^a. 

The  pairs  of  corresponding  sides  are  a>c  and  a>^c\  ce  and  c'e,  a^c^  and 
a^Ci\  CjC,  and  cie,,  ci6,  and  c^b^,  b^d^  and  6i„  bd  and  6'd,  Vd^  and  ftjcfj, 
a^c^  and  ax:^''^  c,e,  and  c'e^  ;  the  cycles  are  aa^a^^  cc\  e,  c^e^d^^  c„  bb%bi, 
r/„  d,  c/„  c^c^  e,. 
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2.  The  method  here  used  is  the  general  one  (Poincsar^,  Ada 
Mathematical  Vol.  iv.,  p.  286)  for  forming  snb-gronps  of  a  g^yen  auto- 
morphic  group  whose  generating  polygon  is,  say,  i2,.  Join  together 
JKj  and  any  number  of  the  polygons  into  which  it  is  transformed,  say 
i2„  2?„  ...,  i2,,  in  such  a  way  as  to  form  a  new  polygon.  Let  a,,  6,  be 
a  pair  of  conjugate  sides*  of  i^  and  a,,  6,,  a,,  6,,  ...  the  correspond- 
ing paira  in  E„  i?„  ...,  any  that  do  not  form  part  of  the  boundary  of 
the  whole  being  left  out.  In  the  new  polygon  make  a^^  cl^^  a^^  ... 
conjugate  with  6„  6„  6„  ...  in  any  order ;  this  will  be  possible  since 
all  have  the  same  non-Euclidian  length.  Then,  subject  to  the  condi- 
tion that  the  sum  of  the  angles  of  any  cycle  in  the  new  polygon  shall 
be  a  sub-multiple  of  2r,  the  new  polygon  will  generate  a  new  dis- 
continuous group,  included  in  the  original  one.  If  all  the  vertices  of 
i^i  are  on  the  bounding  circle  in  the  Fuchsian  case,  or  if  A^  has  no 
vertices,  the  condition  as  to  the  angles  disappears  ;  if,  on  the  other 
hand,  the  original  group  includes  elliptic  substitutions,  or,  in  fact,  if 
Ry  has  finite  angles,  the  condition  will  generally  restrict  the  order  in 
which  6„  6j,  ...  may  be  taken  as  conjugate  with  Oi,  a,,  ...  .  For  in- 
stance, if  Ri  has  only  one  cycle,  the  sum  of  whose  angles  is  2ir,  the 
new  polygon  must  have  at  least  n  cycles. 

The  consideration  of  sub-groups  of  an  automorphic  group  and  the 
associated  theory  of  transformation  of  automorphic  functions  is  thus 
closely  connected  with  that  of  the  functions  that  exist  on  the  surface 
formed  by  joining  together  a  number  of  sheets  in  Riemann's  manner, 
when  each  of  these  sheets  is  a  multiply  connected  surface,  and  is,  in 
fact,  the  original  Biemann  surface  deformed  ;  the  new  surface  is,  of 
course,  only  equivalent  to  a  spherical  Riemann  surface  of  a  special 
class.  The  order  of  connexion  of  the  new  surface  may  be  the  same 
as  that  of  the  old ;  the  theory  for  such  a  case  will  be  in  close  con- 
nexion with  the  transformation  theory  for  Abelian  functions,  since 
the  Abelian  integrals  of  the  first  kind  on  such  a  multiple  surface  will 
be  the  same  as  for  one  of  its  sheets,  but  their  moduli  of  periodicity 
will  be  multiplied. 

As  an  example,  suppose  R^  to  have  four  sides  and  opposite  sides  to 
correspond.  Call  the  vertices  a,  6,  c,  d,  and  let  R^  (^«/)  be  the 
region  adjoining  R^  along  6c,  R^  {cdgh)  along  cd  (Fig.  4).  Then 
i?p  Ej,  R^  may  be  supposed  to  form  the  new  polygon  ;  we  are  to  take 


*  The  argument  as  stated  applies  to  a  Fuchsian  gproup ;  for  the  modificatum  in 
the  case  of  a  Eleinian  group  compare  Poincare,  Acta  Mathematical  Vol.  m.,  p.  72, 
^5. 
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Fio.  4. 


as  conjugate  to  ad,  dg  either /e,  ch  or  ch,  fe,  and  as  conjugate  to  ofc, 
bf  either  gh,  ce  or  ce,  gh.  Thus  there  are  four  possible  arrangements — 

T.     ad    dg     ah     hf 

giving  one  cycle  afedchhg, 
fe      ch     gh     ce 


II.     ad    dg     ah     bf 

ch     fe     gh     ce 


giving  one  cycle  achhdfegy 


III.     ad    dg     ab     bf 

giving  one  cycle  afhghedc, 
fe     ch     ce     gh 


IV.     ad     dg     ab     bf 
ch     fe     ce     gh 


giving  three  cycles  ac,  dhf,  beg. 


Now  in  the  original  region  B^  there  is  only  one  cycle,  and  the  sum 
of  the  angles  is  therefore  a  sub-multiple  of  2ir,  say  2n/q,  Hence, 
with  the  arrangements  I.,  II.,  III.,  we  have  the  sum  of  the  angles  of 
a  cycle  equal  to  Qw/q.  These  must  therefore  be  rejected  unless  5  is  a 
multiple  of  3,  but  will  be  admissible  if  g  is  a  multiple  of  3.  The 
an*angement  IV.  is  always  admissible,  since  the  sum  of  the  angles  in 
each  cycle  is  2ir/q,  as  may  be  readily  seen  from  the  figure. 

Let  8,  T  be  the  generating  operations  of  the  original  group,  and 
suppose,  in  fact,  that  i?,  is  8B1,  B^  is  TB^.  The  relation  satisfied  by 
S,  T  is 

(8TS-'T-y=l, 
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The  generating  operations  for  the  sab-groape  will  be* 
I.     flf,  TST'\  T*,  STS-'; 

11.  ra,  ffT-\  n  sra-'; 

III.  S»,  TST\  SZ  T'S'' 

(these  three  sab-gronps  will  therefore  exist  if  g  is  divisible  by  3)  ; 

IV.  T8,  ST  »,  ST,  T*8-' 
(this  sab-gronp  exists  for  all  values  of  g). 

In  this  example  there  were  four  possible  arrangements,  and  only 
one  of  them  satisfied  the  condition  as  to  the  angles  in  general.  There 
is  at  present  nothing  to  show  that  in  general  even  one  of  the  possible 
arrangements  will  satisfy  the  condition. 

Poincare*s  generating  polygons  do  not  always  absolutely  fix  the 
corresponding  groups;  take,  for  instance,  the  case  of  a  Foebsian 
group  generated  by  a  polygon  with  no  vertices  except  on  the  funda- 
mental circle.  When  this  is  so,  the  op&rations  of  the  new  group 
which  is  proposed  as  a  sub-group  must  be  chosen  from  among  the 
operations  of  the  original  group  ;  this  can  always  be  done. 

The  Ahelian  Integrals. 

3.  I  have  not  seen  it  observed  that  some  Abelian  integrals  on  the 
Riemanu  surface  are  zeta-Fuchsian  or  zeta-Kleinian  functions  of  2, 
the  automorphic  argument.  If  7i,  for  instance,  is  an  Abelian  integral 
and  is  considered  as  a  function  of  r,  say  u  (z),  we  have  for  any 
generating  substitution  of  the  group,  say  5,, 

fjL^  being  the  modulus  of  periodicity  for  the  cut  on  the  Riemanu 
surface  which  corresponds  to  the  boundary  between  R^,  the  original 
region,  and  <S\  Ky  Thus  u  {z)  and  1  are  a  pair  of  functions  which 
undergo  a  homogeneous  linear  transformation  for  any  substitution 
of  the  group,  the  determinant  being,  for  /S„ 

lo    1 


•  Here  ST^  for  infltanoe,  means  T  followed  by  S. 

t  Prof.  Bumflide  remarks  that  we  are  thus  led  to  a  class  of  self- conjugate  sub- 
groups of  the  automorphic  group.  Such  a  sub-group  will,  in  fact,  be  made  up  of 
all  substitutions  which  leave  the  function  u  (z),  or  a  set  of  such  functions,  unaltered. 
Since  Abelian  integrals  of  the  second  kind  (not  canonical]  may  be  so  <^06en  aa  to 
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They  have  therefore  the  characteristic  property  of  zeta-Fuchsian 
f  UDctions,  as  given  by  Poincar6  (Acta  Mathematical  Vol.  v.,  pp.  227-8). 
The  analytical  expression  given  by  him  for  these  functions  in  the 
case  of  groups  of  the  first  two  and  sixth  families*  (pp.  232-5,  257-264) 
can  be  adapted  to  the  present  case  as  follows : — take  J3  =  2,  JJi  =  0. 
Let  the  generating  substitutions  be  iS„  iS„  S,,  ...,  and  suppose  any 
substitution  iS  of  the  group  to  be  fi^'fi^ /Sf,  ... .  Take  a  series  of 
quantities  fCj,  ft,  fi,,  ...,  and  suppose  each  to  correspond  to  ihe  sub- 
stitution with  the  same  suffix ;  corresponding  to  8  take  the  quantity 

/t=  afia-k-VjA^+Cfi^-h... . 

Suppose  also  /^i,  /^,  ...  to  be  such  that  when  8  is  an  identical  or 
elliptic  substitution  /i  is  0 ;  this  ensures  that,  if  the  same  substitution 
8  can  be  expressed  in  terms  of  8^  8^,  8^,  ...  in  two  or  more  ways, 
there  shall  be  no  ambiguity  in  the  value  of  /i.  The  group  of  linear 
substitutions,  such  as 

1     f^ 

0    1 
is  then  isomorphic  to  the  Puchsian  group. f 


Have  any  set  of  their  moduli  of  periodicity  zero,  we  are  thus  led  to  different  self- 
conjugate  Bub-groups  according  to  the  particidar  set  of  moduli  that  are  made  to 
vanish.  Any  such  sub-group  will  include  all  the  elliptic  substitutions ;  the  number 
of  its  generating  substitutions  will  usually  be  infinite. 

*  It  is  pointed  out  below  (§  9)  that  this  restriction  is  unnecessary. 

t  The  fundamental  relations  among  the  substitutions  of  a  Fuchsian  group  are 
discussed  by  Poincare  {Acta  Matheitiaiica^  Vol.  i.,  pp.  46-7).  He  shows  that  one  such 
relation  arises  from  each  cycle  of  the  first  category,  and  that  there  are  no  others. 
The  number  of  relations  that  must  be  satisfied  by  the  moduli  /ai>  A<:>  •••  to  secure 
the  isomorphism  is  therefore  the  same  as  the  number  of  cycles  of  the  first  category. 
With  his  notation  we  must,  in  fact,  have 

^(m..  +  M^  +  m^+...)  -  0, 

that  is  to  say,  the  modulus  of  periodicity  for  the  eUiptio  substitution  {z,F(m)} 
must  vanish.  There  will  be  one  such  relation  among  the  moduli  /a^,  ^,  ...  for 
each  cycle,  but  among  these  relations  one  will  sometimes  be  a  consequence  of  the 
sest,  as  pointed  out  later  in  the  text. 

Or  thus  :  let  5,  T  be  any  two  substitutions  of  the  ffroup,  ^,  v  the  coi 
en  the  modulus  for  the  substitution  TST'^  will  be  v  +  ^— v,  < 


moduli ;  then  i 

as  for  i^.  Now,  all  the  elliptic  substitutions  of  the  group  can  be  expressed  in  the 
form  TST-^,  where  Sj  T  belong  to  the  group,  and  S  is  one  of  the  finite  number  of 
elliptic  substitutions  that  arise  from  the  respective  cycles  of  vertices  of  the  original 
polygon.     The  same  holds  for  parabolic  substitutions. 

In  like  manner  all  the  identical  relations  among  the  operations  of  the  group  are 
combinations  of  transformations  of  a  certain  finite  number. 

TOL.  XIXI. — NO.  698.  I 
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Form  the  two  series 

2ff(&)(f?)-  =  ew, 

the  summations  being  taken  over  all  the  substitutions  of  the  group, 
and  H  denoting  such  a  rational  function  that  O  (z)  does  not  vanish. 
The  absolute  convergency  of  zeta-Fuchsian  series  for  the  first  two 
families  is  established  by  Poincar6  in  the  memoir  referred  to,  on  the 
supposition  that  m  is  great  enough  (p.  235),  and  that  the  zeta- 
Fuchsian  functions  whose  expression  is  sought  are  of  the  first  species 
(p.  258).  Here  the  last  is  evidently  true,  since  all  the  multipliers 
are  unity,  whether  for  critical,  or  other,  substitutions. 

Then,  taking  any  substitution  S^  belonging  to  the  group,  we  have, 
still  following  Poincare  (p.  232), 

Z(S,s)=-2/.H(SS,^)(^)", 

the  last  expression  containing  the  same  terms  as  the  former  series 
for  Z  (z),  but  differently  arranged.     Hence 

Z(z)--Z(S,z)  (^y  =  _^,0(,),» 
Z(z)      Z(8,z)^ 

eiz)     e(8,z)       ^'' 

A  like  result  holds  for  each  of  the  other  substitutions  of  the  group. 
Hence  Z  {z)/i3  {z)  is  a  uniform  function  of  z,  and  its  values  at  corre- 
sponding points  of  different  polygons  differ  by  multiples  of  the 
moduli  /b4,  /i|,  ...,  these  multiples  depending  on  the  particular 
polygons  in  question  only.  Thus  Z(z)/Q(z)  is  an  Abelian  integral 
belonging  to  the  Biemann  surface.  This  investigation  applies  to  the 
first,  second,  and  sixth  families. 

The  modulus  for  a  parabolic  substitution  need  not  vanish,  although 

*  Thiu,  if  e  (z)  vaniahes  identically,  Z{z)  is  a.  theta-Fuohsian  funotion. 
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the  principal  point  of  such  a  substitution  forms  a  cycle,  or  at  least 
may  be  made  to ;  suppose  this  to  be  done.  Then  the  substitution 
changes  one  of  the  sides  drawn  from  this  vertex  of  the  polygon  into 
the  other.  A  line  drawn  between  these  sides  corresponds  to  a  circuit 
round  the  corresponding  point  on  the  Biemann  surface  ;  hence,  if  the 
modulus  for  this  substitution  does  not  vanish,  the  Abelian  integral 
bas  a  logarithmic  discontinuity  at  the  corresponding  point  on  the 
Riemann  surface. 

The  Abelian  integrals  of  the  first  two  kinds  will  therefore  have 
the  moduli  corresponding  to  the  parabolic  substitutions  zero. 

If  the  fundamental  polygon  is  not  simply  connected,  some  irre- 
ducible circuits  on  the  Biemann  surface  will  correspond  to  contours 
round  the  holes,  and  an  Abelian  integral  will  therefore  only  be  a 
uniform  function  of  z  when  its  moduli  for  all  such  circuits  vanish. 

4.  Take  a  Fuchsian  group  of  the  first,  second,  or  sixth  family, 
giving  functions  with  a  natural  boundary.  The  fundamental  polygon 
is  here  simply  connected ;  the  number  of  moduli  is  the  number  of 
pairs  of  corresponding  sides  ;  the  number  of  relations  connecting 
them  is  the  number  of  cycles  diminished  by  one,  since  the  aggregate 
of  all  the  cycles  contains  each  substitution  once,  and  also  its  inverse 
once.  This  is  on  the  supposition  that  the  modulus  for  each  parabolic 
substitution  vanishes.  Hence  the  number  of  arbitrary  moduli  is  the 
same  as  that  of  irreducible  circuits  on  the  Riemann  surface,*  and 
the  modulus  for  each  irreducible  circuit  is,  in  fact,  arbitrary. 

The  difference  of  two  functions  whose  moduli  are  the  same  will 
clearly  be  a  Fuchsian  function,  that  is,  a  uniform  function  of  position 
on  the  Riemann  surface. 

Let  c  be  the  number  of  irreducible  circuits.  Then  c  linearly  inde- 
pendent functions  can  be  formed  having  certain  assigned  poles, 
amongst  others,  and  having  different  sets  of  moduli.  The  poles  can 
be  assigned  by  making  them  zeroes  of  0  (z)  which  need  not  be  finite 
everywhere,  and  can  therefore  be  made  to  have  any  assigned  zeroes. 
Let  p  + 1  be  the  least  number  of  arbitrary  poles  that  can  be  assigned 
for  a  Fuchsian  function  which  is  to  have  no  others.  Then  by  sub- 
traction of  Fuchsian  functions  the  above  set  of  c  functions  can  be 
made  to  have  p  arbitrary  poles  and  no  others.  By  combining  them 
linearly  we  can  form  c—p  functions  whose  residues  at  these  poles 


♦  Compare  Acta  Mathematica,  Vol.  i.,  p.  229,  lines  1-6. 
X  2 


are  zero,  ^jiii  wLIcii  Ar»  cLeref-zr^  -rTirryv^Eoe  i^rt^  Bst  nov 
coTLUiier  zh-i  in^Uegr^I  '  ri^.  vler^  .-  i«  a  Fscitsmx.  fuictkBi,  mud 
u  cn^  of  :heae  fscctioc^  ciuKC  ar^  everywhere  fiuhe.  The  Tmhie 
of  tc.i»  Ln^^^zT^  rooxid  rh^  coc^soar  :•£  zhe  polrgoa  is  aezo.  and  tkvs 
we  h^re  a  Liiwear  rekkcxon  oona^ctm;?  cL^r  re^idi^^s  of  ir  fti  it>  different 
pokfl^  There  will  be  *jtut  3&ra  reladoc  f-.^r  each  of  die  c^p  fnncticBiB 
taskt  maj  be  *Jkken  in  the  place  of  «.  **j  thai,  if  ihe  residiifis  are  noK 
all  to  TatiL*h.  there  most  beat  I^asZ  :^f  ^ I  of  rhesi,  and  we  omdnde 
that  p  =  ^— />  or  r  =  «^.  ThU  arsri=ie^t  i?,  of  course,  loose  i  bfut,  as 
the  result  ia  ao  well  known,  there  is  no  '>b;ec%  in  labouring  the  point. 
The  e  (or  '2p)  independent  fonetions  with />  arbitrarj  poles  and  with 
modali  aa  above  can  thus  be  combined  s*)  as  to  give  p  foncdons  with- 
out poles  and  p  others  having  one  pole  each ;  these  are,  of  course, 
the  nsnal  Abelian  integrals  of  the  first  two  kinds. 

It  LS  clear  that  in  general  an  Abelian  integral  of  the  third  kind  is 
not  a  aniform  function  of  the  aatomorphic  argument.  If,  however, 
the  points  of  logarithmic  disontinoirj  fall  at  vertices  of  the  polygon 
belonging  to  parabolic  cycles,  this  statement  ceases  to  be  true.  In 
fact  it  was  seen  above  that  the  function  Z  (z) .  0  (r  i  was  an  Abelian 
integral  of  the  third  kind  if  its  mo<Jalus  for  any  parabolic  substitu- 
tion was  other  than  zero.  Now.  in  the  construction  of  §  1,  we  may 
a^ld  any  points  we  please  to  the  list  ...f  branch-points  a^,  a^  ...,  with- 
out affecting  the  argument,  and  thus  ensure  that  the  logarithmic 
discontinuities  of  any  finite  number  of  Abelian  integrals  of  the  third 
kind  shall  fall  on  the  bounding  circle  :  hence  we  may,  if  it  is  desired, 
«!ippose  the  automorphic  repi-esentation  so  chosen  that  any  finite 
unmber  of  specified  integrals  of  the  thii*d  kind  are  uniform  functions 
of  the  automorphic  argument. 


5.  Now  take  an  integral  of  the  fii-st  kind  «,  and  another  of  the 
second  kind  r„  having  in  the  polygon  a  single  pole  for  the  value 
z  =  c,  and  such  that 

Lim  {z—c)  I'c  —  =  1. 
t-e  dz 


(I  It- 


Then  exp       v^    '  dz  is  a  uniform  function  of  z,  having  simple  zeroes 

at  c  and  the  corresponding  points  in  other  polygons  only,  and  having 
no  infinity  except  at  the  essential  singularities.  Let  us  consider  the 
effect  on  it  of  any  substitution  S  of  the  group.    Suppose  fi^  to  be  the 
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corresponding  modulus  for  Ve;  then 

]•,     dz  J.^      dz  ]a^    dz 

If,  then,  we  write     ' ;  \  for  exp  I    v  —-dz^  we  have 

».{Sz)  =  ^,{z)  ^(^exp;i,(t.-tO. 

Suppose  now  that  tv  is  a  multiple  of  the  normal  integral  of  the 
second  kind,  and  take  2(p  +  l)  distinct  points  ^^  &i»  ...,  ^j>^i) 
(\<,  c^,  ...,  Cp^i»     The  function 

is  a  uniform  function  of  z^  and  by  the  change  of  z  into  8»  it  is 
multiplied  by 

exp(2/x5-2/ic)(w-tg. 

If,  then,  2/^6  =  2fe 

for  each  substitution,  that  is  to  say,  Up  conditions  are  satisfied, 

is  a  uniform  function  of  position  on  the  Riemann  surface,  having, 
say,  |3  +  1  arbitrary  poles  and  one  arbitrary  zero. 

The  function  ^^  is  not  unique,  since  u  may  be  any  integral  of  the 
first  kind.  The  quotient  of  two  such  functions,  having  a  common 
vanishing  point,  will  therefore  be  a  uniform  function  of  2f,  neither 
vanishing  nor  becoming  infinite  except  at  an  essential  singularity  j 
also,  if  V  is  an  integral  of  the  firet  kind,  exp  J  vdu  will  have  the  same 
properties. 

The  function  S^  (z)  is  clearly  veiy  like  the  prime  function  of 
Schottky  and  Klein.  (See,  for  instance.  Prof.  Burnside's  paper, 
Free,  Lond.  Math.  Sac,  Vol.  xxiii.,  pp.  289-293.)  It  differs,  however, 
in  not  having  a  pole  at  infinity,  as  is  to  be  expected,  since  infinity  is 
outside  the  region  in  which  it  exists. 
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Factorial  Functions. 

6.  Pseudo-automorphic  functions  of  the  factorial  class  can  also  be 
considered  as  zeta-Facbsian  or  zeta-Kleinian  functions.  Let  tbe 
moltiplier  corresponding  to  the  substitution 

8  =  s:sr,s^ ... 


be 


If  =  MT'lf tl/f  . 


Suppose  also  that,  when  8  is  an  elliptic  substitution  of  period  Ar,  If  is 
a  Js^  root  of  unity ;  that,  when  S  is  a  parabolic  substitution,  the 
modulus  I  If  I  is  unity  (see  Acta  Mathematica,  Vol.  v.,  pp.  258,  269)  ; 
and  that,  if  S  =  1.  then  If  =  1.     Form  the  series 

2F(S.-)(f)"=e(.). 

the  summations  being  taken  over  all  the  substitutions  of  the  group. 
The  series  4*{^)  is  a  zeta-Fuchsian  series.  We  may  therefore  use 
Poincar^'s  results  as  to  the  convergency  of  such  series,  already 
quoted.  The  subject  is  further  discussed  below  (§  9).  Then,  if  5,  is 
a  substitution  belonging  to  the  group,  we  have 

so  that  <^  (S,z)  '^<l>(z)  =  M,  {^)    ""  =  M,e  (S,z)  ^  0  (z). 

Thus  ^(2:)  -f-  6  (z)  is  a  factorial  pseudo-automorphic  function.  The 
restrictions  on  the  multipliers  are  very  much  like  those  on  the 
moduli  in  the  former  case  ;  if,  however,  the  multipliers  for  pai*abolic 
substitutions  are  unity,  those  for  irreducible  circuits  will  be  arbitrary, 
and  the  roots  of  unity  chosen  for  the  elliptic  substitutions  must 
satisfy  a  relation  which  may  compel  them  all  to  be  unity  itself. 

If  we  further  choose  roots  of  unity  for  the  arbitrary  multipliers, 
we  have  a  class  of  factorial  functions  that  will  be  of  great  importance 
in  the  transformation  theory  of  automorphic  functions.  (Compare 
Bitter,  Math.  Annalen,  Vol.  XLi.,  pp.  31,  58.) 
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7.  Other  expressions  for  the  Abelian  integrals  have  been  given, 
as,  for  instance,  by  Prof.  Bumside  (Proc.  Lond,  Math,  Sac,  Vol.  xxiii., 
pp.  66-9),  and  it  is  a  point  worthy  of  notice  that  his  function 

e(z,a)  =2- T-, 

Sz—a    dz 
* 
if   considered   as  a  function  of  a,  z  being  constant,  is  an  Abelian 

integral,  and,  in  fact,  is  practically  the  normal  function  of  the  second 
kind.*  Prof.  Bumside's  paper  treats  mainly  of  functions  of  the  first 
class ;  whereas  the  method  used  in  the  present  paper  is  only  com- 
pletely applicable  to  those  of  the  second  class. 

8.  The  following  investigations  relate  to  the  convergency  of  some 
of  the  series  that  are  used  in  the  paper. 

To  prove  the  convergency  of  the  series 

w(«.)(f)-. 

and  to  show  that  this  convergency  is  uniform  when  z  varies  within 
proper  limits,  it  is  enough  to  prove  the  convergency  of  the  series 

2  I  J^  I 

where  Sz  = ^,     aB^By  =  1. 

yz-\-o 

The  function  H  is  supposed  to  have  no  pole  at  any  essential 
singularity  of  the  group,  and  z  is  supposed  not  to  fall  at  any  point 
that  is  transformed  by  a  substitution  of  the  group  into  oo  or  one  of 
the  poles  of  H  (z).     Thus  a  superior  limit  can  be  fixed  for    |  H(8z)  \ 

15 
z-\ ,  if  we  suppose,  as  we 

may,  that  one  of  the  polygons  outside  the  fundamental  circle  contains 
the  point  oo ,  so  that  y  does  not  vanish  for  any  of  the  substitutions 
except  the  identical  one.  Such  an  exception  afEecting  only  an 
isolated  term  may  be  ignored. 

Let  K  be  the  greatest  among  the  absolute  values  of  the  moduli  of 
periodicity  /*  for  the  generating  substitutions,  and  let  n  be  the  ex- 
ponent of  the  substitution  S,  that  is  the  least  value  of  a'-|-6'+c'-|- ..., 

*  See  H.  F.  Baker,  Abelian  Functions,  p.  367,  Ex.  ii. 
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when  8  is  expressed  in  the  form  8^S>[SC  -^  in  terms  of  the  generating 
substitutions  and  their  inverses  in  snch  a  way  that  a',  b',  <f  ..,  are  all 
positive  whole  numbers.     Then 

I M I  *  «• 

Thus   we  have   to  consider  the  series  Sn  |  y  |  '^f     Now,  since 
has  both  a  superior  and  an  inferior  limit,  the  series 

sir  I-*-,    5|y*+J|-*- 


!       y 


converge  or  diverge  together.  (The  identical  substitution  for  which 
•y  =  0  is,  of  course,  left  out  here.)  All  the  terms  are  positive;  so, 
if  F„  is  the  sum  of  all  the  terms  in  2  |  y  |  "**  corresponding  to  snb- 
stitations  of  exponent  n,  the  series 

is  convergent,  when  m>  1.     Thus,  when  m>l, 

nlogn 
from  and  after  some  term  in  the  series. 

1 


Hence 


nVl  < 


n  (log  n)' 
after  this  term,  and  therefore 

is  convergent.  Now  Vl  is  greater  than  the  sum  of  the  terms  in 
2  I  y  I  ■****  which  correspond  to  substitutions  of  exponent  n,  and 
therefore  2w  |  >  |  '*'"  is  convergent  if  ni  >  1,  or 

2.H(S.)(f)" 

is  absolutely  and  uniformly  convergent  if  m  >  2. 

9.  M.  Poincar^'s  discussions  of  the  convergency  of  theta-Fuchsian 
and  zeta-Fuchsian  series  may  be  adapted  to  the  case  of  Kleinian 
groups  as  follows. 

Suppose  the  plane  of  the  variable  z  which  is  unchanged  by  the 
operations  of  the  generalized   Kleinian   group    (Acta  MathemoHca, 
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Vol.  III.,  pp.  52-6)  to  be  turned  into  a  sphere  by  stereograpbic  pro- 
jection.    Take  this  to  be  the  sphere 

Then  any  operation  of  the  group  turns  the  point  P  (x,  y,  z)  into  the 
point  P'  {x\  y\  z  ),  where 

a;^«+y"^-f  g^-1  ^  X    ^iL  =  il=  J_ 
^^y^J^^-\         A        B        G       E' 

A,  B,  Cj  E  being  linear  in  a^-f  y'+^r*,  x,  y,  e,  1.     Also,  if  (^  is  any 

infinitesimal  arc  at  the  point  P,  — — - — - — -  is  unchanged  by  any 

ar4-y^4-» — 1 

inversion  which  leaves  the    sphere    aj'+y'-H«'  =  l  unchanged,  and 

therefore    by   every   operation     of    the  group.      Hence   the   linear 

magnification  —  is  equal  to  — , — *^ — -j — =-  and  to  —  . 

Now,  if  P'  goes  to  infinity,  P  approaches  a  definite  limiting  posi- 
tion IT,  and  therefore  E  can  only  be  a  constant  multiple  of  PE^, 
which  will  be  positive  here,  since  the  inside  and  outside  of  the  sphere 
«*H-y'+^  =  1  are  not  interchanged  by  any  of  the  operations.  We 
may  then  write  E  =  n^   PE} 

Take,  then,  the  series  2  ^^  and  2  -^  >  the  summation  being  over  all 

the  operations  of  the  generalized  Elleinian  group,  and  the  ar,  y,  z  which 
occur  in  E  being  the  coordinates  of  a  point  P  which  is  inside  one  of 
the  polyhedra,  and  does  not  coincide  with  the  point  in  that  poly- 
hedron which  corresponds  to  oo .  We  shall  suppose  that  oo ,  and 
therefore  also  the  origin,  is  within  one  of  the  polyhedra  ;  this  can  be 
secured  by  proper  choice  of  the  vertex  of  the  stereograpbic  projec- 
tion. Thus  E  -7-  rf  has  a  superior  and  an  inferior  limit,  for  every 
position  of  the  point  P,  including  the  origin,  except  those  which 

correspond  to  oo  in  the  different  polyhedra.     The  series   2-=;;  and 

2  -;-  will  therefore,  converge  or  diverge  together.     Now,  if  P  lies  on 
if"* 

the  sphere  a;^  +  y'  -f  z'  =  1,  and  within  one  of  the  polyhedra,  the  series 

2  -^  converges,  as  in    M.    Poineare's    first    proof    for    the  theta- 
E^ 

Fuchsian    series,  since  the    whole   surface  of  the  sphere  is  finite. 

Therefore  the  series  2--^  converges,  and  so  does  2-^  for  all  posi- 
rj  El 
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tions  of  P,  including  the  origin.     Let  E^  be  the  valae  of  E  when  P 
is  at  the  origin  ;  then,  since 

we  have  —  =  1— r^ 

r  being  the  distance  from  the  origin  of  the   point  into  which  it  is 
transformed  by  the  substitution  in  question.     That  is, 

E^  =  cosh'  B, 

R  being  the  non-Euclidian  distance  of  this  point  from  the  origin,  so 
that 


=f:i^=»^i±f. 


Now  the  arguments  used  by  M.  Poincar6  (Acta  MathemcUiea^ 
Vol.  v.,  pp.  233-235,  259-264)  apply  here,  with  the  substitution  of 
polyliedra  and  spheres  for  polygons  and  circles,  and  show  that,  if 
there  is  a  group  of  homogeneous  linear  substitutions  isomorphic  to 
the  Kleinian  group,  the  coefficients  A  in  any  substitution  of  the  new 
group  are  all  less  in  absolute  value  than 

where  B  is  the  quantity  just  now  indicated,  and  a  is  a  constant.  It 
is,  of  course,  still  necessary  to  suppose  that  all  the  multipliers  in  a 
substitution  of  the  new  group  which  corresponds  to  a  parabolic  sub- 
stitution in  the  Kleinian  group  have  modulus  unity. 

A  A  A        . 

Hence  the  series   2  — -,  and  therefore  S-j-,  2-=-     will  be  con- 

vergent  if 

2m  >  4  +  a, 

since  2  ^  is  known  to  be  convergent. 

The  ratio  of  the  magnification  on  the  oHginal  plane  to  that  on  the 
sphere  has  finite  limits,  superior  and  inferior,  if  we  suppose  oo  on 
the  plane  to  be  contained  within  one  of  the  polygons.  Hence  the 
convergency  of  the  zeta- Kleinian  series  is  assured  for  values  of  vi 
exceeding  2-\-^a. 

M.  Poincare's  arguments  hero  referred  to  apply  to  all  families  ; 
the  absence  of  closed  cycles  would,  in  fact,  simplify  the  discussion. 
Closed  hyperbolic  cycles  must  be  removed,  as  at  Acta  Mathematical 
Vol.  III.,  pp.  71,  72. 
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Note  on  Clebsch's  Second  Method  for  the  Integration  of  a  Pfaffian 
Equation,  By  J.  Brill,  M.A.  Received  November  6th, 
1899.     Communicated  November  9th,  1899. 

1.  In  a  paper  recently  published  by  the  Society,*  I  have  shown 
that  there  exists  a  complete  set  of  multilinear  differential  covariants 
of  a  Pfaffian  expression,  each  derivable  from  the  preceding,  and  not 
simply  a  bilinear  one,  as  was  formerly  supposed.  In  that  paper  I 
gave  the  form  of  these  covanants  in  terms  of  the  quantities  that 
occur  in  the  Pfaffian  expression  and  their  derivatives.  I  propose 
now  to  discuss  the  form  which  they  take  wben  expressed  in  terms  of 
the  quantities  included  in  a  normal  form  of  the  given  expression,  and 
to  apply  my  results  to  complete  what  is  known  as  "  Clebsch's  Second 
Method  for  the  Integration  of  a  Pfaffian  Equation.*'t  I  shall,  of 
course,  assume  the  results  of  my  former  paper,  and  shall  not  think  it 
necessary  to  give  any  new  proofs  of  known  facts  in  the  theory  of 
Pfaffian  expressions. 

2.  In  my  former  paper  I  indicated  a  new  method  for  deriving  each 
of  the  various  sets  of  derived  functions,  connected  with  a  Pfaffian 
expression,  from  the  preceding ;  and  stated  that  the  generality  of 
the  metbod  could  be  established  by  mathematical  induction.  Since 
the  paper  was  printed  I  have  hit  upon  a  convenient  method  for  the 
completion  of  the  induction,  and  I  propose  to  give  a  sketch  of  it  here, 
as  the  establishment  of  the  identity  of  the  coefficients  of  the  various 
covariants  with  the  derived  functions  of  the  various  orders  depends 
upon  the  generality  of  the  method. 

It  will  only  be  necessary  to  deal  with  the  case  of  the  derivation  of 
the  derived  functions  of  the  odd  orders  by  means  of  differential 
operations,  as  the  connexion  of  those  of  any  even  order  with  those  of 
tbe  preceding  odd  order  is  evidently  identically  similar  to  the  con- 
nexion of  the  allied  functions  of  any  order  with  the  preceding  set  of 
Pfaffians. 

We  will  thus  suppose  that  the  derived  functions  of  order  2r— 1, 
derived  by  my  method,    have  been   identified    with    the  r^  set  of 

♦  Vol.  XXX.,  pp.  263-271. 

t  See  Forsyth,  Theory  of  Differential  Equatioms,  Pt.  1,  pp.  85,  86,  and  209-218. 
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Pfaffians.  From  these  we  form  the  set  of  allied  f anctions  next  in 
order,  which  will  obviously  be  identical  with  my  derived  functions 
of  order  2r.     We  have  a  set  of  formulas  of  the  type 

[012  ...  (2r+l)]  =  Zi[23  ...  (2r+l)]-X,[l34  ...  (2r+l)]  +  ... 

...-h(-l)*'X^,,[l23...(2r)].     (1) 

The  formuliB  for  the  derivation  of  our  next  set  of  derived  fnno- 
tions  are  of  the  type 

£-[023  ...  (2r  +  2)]-^[0134...  (2r+2)]  +  ... 

.••  +  (-l)''*'5^[0123...(2r+l)]=  (r+l)Z.     (2) 

in  which  we  have  to  identify  K  with 

[123...  (2r+2)]. 

Now,  substituting  in  equation  (2)  the  values  of  [023  ...  (2r+2)],  Ac, 
as  gfiven  by  the  equations  of  the  type  (1),  we  obtain 

(r+l)K=    [12][345...  (2r+2)]-[13][245...(2r+2)]  +  ... 

...  +  (-l)»'[l(2r+2)][234...(2r+l)] 

+  [23][145...(2r+2)]-[24][I35...  (2r+2)]  +  ...     • 

... +  (_!)*-!  [2  (2r+2)][134...(2r  +  l)] 

+  [34]  125...(2r+2)]-[35][l246...  (2r  +  2;]  +  ... 

...  +  (-l)''-^[3(2r+2)][1245...(2r  +  l)] 

+  &0.  (3) 

By  means  of  a  well  known  method  of  expanding  Pfaffians,*  we  have 

[123 ...  (2r+2)]  =    [12][345 ...  (2r+2)]  - [13][245...  (2r+2)]  + ... 

...  +  (-l)»'[l(2r+2)][234...(2r  +  l)], 

[123. ..(2r +2)]=     [12][345...(2r+2)]  +  [23][145...(2r+2)] 

-[24][135...(2r  +  2)]  +  ... 

...  +  (-1)^-' [2  (2r+2)][134...  (2r  + 1)], 

[123...(2r+2)]=-[13][245...(2r+2)]+[23][145...(2r+2)] 

+  [84][125...(2r4-2)]-[35][1246...(2r+2)]  +  ... 

...  +  (-l)='-'[3(2r+2)][1245...(2r  +  l)], 

*  See  Forsyth,  p.  9.'). 
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and  80  on.  Adding  together  the  2r+2  equations  so  formed,  and 
comparing  the  right-hand  side  of  the  result  with  that  of  equation 
(3),  we  obtain 

(2r  +  2)  [123  ...  (2r-f  2)]  =  2  (r-^l)K; 

and  therefore  K  =  [123  ...  (2r-f  2)]. 

This  will  provide  us  with  sufficient  material  for  completing  the 
induction. 

There  are  relations  among  the  derived  functions  of  any  order.  In 
the  case  of  any  set  of  Pfaffians  these  relations  are  of  a  difEerential 
iype.  In  the  case  of  any  set  of  allied  functions  they  are  of  an  alge- 
braic type. 

From  the  expressions  for  the  Pfaffians  [123  ...  (2r)],  Ac.,  in  terms 
of  the  preceding  set  of  allied  functions,  we  readily  deduce 

I-  [234  ...  (2r+l)]-  ^  [134  ...  (2r  +  l)]+... 

...  -h(-l)^^  [123  ...  (2r)]  =  0. 

Similarly,  from  the  expressions  for  the  functions  [0123...  (2r—  1)], 
<fec.,  in  terms  of  the  preceding  set  of  Pfaffians,  we  obtain 

X,  [0234  ...  (2r)]-Z,  [0134  ...  (2r)]  +  ... 

...-h(--l)^-*X2,[0123...  (2r-l)]=0. 

To  avoid  unnecessary  complications,  we  lay  down  the  rule  that  our 
derived  functions  shall  be  so  constituted  that  the  numbers  within 
the  square  brackets  shall  be  always  in  their  natural  order.  Ex- 
pressions in  which  this  is  not  the  case  would  be  possible,  but  they 
would  either  be  the  same  as  the  corresponding  expressions  formed  by 
restoring  the  natural  order  of  the  numbers,  or  would  merely  differ 
from  them  in  sign. 

With  this  restriction,  supposing  n  to  be  the  number  of  independent 
variables,  the  number  of  functions  in  the  various  sets  of  derived 
functions  will  be  respectively 

n(n-l)      n(n-l)rn~2)  , 

1.2      '  1.2.3  '    ••*'    "*' 

The  sets  are  thus  finite  in  number,  and  always  terminate  with  one 
containing  a  single  function.     If  ?i  =  2m— 1,  the  final  derived  func- 

^"^"^  '^  [0123  ...  (2m-l)], 
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while,  if  n  =  2m,  we  have 

[123  ...  (2m)] 
for  the  final  derived  function. 

3.  We  will  suppose  our  Pfaffian  expression  to  be  of  the  form 

Z,  daji  +  Xj  (icj  +  . . .  +  Z„  (iar„  ; 

and  will  assume,  in  the  first  instance,  that 

Zi da, -f- ^j <^a,  +  ...  i-ltda, 

may  be  taken  for  a  normal  form,  where  s  is  not  greater  than  Jn  or 
I  (n-f  1),  according  as  n  is  even  or  odd. 

We  have  therefore 

I7i  =  Zi(Z,ai  +  Z,d^a,+  ...+Z,(iia,, 

and  consequently 

^12  =  ^8  (^1  «i)  +  ^u  (^8»  a,)  +  . . .  +  cZ„  (Z.,  o.). 
Now,  forming  the  next  covariant  by  means  of  the  equation 

we  readily  obtain 

^m  =  2  {—Ipd^n  Qqi  «p»  S)  -^h^m  Qp^  S»  «*) ] » 
where  q  is  greater  than  p,  and  where  p  and  gr  may  have  all  possible 
values  from  1  to  «. 

For  the  next  covariant  we  have 

Thus,  from  the  above  expression  for  tr,^,  it  easily  follows  that 

2C^m4  =  -  22^,04  (^p,  Iq^  ap»  «,), 
it  being  readily  verified  that  all  terms  containing  differentials  of  the 
second  order  disappear.     Therefore 

^mi  —  ~"  2fZ,j84  (Zp,  Z^,  ttp,  a,), 
p  and  q  being  supposed  in  their  natural  order. 
For  the  next  covariant,  we  have 

^1M45  =  2  {  —  Zp(Zijj4B  (Zj,  Z„  a^,   a„  Or)  +Z,(Z,„45  (Zp,  Z„  Cp,  tt,,   tt^) 

-^r<^lM46  (^Pi  ^fl»  «p,  Oj,  Or)  }, 

^,  gr,  r  being  supposed  to  be  in  their  natural  order. 
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In  like  manner,  for  the  fifth,  sixth,  and  seventh  covariants,  we  have 

^iM4M7  =  5  [      h^wuar  Oq^  ^r,  h^  0.pi  0.q^  On  (h) 

"~^«^lM46a7  (^P»   ^.j   ^<i  ttp,  <»,i  ^n  «t) 
+  ^r<^l»46«7(^P»  ^«»  ^«»  "/»>  <*«»  *^»  **<) 
"~^<^8S4M7  (^P»  ^«»   ^ri  Opj  Ctgi  ^rj  a«)  }  • 
t' 12845878  =  2a,2«48«78  (^P»   ^9?   ^r»   ^<j  Op»  S>   *n  "/)• 

These  examples  are  sufficient  to  reveal  the  general  types  of  the 
successive  covariants,  and  it  is  easily  seen  that  the  generality  of 
those  types  may  be  established  by  induction.  In  the  form  in  which 
we  have  written  them,  however,  there  arises  a  distinct  peculiarity 
with  regard  to  sign.  Take  first  the  case  of  those  covariants  which 
contain  Pfaffians  when  expressed  by  the  method  of  my  former  paper. 
The  first  of  these  is  affected  with  a  positive  sign,  the  next  two  with 
negative  signs,  the  next  two  with  positive  signs,  and  so  on.  Next 
consider  the  case  of  those  covariants  which,  when  expressed  as  in 
my  former  paper,  contain  allied  functions.  The  first  two  of  these 
will  have  their  first  terms  negative ;  the  next  two  will  have  those 
terms  positive ;  the  next  two  will  have  them  negative ;  and  so  on. 
The  question  of  the  actual  sign,  however,  will  not  be  of  much  con- 
sequence for  the  purposes  for  which  the  results  are  required. 

Comparing  the  above  expressions  for  the  covariants  with  those 
given  in  my  former  paper,  we  may  readily  deduce  forms  for  the  ex- 
pression of  the  various  orders  of  derived  functions  in  terms  of  the 
quantities  contained  in  a  normal  form  of  the  given  Pfaffian  expression. 
As  examples,  we  have 

[0123]  =  2  S  ^l,l^^v"r-^)  +z^|(k5EU^ {  , 
C         d  (oji,  aj„  a;,)         d  (ajj,  a^,  a?,)  ) 

[1234]  =  —  S^  (^y^  ^1'  ^P'  ^t^ 
3  (aJi,  aJ„  aj,,  a;J  ' 

One  important  point  to  be  noticed,  in  connexion  with  the  type  of 
normal  form  assumed  above,  is  that,  if  s  be  less  than  ^n,  n  being 
even,  or  less  than  ^  (n4-l)»  ^  being  odd,  then  after  a  certain  point. 
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the  CO  variants  will  become  evanescent.  The  first  co  variant  that  does 
so  will  be  the  25"^.  In  this  case  we  see  that  all  the  derived  functions 
belonging  to  the  2$^  and  all  subsequent  orders  vanish.  We  know 
that  this  is  the  necessary  and  sufficient  condition  that  the  normal 
form  may  be  of  the  assumed  type.* 

4.  We  have  discussed  only  one  of  the  two  possible  types  of  normal 
form,  but  the  results  that  arise  in  the  case  of  the  other  type  are 
readily  deduced  from  those  we  have  obtained  in  the  preceding  article. 
Thus  suppose  that  we  have  a  normal  form  of  the  type 

where  s  is  less  than  |n,  n  being  even,  or  not  greater  than  \  (n—  1), 
n  being  odd. 

We  have         17,,  =  Sd,,  (Z„  a,), 

+  2  {  —Ipd,^  (I,,  ttp,  a,)  +  Z,d,«  (Ip,  a^  a,)  } , 
^im  =  -S(i,»4  (Ip,  /„  Op,  o,), 
^iM46  =      5  [  —ditub  (/3,  Ip,  Iq,  dp,  a,) } 

+  2  {-IpC^ina  Qgy  ^r,  V  ««'  *r) 

+  ^«^l»46  (^p»  ^n  o.p,  a,,  a^) 

—  Kd^fUsGp^  Z„  Op,  a„  a^)}, 
and  so  on. 

From  these  we  readily  deduce  the  expressions  for  the  derived 
functions.     We  obtain 

[12]=2|i^, 

[0123]  =  S^i^i-^-i^  4.  sf     i^^(h^^P^^,)  ^iHhi^jBi3^  \  ^ 
3  («i»  i^si ««)  i       "  3  (a;,,  «„  a-,)       '  3  (ar„  a-,,  a;,)  3  ' 

[1234]  =  -  2?l^!5li2l_??L^  , 
3  (aJi,  a^j,  a;,,  arj  ' 

and  so  on.     It  is  to  be  noted  that  the  symbol  /5  occurs  in  the  allied 
•  See  Forsyth,  p.  255. 
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functions  only,  being  entirely  absent  from  the  expressions  for  the 
Pfaffians. 

Here  we  have  further  to  remark  ihat,  if  s  be  less  than  |n,  n  being 
even,  or  less  than  ^  (n  — 1),  n  being  odd,  then  after  a  certain  point 
the  covariants  become  evanescent.  The  first  covariant  that  does  so 
will  be  the  (2s  -f  1)*"*,  and  all  the  derived  functions  belonging  to  the 
(2^+1)^  and  subsequent  orders  will  vanish.  As  in  the  former  case, 
we  know  this  to  be  the  condition  requisite  for  the  normal  form  to  be 
of  the  type  assumed. 

5.  We  will  consider  first  the  only  case  to  which  Clebsch  has  applied 
his  second  method,  viz.,  the  unconditioned  case  in  an  even  number  of 
variables. 

If  we  write  n  =  2m,  we  have,  for  this  case,  »  =  m.  Thus  the  set 
of  deinved  functions  will  be  complete,  ending  up  with  the  Pfaffian 

[123  ...  (2m)]. 

It  is,  of  course,  understood  that  this  Pfaffian  does  not  vanish,  as 
otherwise  there  would  be  a  modification  of  our  normal  form. 

The  normal  form  will  be 

Expressing  the  previous  set  of  allied  functions  in  terms  of  the 
quantities  contained  in  our  normal  form,  we  obtain 

[0234  ...  (2m)]  =  dbS  (-l)'^-^Z.^^->'  — ^••zA^i-^'  -^  ^-^nf's'.- -'_?."•)  , 

[0134  ...  (2m)]  =  ±  2  (—1)'"'*  Ir    ^^^'  '"'  ^"""'^  ^''*"  '"'  ^'"'  ^'  °"  '"'  ""'^  , 

C  (a^i,  a'j,  x^^  ...,  x^m) 


[0r23...(2m-l)] 

__  JL  2  C 1)''-*/         ^^^   ""*    '"-''  ^r^\^  ""t  f'my  <*H  <*a>   '«M  ^m) 

9  (oJi,  a*,,  aj„  ...,  Xi^.i) 

From  these  we  readily  deduce  that  each  of  the  a's  satisfies  an 
equation  of  the  fonn 

[0234  ...  (2m)]  |^  -[0134  ...  (2m)]  J-^  + ... 

oar,  dXi 

...  +  (-l)"'-^[0123  ...  (2m-l)]  ^  =  0.     (4) 

VOL.  XXXI. — NO.  699.  Y 
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This  equation  will  possess  2m  —  1  independent  solations.  For  our 
present  purpose,  we  shall  require  only  m  solutions,  but  these  cannot 
be  chosen  at  random.  We  have  fm(wi— 1)  other  equations  con- 
necting the  a's  in  pairs.  These  are  to  be  deduced  from  the  ex- 
pressions for  the  set  of  Pfaffians  immediately  preceding  the  last  set 
of  allied  functions.     For  these  we  have 

r345  (2m)'\   =  rifc  S         ^^^  '"*    ''•"'*     *'*^''  ""*  ^^*  -"t^r-U  ^r^b  ""i^m) 

3  (a^,  054,  Xi,  ...,  ajft.) 


ri45       r27nr)1  =  ±  2  C7  (^,  ...,  ?^.|,  Z,.»|,  ...,  t^„  a,,  ...,  a^_i,  a^^i,  ...,  o^) 

and  so  on.  Thus  we  obtain,  as  the  general  type  of  above-mentioned 
|m(m— 1)  equations,  the  equation 

2±[l23...(p-l)(;,-hl)...(9-l)(g  +  l)...(2m)]^fe-^')-  =  0;    (5) 

it  being  understood  that  any  particular  term  under  the  2  is  affected 
with  a  positive  or  a  negative  sign  according  as  the  number  of  dis- 
placements required  to  reduce  the  series  of  numbers 

p,  q,  1,  2,  3,  ...^p—l^pi-l,  ...,  q-1,  g  +  1,  ...,  2m 

to  their  proper  numerical  order  is  even  or  odd. 

The  m  equations  of  the  type  (4)  combined  with  the*  ^m(m— I) 
equations  of  the  type  (5)  make  up  a  set  of  ^m(m -|-1)  equations. 
These  are  the  equations  obtained  by  Clebsch.*  They  flow  naturally 
from  our  results,  which  also  suggest  the  natural  method  of  general- 
ization. 

To  utilize  these  results  for  the  integration  of  the  equation,  we 
select,  in  the  first  place,  any  solution  of  (4).  We  then  substitute 
this  for  a  in  equation  (5).  We  have  then  to  obtain  a  common 
integral  of  (4)  and  the  equation  so  formed.     Having  determined  this 


See  Forsyth,  p.  214. 
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integral,  we  may  also  substitute  it  for  a  in  equation  (5)  ;  and  we 
have  then  to  determine  a  common  integral  of  (4)  and  two  equations 
of  the  type  (5).  Proceeding  in  this  manner,  we  see  that  the  whole 
set  of  |m(m  +  l)  equations  will  have  been  exhausted  by  the  time  we 
have  determined  the  last  integral. 

6.  Before  proceeding  to  conditioned  cases,  we  will  discuss  the  un- 
conditioned case  in  an  odd  number  of  variables.     Thud,  let 

w  =  2m+l, 
in  which  case  we  have 

for  a  normal  form. 

The  final  derived  function  in  this  case  will  be 

[0123  ...  (2m+l)], 

which  is,  of  course,  supposed  finite. 

Forming  the  expressions  for  the  members  of  the  set  of  Pfafiians 
immediately  preceding,  we  have 

[234 ...  (2m+l)]  =  ±  ^(ji^^8^->^"'^°i>°«>  .^mO^ 

[134 ...  (2tn  +  l)]  =  ±  9(^n^^  ...,  ^^,  a„a, aj^ 

d(aji,  ar„  x^^  ...,  a^«+i) 


[123  ...  (2m)]  =  jt.8(?i,  ^,  ...,L,  oi.  q«,  ...,  <*m 
Thus,  we  see  that  each  of  the  a's  satisfies  an  equation  of  the  form 

[234  ...  C2m  +  1)]  1^  -[134  ...  (2m -hi)]  |^  +... 

OXi  Ox, 

...+(-ir[123...(2».)]^^  =  0.     (6; 

In  order  to  obtain  the  equations  which  connect  the  a's  in  paii*s, 
we  must  first  write  down  the  expressions  for  the  set  of  allied  func- 

Y    2 
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tions  immediately  preceding  the  last  set  of  Pfaffians.     We  have- 

[0345...  (2m +  1)] 


+  (-1)' 
[024r)...(2m  +  l)] 


9(ai,  iC4»«5»    ..M«J».*l) 


}• 


[0145...  (2m +  1)] 


C  9(arj,  x^,  a-j,  ...,  a^j^^i) 

■  /      l^mrr^\^(^^J^ L.ai ar-i^ttr^i a.^)  ) 

8(j'„  x^,  j-j,  ...,  a^j^^i)  3  * 

and  so  on.     Thus  we  obtain 

5±[0123...(p-l)(p  +  l)...(5-l)(3  +  l)...(2,H+l)]|S^  =  0, 

(7) 

where  it  is  understood  that  the  sign  of  any  pai*ticular  term  is  deter- 
mined by  the  same  rule  as  that  laid  down  in  the  case  of  equation  (5). 

The  ^wi(m-*-l)  equations  formed  by  writing  down  all  equations 
of  the  types  (6)  and  (7)  enable  us  to  determine  the  as  by  a  method 
exactly  similar  to  that  adopted  in  the  preceding  case.  It  only  re- 
mains to  determine  /3. 

The  m  equations  connecting  /3  with  each  of  the  o's  ai-e  of  the 
type  (7).     In  fact,  we  have 

5±[0123...(i,-l)(p+l)...(g-l)(5  +  l)...(2m  +  l)]|^^  =  0. 

(8> 
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The  equation,  containing  ^only,  differs  slightly  from  the  type  (6). 
We  have 

[234...(2m+l)]|^-[134...  (2m  +  l)]|^+... 

...  +  (- !/•"  [123  ...  (2m)]  ^^  =  ±  9(A^t,...,Z^,a^,  ...,aj 

=  [0123...(2m+l)].        (9) 

7.  We  now  proceed  to  discuss  the  case  of  a  conditioned  system  in 
any  number  of  variables.  This  naturally  divides  itself  into  two 
cases,  according  to  the  type  of  normal  form  suitable.  We  shall  take 
first  the  case  in  which  we  have 

^  (Z«,  -f-  l^da^-\- . . .  +  l,da, 

for  a  normal  foinn,  s  being  less  than  ^n  when  n  is  even,  and  less  than 
I  (n  +  l)  when  n  is  odd.  Then  the  derived  functions  of  the  2«***  and 
all  following  orders  vanish.  Thus  the  last  set  of  derived  functions 
that  do  not  vanish  are  the  8^  set  of  Pfaffians.  Expressing  these  in 
terms  of  the  quantities  involved  in  the  normal  form,  we  have 

ri23       (2«)1  =  -J-  ^  (^'^  ^«>  "">  ^«»  °i»  °»'  "•»  ^'^ 
9(^4,  aj„ar„  ...,  ajj.) 

[234...  (28 -fl)]  =  jL  ^O^^h^  ...,  Z.,  ai,a„  ...,  g.)^ 

^  (^l»  ^1  ^4»    •••»  ^  +  l) 


&C., 


<fec., 


there  being  in  all 


28l(n-28)\ 


equations  of  this  type.  From  these  we  might  deduce  a  set  of  equa- 
tions on  the  model  of  (4)  and  (6).  As,  however,  it  is  necessary  to 
fall  back  upon  the  (« —  1)*  set  of  Pfaffians  to  obtain  the  equations 
connecting  the  a's  in  pairs,  we  will  follow  strictly  the  analogy  of 
Article  5,  and  make  use  of  the  («— 1)**  set  of  allied  functions  to  obtain 
the  required  equations.     We  have 

[0123...  (25-1)]  ^j^^^^iy-n,^^'-'^"-''^''*'""'^"^'"*""'^'^  , 


[0234...(2s)]  =  ±2(-I)'-^Z, 
Ac., 


d  (^,  ...,  Ir.i,  Ir^ly  ...,  ^,«i,  Oj,   ■■■>  tt«) 


9(a!j,  a-j,  x^,  ...,  x^,) 


<fcc., 
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there  beinir  in  all  —r i^r^— , ^^ ^^rr 

^  (2«-l)!  (n-2«  +  l)! 

equations  of  this  type. 

Proceeding  to  form  equations  from  these  on  the  model  of  (4)  and 
(6),  we  obtain  a  set  of  the  type 

[0234...  (28)]^  -[0134  ...  (2«)]|^  +... 
ox^  oar, 

...  +  (-ir-*[0123  ...  (2*-l)]  1^=  0. 

dxt. 

The  total  number  of  equations  of  this  type  that  can  be  written 
down  will  be  the  same  as  the  number  of  sets,  each  containing  2s 
numbers,  that  can  be  selected  from  the  series 

1,  2,  3,  ...,  n, 

n! 


VIZ., 


25!  (n-25)!' 


These  equations  will  not,  however,  be  all  independent.     We  can  ex- 
press our  set  of  allied  functions  in  the  form 

[0123  ...  (25-1)]  =  ±  I  ^  ^^^'^  ^*^^^^  ""'  ^^  "''  q«t  -M  O  ^ 

9  (a*,,  a;,,  a*,,  ...,  a^^li) 

[0234 ...  (2s)]  =  ±  ^5(V^ny^,  ...,  Z./Z„a„a„...,a.)^ 

<&c.,  &c., 

as  can  be  readily  proved  in  the  following  manner.     We  have 
[0123...  (25-1)] 

=  =t  Z,L       Z,2  (— 1)'-*  9(logZi,  ...,logZ,.i,  logZ,,i,  ...,logZ.,a„...,a,)^ 

9  (a?!,  ar„  ar,,  ...,a^,-i) 
Now 

9(logZa,  logZ,,  ...,  logZ^g,,  ...,a,)  _  9  (log Z,,  log/,,  ...,log/.,  a,,  ...,  a,) 
9  (a?!,  x^,  ajj,  ...,  aJa,.i)  9  (a;,,  a-j,  ar„  ...,  at2..i) 

_  9  (logljli,  logZ,,  ...,  logZ,,  oi,  ...,  g,) 
9  (a?!,  a?,»  «„  ...,  aj2,_i) 
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5  Qog  V^>  log  h^   -M  log  L  oi,  ...>  q,) 


^  9  (log^i,  log^a,  logZ^,  ...,  logZ.,  a„  ...,  q,) 
9(a;j,  «„  a?,,  ...,  aJa,_i) 


_.  9  (log  V^,  logZ,,  ...,  logZ.,  gp  ...,  g,) 
9  («i»  a^7  «8>  •••»  ^2«-i) 


9  (log yZt,  logZ,,  logZ^,  ...,  \ogl„  oi,    .  ,  g.) 
9(^,a^,a^,...,x,.0 

-  9  (log  yZp  logZ:,/Zi,  logZ^,  ...,  logZ,,  g,,  ...,  a,). 

9(^1  ^J»  «8»   •••>  ^-l) 

Proceeding  in  this  manner,  we  eventually  obtain 
[0123...  (2.-1)] 

=  ±1^1       ^;s^(logZ»/Zi,  logZ^Zt,  ...,  logZ.A,  g„  ...,  g.) 

9  (aj„  iC„  Oj,  ...,  X2,.\) 

=z  ±r^  9  (yZ,,  Z,/Zi,  ...,  Z,/Zi,  g|,  g^,  ...,  q,) 
9  (i**,,  «j,  ajj,  ...,  x^_i) 

Considering  that  our  set  of  allied  functions  can  be  expressed  in 
this  form,  and  taking  account  of  known  properties  of  determinants, 
we  see  that  the  said  functions  are  connected  by  relations  of  the  types 

[0234...(2^)][0145...  (2ij+l)]-  [0134...  (20][0245...  (2«+l)] 

+  [01245...  (25)][0345  ...  (2«+l)]. 

=  0, 

[0234... (2x)] [0156...  (2*+2)]-     [0134... (2*)] [0256  ...  (2«+2)] 

4-[01245...(2*)][0356...(2f  +  2)]-[0123 

=  0,    . 

(fee.,  &c. 

Thus,  the  number  of  independent  equations  will  be  n— 2«+l,  and  the 
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whole  set  will  be  algebraically  deducible  from  the  following : — 

[0234 ...  (2«)]  ^"-[0134 ...  (2,)]  |^  + ... 

...  +  (-ir-'  [0123  ...  (2«-l)]  1^  =  0 
[0234  ...  (25-l)(2ic+l)]  1^  -[0134  ...  (2«-l)(2*  +  l)]  |^  +  ... 


UJJ, 


a*. 


.  +  (-  l)"-'  [0123 ...  (2«-2)(2«  + 1)]  5?— 

OXu.i 

+  (-l)*-'[0123...(2«-l)]^*-=0 


3x„.i 


[0234. ..(2«-l)n]|^ -[0134. ..(2«-l)n]|5-  +  . 


+  (-l)'-»[0123 ...  (2»-2)  n] 


da 


+  (-1)^-'  [0123  ...  (2«-l)]  1^  =  0 

Ox. 


(10) 


Farther,  as  the  ratios  of  the  Va  satisfy  these  equations  in  addition 
to  the  a's,  we  see  that  the  number  of  common  integrals  will  be  2«  —  1. 
Thus,  the  number  of  equations  being  n— 2«-f  1,  we  see  that  they 
must  form  a  complete  system. 

We  have  now  to  form  a  set  of  equations  on  the  model  of  equations 
(5)  and  (7).  To  do  so  it  will  be  necessary  to  write  down  the  ex- 
pressions for  the  denved  functions  of  order  2«— 3,  i.e.,  the  («— 1)"* 
set  of  Pfaffians.     We  have 

9(ir„  -Ttj  x^,  ...,  x.2,.i) 


&c,, 


<!bc., 


there  being  in  all 
equations  of  this  type. 


(2s-2;!(n-2i?  +  2)! 
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With  the  aid  of  the  above  expressions  we  can  form  a  set  of  equa- 
tions, similar  in  form  to  (5),  of  which  the  following  may  be  taken 
as  a  type  : — 

2±[l23...(p-l)(i>+l)...(3-l)(g+l)...(2»)]|i5i^=0.  (11) 

In  this  equation  the  combination  (p,  q)  is  to  be  replaced  by  every 
possible  selection  of  two  numbers  out  of  the  series 

1,  2,  3,  ...,  28; 

and  the  determination  of  the  sign  of  any  particular  term  under  the 
S  is  to  be  made  according  to  the  rule  laid  down  in  connexion  with 
equation  (5).  The  total  number  of  equations  of  this  type  that  can 
be  formed  will  be  the  same  as  the  number  of  sets  of  2$  numbers  that 
can  be  selected  from  the  series 

1,  2,  3,  ...,  n, 


VIZ., 


n\ 


28l  (n-2«)! 
The  number  of  quantities  of  the  form 

a(«,a) 

3  {Xp,  X,) 

that  occur  in  the  whole  set  of  equations  is  ^n(n— 1).     Now 


2«!  (n-2«)! 


>  |n(n-l). 


except  for  the  single  case  s  =  1.  It  is  in  general  much  greater. 
Thus  it  is  evident  that  the  members  of  our  set  of  equations  are  not 
all  algebraically  independent.  The  number  of  independent  equations 
cannot  be  greater  than 

i«(»-i)-i, 

and  is  probably  less. 

This  last  set  of  equations  will  be  satisfied  by  the  Va,  and  con- 
sequently by  the  quantities 

I,'  I,'    ••'  X' 

Thus  our  complete  set  of  equations,  including  equations  (10)  and 
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the  equations  of  type  (11),  will  be  satisfied  by  these  quantities  in 
addition  to  the  a's.    Consequently  their  general  solutions  will  be  of 

the  type 

^u'  t"'  ■■"  t'  "*'  "*'  ■■'  "•)' 

and  therefore  the  argument  used  by  Forsyth  to  justify  the  sufficiency 
of  the  equations  in  the  case  discussed  in  Article  5  may  also  be  used 
here. 

8.  It  now  only  remains  to  obtain  the  necessary  equations  for  the 
case  in  which  the  normal  form  is 

8  being  less  than  ^n  if  n  be  even,  and  less  than  i  (n— 1)  if  n  be  odd. 
The  last  set  of  derived  functions  that  does  not  become  evanescent 
will  be  the  2.s^,  t.e.,  the  s^  set  of  allied  functions.  These  may  be 
expressed  as  follows  : — 

[0123  ...  (2«  +  l)]  =  ±  ?OM,,^..^i.,_ai^..,_aO  ^ 
d  (x„  a*,,  a^,  ...,  Xis^i) 

[0234...  (2«-h2)]  =  =fc-^^^^^    "J.^'^i.  ..m".)^ 

&c.,  &c., 

n! 


there  being  in  all 


(2*+l;!  (n-'ls'-l)l 


equations  of  this  form.  We  could  deduce  fix)m  these  a  set  of  equa- 
tions that  are  satisfied  by  the  a's,  but  we  shall  find  it  most  convenient 
to  follow  the  analogy  of  our  former  work.  We  must  accordingly 
write  down  the  expressions  for  the  /*"  set  of  Pfaffians.     We  have 

[123  ...  (2s)]  =  ±  ^(^1^    ".L^,^  ••■.«>)  ^ 
o(x^,  .Tj,  x^,  ...,  a^) 

[234 ...  (2«  +  l)]  =  ^^(^M  •.-. /..  «i.  -Mat)^ 
5  (a?,,  a*,,  x^,  ...,a;2,*,) 

<fec.,  &c., 

there  beincf  in  all  -r-r- — '   ^  .  . 

equations  of  this  type.     Thus  we  see  that  the  equations  satisfied  by 
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[234  ...  (2»+l)]|^  -[134 ...  (2,+l)i  |!i  + ... 

...  +  (-l)-[123...(2«)];^" 
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Dasj,^, 


:0.       (12) 


The  number  of  algebraically  independent  equations  of  this  tjpe 
will  be  n  — 2^,  and  we  may  choose  a  set  similar  to  equations  (10)  of 
the  preceding  article. 

The  equations  to  be  satisfied  by  /3  will  be  of  the  type 

[234  ...  (2.-hl)]|^-[134  ...  (25+1)]^  +... 
OXi  Ox, 

...  +  (-l)«'[123  ...  (2«)]-^=  [0123...  (2«  +  l)].     (13) 

The  number  of  equations  of  this  type  that  are  algebraically  inde- 
pendent will  be  n— 2». 

In  order  to  form  the  remaining  equations,  we  have  to  write  down 
the  expressions  for  the  (s—l)***  set  of  allied  functions.     We  have 

[0123...  (25-1)] 

_.      ,     2    f  / 1  y-l  7    ^  (ht    •■">   ''r-\t  tr^\t    ..M   ^M  "li   QjT    ""I  Q«) 

(  *"  9  (arp  «„  arj,  ...,a^s,.i) 

3  («„  x^,  ic,,  ...,  a%j,^,)  )  ' 

[023  ...(2.)] 

_.   I    2  y  ^ IV'^Z       ^^  '"*  "**       °^*  ^*  '"*  °* 

<&c.,  <&c., 

there  being  in  all  (2,_ij!  "J_2.+  l)! 

equations  of  this  type.     From  them  we  readily  deduce  the  remaining 


382  Mr.  A.  C.  Dixon  on  [Nov.  9, 

equations.     We  have  a  set  of  the  type 

2  ^.  [0123  ...  (p-l)(p  +  l)  ...  (q-lXq  +  l)  ...  (2.  +  1)]  l^^  =  0, 

(U) 

and  a  set  of  the  type 

2  ±  [0123  ...  (;,_1)(^  +  1)  ...  (g_l)(g  +  l)  ...  (2.  +  1)]  |i^  =  0. 

(16) 

This  accomplishes  our  present  purpose,  which  is  the  determination 
of  the  forms  of  certain  equations  known  to  exist.  The  discussion 
opens  up  some  interesting  questions  with  regard  to  the  general 
pnjperties  of  the  derived  functions  of  a  Pfaffian  expression,  bat  these 
must  be  left  for  future  investigation. 


On  Amphre'a  Equation  i2r-f  2S»-f-T^-f  C7'(r^-«')  =  F.  By  A.  C. 
Dixon.  Received  October  20th,  1899.  Communicated 
November  9th,  1899.  Received,  in  revised  form,  January 
4th,  1900. 

1 .  The  methods  given  hitherto  for  solving  the  above  equation  do 
not  apply  in  general,  but  only  if  certain  conditions  are  satisfied  by 
the  coefficients  11,  S,  T,  U,  V.  I  pi'opose  in  this  article  to  investigate 
a  modification  of  the  ordinary  Monge  and  Ampere  method  which 
applies  to  all  cases. 

Ft  must  be  remembered  that  no  method  can  be  given  which  will  in 
all  cases  give  an  integi*al  in  finite  terms.  It  seems  almost  certain 
further  that  no  method  will  ever  be  found  for  reducing  the  solution 
of  Ampei'e's  equation  in  general  to  that  of  equations  of  the  tiret 
order  with  one  dependent  variable.  Even  if  such  a  method  wei'e 
found,  it  would  not  enable  us  to  solve  the  equation  in  all  cases,  for 
there  is  no  general  method  of  solving  such  equations  of  the  first 
order,  except  by  continued  approximation.  The  ordinary  methods, 
those  of  Lagi-auge,  Charpit,  and  Jacobi,  depend  on  inspection.     The 
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method  of  continued  approximation,  as  by  infinite  series,  applies  to 
equations  of  all  orders,  and  not  only  to  those  of  the  first.  The  state- 
ment, often  made,  that  a  single  function  satisfying  given  partial 
differential  equations  of  the  first  order  may  be  considered  known  is 
therefore,  in  the  present  connexion  at  least,  not  well  founded.  No 
doubt  much  more  is  known  of  the  relations  among  different  solutions 
in  the  case  of  an  equation  of  the  first  order,  but  the  solutions  them- 
selves are  equally  well  known  for  all  orders. 

The  methods  of  Monge  and  Ampere  depend  for  their  success  on 
the  combination  of  certain  differential  expressions  so  as  to  form  a 
complete  differential.  When  this  can  be  done  by  inspection,  the 
methods  are  of  practical  use,  but  hardly  otherwise.  The  method  I 
now  propose  depends  on  the  combination  of  the  same  differential 
expressions  in  a  particular  way,  and  it  will  not  be  of  much  use  in 
practice  unless  this  can  be  done  by  inspection.  Its  advantage  is  that 
it  applies  universally  ;  that  is,  that  for  any  equation  of  Ampere's 
form  any  solution,  involving  three  arbitrary  const-ants  in  such  a  way 
that  their  elimination  does  not  lead  to  an  equation  of  the  first  order, . 
satisfies  the  conditions  on  which  the  method  depends,  and  is  therefore 
discoverable  by  a  sufficiently  keen  inspection. 

If  the  two  sets  of  characteristics  coincide,  the  statement  of  the 
method  has  to  be  modified,  and  in  this  case  the  practical  difficulty  is 
specially  marked. 

Suppose  the  equation 

Rr-¥2Ss-hTt+U(rt's')  =  V  (1) 

to  have  a  solution  ^  (x,  y,  Zy  Cj,  Cj,  Cj)  =  0  (2) 

involving  three  arbitrary  constants.  Then,  by  taking  the  first 
derivatives  of  this,  we  form  two  other  equations 


ox .      Oz  oy        oz 


(3) 


and  these  three  may  be  supposed  solved  for  Cj,  Cj,  Cj,  so  as  to  give 
equations 

t*i  =  c„     tt,  =  c„     w,  =  f„  ^4) 

unless  it  is  possible  to  eliminate  Cj,  c„  c,  from  (2)  and  (3),  in  which 
case  (2)  will  be  a  primitive  of  a  differential  equation  of  the  fii-st 
order  only,  involving  no  arbitrary  constant.  This  case  we  shall 
suppose  excluded. 
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Wc  shall  consider  the  solution  leather  in  the  form  (4)  than  (2).  If 
it  is  a  complete  primitive  depending  on  five  arbitrary  constants,  then 
tij,  u^,  f/g  must  be  supposed  to  involve  two  constants  as  well  as 
aJ,  2/,  z,  p,  q. 

2.  Now,  if  two  of  the  functions  Ui,Mj,  n„  say  Ui,  t^,  have  been  foand 

by  any  means,  the  third  is  found  without  any  theoretical  difficulty. 

For  the  equations 

til  =  c„      Ui=  c^ 

may  be  solved  for  p,  q*  and   the  resulting    values  substituted  in 
the  equation 

dz  =  pdx-\-qdy. 

The  integration  of  this  must  lead  to  (2),  which,  when  written 

0  (x,  y,  z,  M„  t/„  c,)  =  0, 

must  be  equivalent  to  u^z=  c^. 

The  problem  is  therefore  reduced  to  the  finding  of  two  functions 
t*i,  Uj  such  that  the  values  of  p,  q  given  by  solving  the  equations 

?h  =  (^ij     ^h  =  ^2 
may  satisfy  the  conditions 

Rr'\-2Ss-\-Tt^-U{rt-s'')  =  F,  (1) 

that  is, 

and  h^ph^f+gl^.  (6) 

<:)x        Gz      oij        oz 


3.  Now  (1)  may  be  Avritten  (unless  U  =  0) 


Us-S^,     Ut-^-B 


=  0,  (7) 


•  Otherwiso  /?,  q  could  be  eliminated,  and  thus  there  would  be  a  relation  among 
Sf  y,  r,  c,,  Cj  not  mvolving  c^.     This  cannot  be  since  (2)  involves  <?j. 
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where  /Sp  S^  are  such  expressions  that 

S,-hS,  =  2S,    S,S,  =  BT-\-UV. 
The  equation  (7)  may  be  replaced  by 

.Us-8t-\-\iUti-B) 
or  by  Ur-^-T  -^niUs-S^)  =0 

A,  ft  being  proper  multipliers. 


r-S,)=01 
+  B)  =0/' 

i+iZ)  =0j 


(8) 
(9) 


Taking  first  the  equations  (8),  let  us  suppose  quantities  A^,  A^  so 
chosen  that 

Op  dp  oq  oq 

so  that  T-XS,  =  A,  (|ii  +^1-^)  +A,  (|.  +p|i'), 

^  daj  oz  '  ^  ox         oy ' 

and  in  like  manner,  from  the  second  equation  (8), 

Xi>-«.  =  ..(|+,|J).^.(|.,|). 
Thus 


A^du.-'r  A^du^  =  Udp.-^U\dq-^(T-\S,)  dx-\-(\B—8i)  dy 

H-  (^^*  H--4,  -^jidz-pdx-qdy) 
^      Oz  oz' 

=  (Udp-\-Tdx'-S^dy)-^\(Udq'^8idx-{'Rdy) 
+  (^A,^-^A,^)(dz^pd^--qdy). 

Thus  a  linear  combination  of  dt^,  du^  can  be  expressed  as  the  sum 
of  multiples  of  the  expressions 

Udp+  Tdx—S^dy,     Udq  —  S^dx  +  Edy,     dz-pdx—qdy. 
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To  this  list  of  three  may  be  added  the  following,  combinations  of  the 
first  two,  for  use  when  U  vanishes  : — 

S,dp-^Tdq—Vdy,     Rdp-^-S^dq-Ydx. 

In  like  manner  it  follows  from  (9)  that  a  linear  combination  of 
dii^,  du^  can  be  expressed  as  the  snm  of  multiples  of 

Udp+Tdx  —  S^dy,     Udq-S^dx^-Edy,    dz—pdx—qdy, 

S^dp-^Tdq—Vdy,     Bdp-^-Sidq-'Vdx. 

It  is  easily  seen  that  these  combinations  are  different  unless  8i  =  8^, 

4.  Conversely,  when  S^  5,  are  unequal,  if  two  linear  combinations 
of  dn^,  du^  can  be  expressed  as  just  explained,  the  equations 

t*i  =  c„     tt,  =  c„ 

**!f  they  can  be   solved  for  p,    q,  will  furnish  a  solution.     For  we 
must  have 

rr(A,du,+A,du,)  =  (^,|^>  +Aj^)  (JIdp-k-Tdx-S,dy) 
+  (^,y'  +^1^)  (Udq-8,dx+Rdy) 
+  U  (^,|*'  +  A,^)  (dz-pdx-qdy)       (10) 

and   l7-(B,d«.  +  J5,rf«,)=     (b,^ +B,^Uz7dp  +  r(fe-S,iy) 
+  (b,  I?*-!  +B,  p')  (Udq-S,dx  +  Bdy) 

+  u(b,^^+B, ^)  (dz-pdx-qdy).     (11) 

^      dz  dz  ' 

Now  let  r,  s,  <r,  t  denote 

k+p^,  9?+5|e,  k+ph,  h+qk, 

ox        Oz      Oy        Oz      ox        oz      Oy   ^  *Oz 

the  derivatives  being  formed  on  the  supposition  that  p,  q  are  defined 
in  terms  of  ar,  y,  z  by  the  equations 

w,  =  Ci,       f*2  =  Cj. 
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Then,  the  expressions  on  the  left  in  (10),  (11)  being  put  equal  to 
zero,  we  have,  from  (10), 

(A^^+^|^)(Crr4.T)  +  (A|^+^|^)(ir<r^S0  =  0,     (13) 

{A,^+A,^)(Us^8,)^{A,^-^A,^^)(m+^  =0.     (14) 

NoAv    A.^^A,^,    A,^-¥A^^  cannot    both     vanish,    since 
op  op  oq  Oq 

7^  (         \ 
1  I! — %L  is  supposed  not  to  be  zero ;  we  must  therefore  have 
G  (p,  q) 

Ur-\-T,      UfT-S,    =0 

or  l^(r^-5<r)  +  JRr  +  iSi«  +  fif,cr  +  !Z^=F.  (15) 

In  the  same  way,  from  (11),  we  have 

t7(r^-5a)-i-Er4-iS,«  +  Sicr+2Y=  F.  (16) 

By  subtraction,  (<Si — SS){8^a)  =  0, 

so  that,  as  S^y  8^  are  supposed  unequal, 

«  =  <r. 
Thus  (15),  (16)  become 

t7(r^-5»)+jBr-f  2fif«  +  n  =  7;  (1) 

that  is,  the  values  of  p,  q  given  by  the  equations 

^1  =  <a»     «*s  =  c, 
make  the  equation  dz  =  pdx-\-qdy 

integrable,  and  also  cause  the  condition  (1)  to  be  satisfied. 

The  above  proof  can  easily  be  modified  so  as  to  apply  when  U 
vanishes  ;  for  the  equations  (13),  (14)  may  be  supplemented  by  the 
following  two  which  are  consequences  of  them  unless  U  vanishes  : — 

(-4,^ +--i.^)(S,r+r.)+ (^.|'+^.|')(s,<.+  r<-F)  =  0, 
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Thus,  when  Si,  S,  are  unequal,  we  have  the  folldwing  method  of  * 
solution.     Find,  by  inspection,  a  combination  of  the  expressions 

Udp^-Tdx-S^dyi    Udq-S^dx-^Bdy,     S^dp-^Tdq-^Vdy, 

Rdp-\r8^dq—Vdx,     dz—pdx—qdy, 

which  can  be  written  iti  the  form  * 

A^du^-^  A^dfi^, 

and  a  combination  of  the  same  expressions  with  /Si,  8%  interchanged 
that  can  be  written  in  the  form  Bidti^-^- B^du^  ;  the  differentials  du^y 
dUf  are  to  be  the  same  in  both  cases,  but  the  coefficients  A^,  ^,,  B^,  B^ 
are  not  restricted,  and  in  particular  need  not  be  such  that  either 
combination  shall  be  a  complete  differential.     Then,  if  the  equations 

<h  =  <a>     Wj  =  Cf 

can  be  solved  for  p,  g,  a  solution  of  the  equation  (1)  will  be  given 

bj  the  integral  of 

dz  =z  pdx-^-qdy. 

Although  the  theory  of  the  method  is  general,  its  practical  appli- 
cation is,  of  course,  limited  to  solutions  in  finite  terms,  and  even 
when  such  exist  it  may  not  be  at  all  easy  to  find  them  by  this  or 
any  other  method.  This  difficulty  is  shared,  though  in  a  less 
degree,  by  the  ordinaiy  methods  for  solving  equations  of  the  first 
order. 

5.  The  equations  (8)  may  be  discussed  in  another  way.  They 
may  be  written 

uf  +  UX^  +  U(p  +  Xq)^=XS,-T,  (17) 

Ox  dy  Oz 

U^A  +  u\^+jj(j,+\q)^  =  S,-\R.  (18) 

OX  oy  oz 

Multiply  (17)  by  ^\  (18)  by  —^ ,  and  add:   the  result  is 
op  oq 

fj^li +I7X|'^ -,ir(p+A5)|^ +(XS,-T)|!*» +(S.-XiJ)|f»=  0, 
Ox  oy  oz  op  oq 

(19) 
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whence  it  follows  that  du^  is  a  linear  combination  of  the  expressions 

dx,     dy,  dz,  dp,  dq       \  ,  (20) 

U,     UK     Uip-\-\q),     XSj-T,     S,-\B 
that  is,  of  dy--X.dx, 

dz^pdx—qdy, 
Udp-\-Tdx—Sydy. 
Udq-S^dx-^Bdy. 

Since  %  must  also  satisfy  (19),  du^  must  also  be  a  combination  of 
these  expressions,  and.  thus  J?„  J9,  can  be  so  chosen  that  B^dui-^ B^du^ 
is  a  combination  of  the  last  three,  a  conclusion  to  which  we  were 
before  led  by  considering  (9). 

G.  The  matrix  (20)  may  be  written  in  another  form  by  the  use  of 
the  known  value  of  X,  namely, 


For 


Op  op 


Ox  ox  ^       OZ  OZ  ' 

Ov  Oy  \        Oz  OZ  f 


Thus,  if  we  use  the  symbol*  dJCl  for  A^du^-^-  A^du^,  we  may  write  (20) 
thus 


dx,     dy,  dz,  dp, 

dp      dq  dp  dq 


ox  OZ 


dq 
dy         dz 


,    (21) 


in  which  form  it  has  a  striking  analogy  to  the  auxiliary  matrix  used 
in  the  theory  of  partial  differential  equations  of  the  first  order. 


*  It  is  not  meant  that  A^du^  +  A^ti^  is  a  complete  difPeretitial. 

z  2 


340  Mr.  A.  C.  Dixon  on  [Nov.  9, 

The  condition  (19)  may  be  written  symbolically 

S(Q,tti)  I    9(Q.ti,)  _^ 8(o,tii)  ^^3iajO  =  0,        (22) 
d{x,p)        d{z,p)      3(y,g).      3c«,5) 

and  thus  reduces  to 

9(ar,^)         3(«,p)       3(y,  5)        9(«»5) 

which,  as  is  known,  leads  directly  to  «  =  o-. 

Now,  in  the  argument  of  §  4,  only  one  of  the  identities  (10),  (11)  is 
necessary,  if  we  know  by  any  means  that  «,  a  are  equal. 

Hence  we  have  modified  forms  of  the  original  theorem ;  in  fact, 
ti]  =  Cj,  u,  =  C]  will  furnish  a  solution  if  multipliers  ^„  Af  can  be 
found  such  that  Aidui-j-A^du^  is  a  linear  combination  of  the  ex- 
pressions in  the  following  list : — 

Udp-^Tdx-S^dy,     Udq—8^dx-\-Bdy, 

S^dp-\-Tdq—Vdy,     Bdp  +  S^dq  —  Vdx,     dz—pdx—qdy; 

and  if  any  one  of  the  following  further  conditions  is  satisfied  : — 

(a)  dii^  (or  du^)  is  a  linear  combination  of  the  expressions  got  by 
interchanging  S^y  S^  in  the  list  just  given,  together  with 

(&)  du^  (or  du2)  is  a  linear  combination  of  the  determinants  (21). 

(c)   The  expressions  given  for  2?,  q  by  the  equations  m,  =  c„  Wj  =  Cj 
are  such  that  s  =  tr. 

{d)  The  compatibility  condition  (23). 

(e)  Ml,  n^  are  two  of  the  new  principal  variables  in  a  tangential 
transformation.     (The  thiixl  principal  variable  will  be  t^.) 

In  any  of  these  modified  forms  the  theorem  applies  equally  well 
when  Si  =  S^.  There  is  no  difficulty  in  the  verification,  for  we  have 
seen  that  the  above  ways  of  stating  the  condition  are  equivalent ;  the 
equation  (15)  is  proved  as  befoi'e,  and  we  have  now  s  =  o-. 

When  the  two  sets  of  characteristics  coincide,  it  is  then  necessary 
first  to  find  by  inspection,  or  otherwise,  two  functions  u^,  u^  satisfying 
the  conditions  just  specified.  The  solution  may  then  be  completed 
as  before,  but  it  is  doubtful  whether  the  method  in  this  form  is  of 
any  practical  use. 
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7.  To  illustrate  the  method,  let  ns  use  it  to  find  the  most  general 
solution  of  the  equation 

Here  A^dt^-{- A^du^  must  be  a  combination  of  dp,  dq  and  dz^pdx-^qdy, 

^""'^  17=1,     E=S,  =  S,  =  T=7=0. 

Writing  u  for  px-\-qy^z,  we  may  say  that  A^du^-^-A^du^  must  be  a 
combination  of  dp,  dq,  du,  and  therefore  u^,  u^,  p,  q,  u  must  be  con- 
nected by  at  least  one  relation.  Since  u^,  u^  are  equal  to  constants, 
this  shows  that  the  equations  of  the  solution  yield  at  least  one  rela- 
tion of  the  form  ^  /  \       a 

and  we  have  further        A^du^  -♦- A^du^  =  <2^, 

it  being  understood  that  u^,  u,  are  substituted  for  Cj,  c^  in  i^  after 
formation.     Thus  du^,  du^  are  linear  combinations  of  the  determinants 

dx,  dy,  dz,  dp,     dq 

|U.|&.    ^+y?*.    ^l+jf +(p.+5y)9*,     0,      0 

Op         Ou       Cq         Cu  op         Oq  Ou 

Thus  w„  w,  must  be  functions  of 

and  the  two  equations         u^  =  c,,     tf^  =  Cj 
ai*e  equivalent  to  two  of  the  form 

u=f(p,,),   (-|)/(s'-|)=^0'.5)' 

or  of  the  form 


(«) 


f(p,q)=0,    x^-y^=Fip,q,u),  (/3) 

or  to  two  relations  connecting    p,  q,  u.  (y) 

The  third  equation  of  the  solution  is  to  be  found  by  integration 
dz=^pdx'\'qdy, 
or,  what  is  the  same  thing, 

du  =  xdp  +  ydq. 
Thus  y  gives  p,  q,  u  all  constant. 
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Since  the  form  of  F  is  arbitrary,  this  gives  an  arbitrary  relation 
between  p,  and  q  ;  thus,  p,  9,  n  may  be  taken  as  arbitrary  functiomi 
of  one  variable  only,  and  the  solution  comes  out  as  the  result  of 
eliminating  v  from  the  equations 

(z=xF,  (v)-hyF,  (r)  -i-F,  (r), 
\0=xF{(v)-\^yK(v)'\-F;(v). 

This  form  includes  the  solution  derived  from  (y),  and  (/3)  leads  to 
the  same.  This,  then,  is  the  most  general  solution  involving  three 
or  more  arbitrary  constants. 

The  above  example  was  chosen  on  account  of  its  familiarity,  so  as 
to  give  an  opportunity  of  comparing  the  pi*esent  method  with  others. 
Let  us  now  consider  the  following,  which  does  not,  I  believe,  fall 
under  the  rules  of  Monge  and  Ampere, 

2xqr  +  (yp—'^q)  s  -f  2pyt  -f  2xy  (rt  —  «')  =  —  ^pq. 
Here  S^  -f  S^  =yp— 2xq,      . 

5i  ^8  =  4!pqxy—&pqxy  =  —  2pqxy, 
Put  then  Si  =  yp,     S^  =  —  2^^. 

Hence  A^dui-i-A^dUi  is  to  be  a  combination  of 

2xydp-\-2pyd,v-\-2xqdy,     2xydq  —  ypdx-\-2,rqdy,     dz—pdx^qdy, 
that  is,  of 

dz—pdx — qdy. 


dp^p^^±dy,     2dq^p'^^2q^^ 


y    '  -     '    .r         -  y 

Also  BidiCi-^B^du^  is  to  be  a  combination  of 

2xydp-\-2pydx^ypdy,     2xydq-]-2,vqdx-\-2xqdy,     dz—pdx^qdy, 

that  is,  of 

2,1'^  i-2dx^dy,     y—  -^dx-hdy,     dz—pdx  —  qdy. 
p  q 
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Compare,  for  instance, 

with  ^2x^'\-2d^-^dy}  -{-t^^y^-^dx-^-dyl. 

These  expressions  may  be  written 

and  |2^4(2  +  ^)J|<r+{M^+(/i-l)^}y. 

If,  then,  we  put  fi  =  —  2A, 

we  find  as  admissible  forms  these 

U,  =  q^^y^^\ 
X  having  any  constant  value. 

From  the  equations        «,  =  c„     tt,  =  c„ 
we  derive  p  =  c,ic*'\     q  =  c>/2^y-(»w-i^ 

and  the  solution  thus  found  is 

z  =  aa^-\-hy-^'^^  +  c, 

containing  four  arbitrary  constants,  a,  6,  c,  A. 

Of  course  this  is  not  the  most  general  integral,  but  it  may  be  the 
most  general  one  in  finite  terms. 

8.  If  in  any  particular  case  one  of  the  multipliers  A^,  A^,  B^,  B^, 
say  A^,  vanishes,  we  have  substantially  the  methods  of  Monge  and 
Ampere.     We  may  take  -4i  =  1,  so  that  du,  is  a  linear  combination  of 

Udp^-Tdx-S^dy,     Udq-S^dx-^Rdy,     S^dp^-Tdq-Vdy, 

'      Bdp-^-Stdq—VdXjdz—pdx  —  qdy, 

and  the  process  of  finding  Wj,  w,,  as  above  indicated,  is  then  exactly 
that  of  Lagrange  and  Char  pit  for  the  integration  of  the  equation 

n,  =  c,. 

The  solution  derived  Avill  involve  three  arbitrary  constants,  or  one 
arbitrary  constant  and  an  arbitrary  function. 
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9.  The  following  is  another  method  of  finding  ti„  «, : — Since  p,  q 
are  given  in  terms  of  «,  y,  z  by 

u^=c,     «,  =  c^ 


we 


have        r=i^-p^  +p^Ob.K^A  ^?i?hiih), 


and  so  on. 

C  9  (a?,  y)       .3  («f,  y)  9  (aj,  2?)    )        9  (jp,  g) 

Hence  the  equation  (1)  gives 

y^(9(n„tO   .     9(n,,  ti,)         9(ti,,  u,)] 
l9(;r,y)       ^9(z,y)       ^9(ar,0i 

^  9(g,;r)   ^^9(5,z)  3  l9(p,..)  ^^90>,.)   i 

^ T  (  ^  ^^' -'^^-  +  g ^-tev^fi)  j  _  F^  ("^? ^  =  0.  (24) 

^  9(y»jp)        3(«ip)  ^        3(p,  g) 

We  have  also  the  compatibility  condition 

8  (^1.  ^i)  .|.^  S  (^11  ^)  ^  ^^^frL_^*l)  ^  ^  9  («i».  «0  =  0.  (25) 

9  {p,  x)  9  (;),  z)        9  (^,  y)  9  (g,  z) 

Now,  if  we  denote  by  d{u^^  t*,)  the  double  differential  element  du^du^ 
as  it  occurs,  for  instance,  in  a  double  integral,  such  as  i\  du^du^^  we 
have 

d  (aj,  y)  d  (y,  2?)  d  (2;,  x) 

d{x,p)  o(y,p)  o(«.p) 

o(a-,  3)  v{y,q) 

d{z,q)  (J{p,q) 
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Thus,  by  reason  of  the  relations  just  found  among  the  Jacobians,  it 
follows  that  d  (mj,  u,)  is  a  linear  combination  of  the  determinants 

^  {^y  y)i  d  (y,  z),  d  (z,  a?),  d  {x,p),  d  {y,  p),     d  {z,  p),    d  {x,  g), 
0,  0,  0, 


2S, 

T, 

2p8+qT,      -R, 

-1, 

0, 

-p,          0, 

d(_y,q),    d{z,q),   d(p,q) 
0,        -pR,      -r 
-1,       -q,           0 

that  is,  of 
d{x,y),  d{z,y)y  d  {x,  z),  d{x,p)  +  d{q,y),   d{y,p),  d{z,p)-pd{x,p)-'qd{y,p), 

u,       pu,      qu,  28,  r,  0, 

d{x,q),    d{z,q)-pd{x,q)'-qd(y,q),  d{p,q) 
-B,  0,  -F 

Also,  if  M„  w,  ai*e  any  two  functions  of  x,  y,  r,  p,  q  such  that  d  (m„  Wj) 
is  a  linear  combination  of  the  determinants  of  this  matrix,  then 

w,  =  C,,       Ms  =  C2, 

if  they  can  be  solved  for  p,  q,  will  furnish  a  solution. 

10.  Since  d  (w„  ii,)  and  d  (m,,  n,)  must  also  be  linear  combinations 
of  the  same  expressions,  it  follows  that  a  solution  of  the  form  (2) 
gives  three  such  combinations,  independent  of  each  other.  A  solution 
given  by  Ampere's  method  leads  to  five  independent  combinations,  for, 
if  u^  =  Cj  is  the  intermediary  integral,  we  have 

dz — pdx  —  qdy  ^  A(ZM,-f  fi  {du^  —  u^du^, 
the  other  integral  equations  being,  in  the  case  of  the  general  integral, 

w,=/(w,). 

We  have  then  two  complete  primitives,  among  others. 
Ml  =  c„     tij  =  Cj,     tij  =  c,  ; 


u,  =  c,,     1*4  =  c„ 


•M4t«,  =  c„ 
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and  the  fiv^e  combinatioiis  are 

d  (wi,  wj),     d  (w„  u^),     d  (u„  tO,     d  (tt,,  «,), 

d{u^,  u^)'-u^d{u^,  u^). 

On  this  subject  compare  a  paper  by  the  writer  presented  this  year 
to  the  Royal  Society. 


10.  A  point  of  interest  in  the  theory  is  that  an  equation  of 
Ampere's  form  (1)  is  changed  into  another  of  the  same  form  by  any 
tangential  transformation.  (Goursat,  Equations  aux  ddrivees  partieUes 
du  second  ordre,  Vol.  i.,  chapter  ii.) 

Suppose  that  x,  y,  z,  jo,  q  are  expressed  in  terms  of  five  other 
valuables  x\  y,  z\  p\  q\  in  such  a  way  that 

dz  —p  (lx—qdy^p{  dz'  ^pdx  —  q'dy') , 

Then  we  have  r,  «,  t  given  by  the  equations 


where 


and 


dx 

dx 

dx" 

dx 
dy 

dy 

.dp 
'dy' 

dx 
'd^ 

ax 

dx 

dx 

*•%- 

dy 

d 

r  dy' 

stand  for 

S-+' 

'87' 

*'i' 

09 

dy 

'a/ 

dp 

dq 

Thus  r,  8,  t  and  rt—s^  are  given  in  terms  of  x\  y\  z\  p\  q\  r\  s\  t'  as 

fractions   having  a  common  denominator    ,  .  /    ,^ ,  the   numerators 

d(x,y) 

and  denominator  being  all  linear  in  /,  s\  t\  r't'—s*.     Thus  Ampere's 

equation  (1)  is  changed  into  another  of  the  same  form. 

The  new  coefficients  i^,  S\  T^  U\  V  are  easily  found  to  be  as 

follows : — 

U'=  jjHv^^^  ^R^^E^A  -^2g^(^^y)    |-yS(^>^)  ■^pr^(3^.y) 

^(p\q)       ^(p^q)        ^(j>\q)      ^(p\q)       3  (p.  9') 

=  [P\  qI  say, 
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and,  with  a  like  notation, 

^S'  =   [q\  y  ]  +g'  [q\  z]  +  lx%  p]  -hp  [z\  pl 
r=   [x\q']-^p[z,ql      -     ..      ._ 
-V'=  lx\  y]  +/  [/,  y']  +2'  [oj',  /]. 

It  is  natural  to  expect  that  BT-\-  UV—S*  will  be  an  invariant  for 
this  transformation,  and  I  find,  in  fact,  that 

B'T+irr-S^  =  ff  (RT+  UV-  S"). 

12.  We  have  seen  that,  if  we  have  a  solution 

«I  =  <•!»       W,  =  Cj,       t*j  =  Cj 

of  Ampere's  equation  (1),  the  three  expressions  Mj,  t*„  t*,  in  terms  of 
^»  2/»  z,  p,  q  are  the  principal  variables  in  a  tangential  transformation. 
The  question  then  arises  :  What  will  be  the  result  of  applying  this 
tangential  ti*ansformatioi^  to  the  equation  ?  Let  us  then  suppose  that 
in  the  transformation  juslt  discussed  x,  y\  z'  are  such  that  the  equa- 
tions 

•»'  =  Ci,     y'  =  Cj,     ;?'  =  c, 

would  give  a  solution.  Any  two  of  the  three  functions  x\  y\  z  must 
satisfy  the  equations  (24),  (25),  which  are  clearly  covariant,  so  that 

TJ'  is  the  coeflGlcient  of  i^^^ — -    in  (24)  after  transformation,  and 

therefore,  on  this  supposition, 

Z7'  =  0. 

We  thus  have  the  following  theorem : — If  a  solution  of  Ampere's 
equation  has  been  found  involving  three  arbitrary  constants,  and  if 
other  solutions  are  sought  by  replacing  these  constants  by  parameters 
which  are  taken  as  a  new  set  of  principal  variables,  then  the  resulting 
differential  equation  is  of  Mongers  form 

Br  +  2S8^-Tt=  V. 

This  is  Imschenetsky*s  result,  given  in  Forsyth's  Treatise  on  Differential 
Equations,  §  271. 

13.  The  two  equations 
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where  the  coefficients  a,  /5  ai*e  fanctions  of  ajj,  «^  ajg,  aj^,  and 

da%  dxA 

aC|  do;, 

may  be  treated  in  somewhat  the  same  waj  as  Amp^re*8  equation* 
We  may  suppose  without  loss  of  generality  that* 

and  that  either 

or  II.     a„/3^  +  a,4/3„+%/3,4-|-a„^„  +  a„/Ju+ai4/3„  =  0, 

since  the  given  equations    may  be  combined  linearly  in  any  way. 
Then  the  first  of  the  two  equations  may  be  written 

=  0, 


^itPi 


«a2»     «hPj— a,s 


and  replaced  by  the  following  pair  : — 

Hence,  if  «i  =  c„     u^  =  Cj 

constitute  a  solution,  and,  if  we  choose  A^,  A^  so  that 

doTs  da-j 

^  3**1   I   J  3**f      \ 
diC^  da?4 

we  have  -ij  ^  -h  ^j  ^^^  =  o^  +  Xoj^, 

^1  ^  -r^s  ^  =  ««  +  ^«4i» 
da^j  da*, 


*  It  is  convenient  to  assume  that  two  coefficients  a  (or  j3)  with  the  same  suffixes 
in  different  orders  are  equal  with  opposite  signs.     Thus  an,  jBn,  o^,  ...  are  «eiro. 
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In  case  I.  the  second  equation  may  be  treated  in  the  same  way  as 
the  first,  and  the  converse  theorem  may  be  easily  proved  by  reversing 
the  argument  as  in  the  case  of  Ampere's  equation  (see  §4). 

In  either  case,  I.  or  II.,  we  deduc-e  from  the  second  equation  that 


•'■'       O  (at.-,  xj) 


which  may  be  written  symbolically 


where  u  is  t^  or  u,,  and  dil  denotes  Aidu^-^- A^du^. 

Thus  du  IB  &  linear  combination  of  the  determinants  of  the  matrix 
of  four  columns 


dxj, 


2/3^ 


an 

dxi 


In  this  matrix  write  the  columns  as  rows,  substituting  the  known 

expressions  for  ^— ,  ...,  in  terms  of  X.     It  thus  becomes 
Sari 

dx^,     /3,i  (a„  +  Xa^i)  +  /3„  a„ + (3^^  Xa„ 

dXi,     /3ij  (qj,  +  Xo, J  +  /3„ai,  -f  /3«  Xa„ 

^4»       t^H  (««  +  ^"tJ  +  /5,^  (<»S1  +  ^4l)  -I-  i^Zi^hi 

and  the  following  rows  may  be  added,  being  merely  combinations  of 
those  just  written  : — 

fii^dx,  +  /3^,  dx^ + /3,3 daj4,      ai3  (/5j,/)',^ + /3,i /3^  ^  Z^,,/?,*), 
a„da;i  + ojificg  +  a.jeicj,  Xa,,  (ojjp^i -|- a^i /3„4- a,, /3^  +  a^/5,i  + 01,^^  +  0^/31,), 
a,^(Za;i-ho^,£Zar,  +  a,2<Zir4,     01,(0,5/3,4 +  01^/3,3  + 031^,4 -|-a,4/3„  +  a„/5^  +  a^/3„). 

Thus  in  case  I.  we  are  led  to  the  same  result  as  before ;  in  case  II. 
we  find  that  dii^  and  cZu,  are  linear  combinations  of  the  expressions 

0,8  cZa?!  +  031  ciic,  -f  Oj,  Jojg, 

a^^dxi  -I-  O41  da*,  +  o„dr4, 

(/3aC?it'i  +  /35i(fa-,-h/3i,  Jaj,)  -f  X  (/S^iciaJi  '\-l3iid^+Pnda^), 
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A.  being  the  ratio  of  the  coefficients  of  the  first  two  expressions  in 
that  combination  of  them  which  is  equal  to  a  linear  combination 
of  du^^  du.y 

The  resulting  methods  are  then  as  follows  ;• — 

Case  I. — Find  by  inspection  two  functions  «„  tf,  such  that  one 
linear  combination  of  their  differentials  is  equal  to  a  linear  combina- 
tion of 

and  another  linear  combination  of  their  differentials  to  a  linear 
combination  of 

then  «^  =r  Ci,     Ui=^  c^ 

will  constitute  a  solution. 

Case  II. — Find  by  inspection  two  functions  t*„  Uj,  such  that  one 
linear  combination  of  their  diffei^entials  is  equal  to  a  linear  com- 
bination of 


say  to 


Ojj  {£a:i  +  Oji  da*,  +  ttjjfZa',  +  X  (034  (^a*!  4- Oil  (iaj,  +  a,  J  dic«), 


and  that  another  linear  combination  of  their  differentials  is  equal  to 
a  linear  combination  of  these  same  two  expressions  together  with 

then  Wj  =  Cp     t*,  =  Cj 

will  constitute  a  solution. 

In  either  case  all  solutions  of  the  form 

Wi  =  Cp      w,  =  C3 

must  satisfy  the  condition  here  specified. 
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The  Abstract  Group  isomorphic  with  the  Symmetric  Group  on 
k  Letters.  By  Prof.  L.  E.  Dickson,  Ph.D.  Received 
October  31st,  1899.     Communicated  November  9th,  1899. 

At  the  annual  meeting  of  the  American  Mathematical  Society, 
August  25th  and  26th,  I  presented  a  very  elementary  proof  of  the 
following  theorem  due  to  Pi-of.  Moore  {Free.  Loud.  Math.  Sac., 
Vol.  XXVIII.,  pp.  357-366)  :~ 

The  abstract  group  G  (k)  generated  by  the  operators  5„  5„  ...,  Bt^i 
with  the  generational  relations 

(1)  b;;  =  ^=...=bj.,  =  i, 

(2)  B,Bj  =  JijB,   (i=l,2,  ...,k-3;  j  =  i+2,i+3,  ...,k-l), 

(3)  BjBj^tBj  =  Bj^.BjBj,,     {j  =  1,  2,  ...,  fc-2), 

is  simply  isomorphic  vnth    the    sijmmetric    substitution-group    on 
k  letters. 

The  symmetric  group  (ri*/  on  the  lettera  Zj,  /,,  ...,  Z*  may  be 
generated  by  the  transpositional  substitutions 

S,  =  {hh,,)     (,2  =  l,2,fc-l), 

which  satisfy  the  relations  (1),  (2),  (3)  prescribed  for  the  generators 
Bd  of  the  abstract  group  G  (/•;),  and  conceivably  also  other  relations 
not  derivable  therefrom.     The  order  0  (k)  of  G  {h)  is  therefore   ^  kU 

Denoting  by  G  the  sub-group  G(k—1)  generated  by  B^,  J5„  ...,  J54_2, 
we  consider  the  following  sets  of  operators  belonging  to  the  group 
Gik): 

0,     =0,  . 

o,.,  =  aB^.i, 

Ot.2=  OBii.tBk.i, 


0,    =OB^.,B,.,...B,. 

We  proceed  to  show  that  these  sets  of  operators  are  merely  per- 
muted amongst  themselves  by  applying  as  right-hand  multipliers 
the  generators  of  0  (k).     For  example,  5,  as  a  right-hand  multiplier 
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leaves  unaltered  the  ix)ws  0*,  Ok-u  •••»  ^*>  iii  virtue  of  relation  (2), 
but  permutes  Oj  with  0„  since  -BJ  =  1. 

In  genei'al,  B^  leaves  fixed  every  row  except  Or^i  and  0„  which 
are  peimuted ;  viz., 

OrB,=  QB^.,  ...  ^.B,=  (75*.,  ...  B..,  =  0,„. 

Fm'ther,  if  />r  +  l.  we  find,  on  applying  (2)  to  move  Br  to  the  left 
of  J?„  ...,-B*-i, 

0,Br=  OB,., ...  B.B,  =  OBrB,., ...  B,  =  0,. 

Lastly,  if  t<r,  on  moving  Br  to  the  left  of  B<,  .Bj+„  ...,  -B,..,,  by  (2), 
we  have 

OiBr  ^   GB^^i  ...   J?,5^  =   ^-B*-!   ...  Br^iBrBr^i  BfBf.^  ...  BuiBf. 

By  (3),  we  may  replace  BfB^.iBr  by  Br. i  Br  Br. i.  We  then  move  the 
fii*st  Br_,  to  the  left  of  B^^i,  ...,  B^.i  and  merge  it  into  0,  giving 

OiBr  =   GB».i  ...  B,^,BrB..iBr.2  ...  J?.  =  0^. 

Hence  the  right-hand  multiplier  Br  gives  i-ise  to  the  transposition 
{OrOr^i)  on  the  A;  sets  0„  ...,  0*.  It  follows  that  the  product  of  any 
operator  of  these  k  sets  by  an  arbiti'ary  operator  of  G  (k)  is  again  an 
operator  of  these  sets.  Taking  for  the  former  opeiutor  the  identity, 
we  see  that  these  sets  include  all  the  opei'ators  of  the  group  G  (Ar). 
The  number  of  operators  in  G  (k)  is  therefoi'e  at  most  A;  times  the 
number  in  G  (A;— 1).     Hence 

0(k)  <  A:. 0(^-1)  <  ...  <  A;! 

Combining  this  i*esult  with  the  earlier  one,  we  have  O  (Jc)  =  A;!. 
The  proof  of  the  holohedric  isomorphism  of  G  (k)  and  (?[*/  is  there- 
fore complete. 

As  shown  by  the  order  of  the  group,  'the  'above  A;  sets  must  be 
wholly  distinct,  so  that  we  have  in  the  table  Op  ...,  0*  a  rectangular 
array  for  the  abstract  group  G  (A*). 

From  the  standpoint  of  purely  abstract  group  theory,  it  is  intei*est- 
iug  to  veiify  from  the  relations  (1),  (2),  (.3)  that  the  sets  0^  ...,  O* 
are  wholly  distinct,  and  hence  that  the  oixler  0  (k)  =  kl.  Suppose, 
indeed,  that  an  operator  GiBj^^iBf,.-,  ...  B,.  of  the  set  Or  wero  identical 
with  an  operator  (^^Bit-i  A-2  •.  ^r-  of  the  set  0^.,  («  >  1).     It  would 
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follow  from  (1)  and  (2)  that 

GT^Oi   =  ^jk-l   •••  Br.»Bf  ...  Bjk-l  =  Bk.\   ...BrBr.\B,.  ...   Bj.i^^.  2...  Br.,. 

on  moving  to  the  right  5^-2*   ••»  ^r-.  over  ^„  ...,  ^^.i.     But  we  can 
verify  by  induction,  using  (3),  that 

Bi^j  ...  Bi^iBiBi^i ...  .Bj^y  =  B,A+i ...  Bi^j^iBi^jBi^j.i ...  Bi^^Bi. 

Indeed,  supposing  the  formula  true  for  a  certain  value  of  y,  we  have, 

by  (2), 

Bi»+i  ••  Bi^iBiBi^i  ...Bi^j^i  =  Bi  ...B,+y.i  {Bi^j^\Bi^jBi^j^i)Bi^j  .\...Bi. 

Applying  (3),  this  becomes 

Bi ...  Bi^j.iBi^jBi^j^xBi^jBi^j^i  ...  B,, 

so  that  the  formula  would  be  true  forj  +  l.     Applying  this  formula 
to  our  earlier  result,  we  got 

Oi^Oi  =  Br.\Br  ...  Bt.^Bk-lBu.^  •••  BfBr.x  Br^2  •••  J^r-«' 

Hence  would  B^.i  be  expressed  in  terms  of  the  operators  Bj,  ...,  B^.j, 
contrary  to  its  assumed  independence  of  them. 


Thursday,  December  14thy  1899. 

Prof.  ELLIOTT,  Vice-President,  in  the  Chair,  and  sabsequently 
Dr.  MACAULAT  and  Dr.  J.  LARMOR. 

Eight  members  present. 

Prof.  Jamshedji  Edalji,  Gujarat  College,  Ahmedabad ;  Prof. 
Wendell  M.  Strong,  Yale  College,  Newhaven,  U.S.A. ;  and  Mr. 
Ronald  W.  H.  T.  Hudson,  B.A.  St.  John*s  College,  Cambridge,  were 
elected  members. 

Mr.  Tucker  announced  the  recent  decease  of  Major-General 
F.  Close,  R.A.,  who  was  elected  a  member  April  13th,  1871. 

The  Auditor's  report  having  been  read,  the  adoption  of  the 
Treasurer's  report,  coupled  with  votes  of  thanks  to  the  Treasurer 
and  Auditor,  was  moved  by  Dr.  Macaulay,  seconded  by  Mr.  W.  F. 
Sheppard,  and  carried  unanimously. 
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Mr.  Sheppard  communicated  a  portion  of  his  papers  entitled 
(1)  "A  Method  for  Extending  the  Accuracj  of  certain  Mathematical 
Tables/'  (2)  "  Central  Difference  FormulsB." 

Mr.  Basset  spoke  on  the  subject  of  Circular  Cubics,  and  Dr. 
Macaulaj  asked  a  question  bearing  upon  his  paper,  entitled  '*  The 
Theorem  of  Residuation,  being  a  general  treatment  of  the  Intersec- 
tions of  Plane  Curves  at  Multiple  Points." 

The  following  papers  were  communicated  by  reading  their  titles, 
viz. : — 

The  Genesis  of  the  Double  Gamma  Functions,  bj  Mr.  £.  W. 

Barnes, 
On    the    Expression    of    Spherical    Harmonics   as    Fractional 

Differential  Coefficients,  hy  Mr.  J.  Rose  Innes. 
Sums  of  Greatest  Integers,  by  Mr.  G.  B.  Mathews. 

The  following  presents  were  made  to  the  Library  : — 

*'  Educational  Times,**  Deoember,  1899. 

"  Indian  Engineering,"  Vol.  xxvi.,  Nos.  17-21,  Oct.  21-Nov.  18,  1899. 

**  Bulletins  de  PAoademie  Royale  de  Belgique,'*  Annee  67,  Scrie  3,  Tome  xxxiv., 

1897  ;  Ann6e  68,   S^rie  3,  Tome  xxxv.,  1898  ;  Ann^e  69,  S6rie  3,  Tome  xxxvi., 

1898  ;  '*  Tables  G^n^rales  du  Recueil  dea  Bulletins,"  Serie  3,  Tomes  i.-xxx.,  1881- 
95 ;  Bruxelles,  1898. 

**  Annuaire  deTAoademie  Royale  de  Belgique,'*  1898  and  1899  ;  Bruxelles. 

*'Math.-naturwi8senschaftliche  Mitteilung^n,**  2^  Serie,  Band  i..  Heft  3; 
Notelets,  viz.,  **  Ueber  das  Theorem  von  Fagnano  und  die  Chasles*chen  Kreise,*' 
by  Dr.  O.  Bdklen;  *'Erganzung^n  zu  dem  von  E.  Czuber  gegebenen  litieratur- 
verzeichnls  ueber  Wahrscheinlichkeitsrechnung,"  by  Dr.  E.  Wol£Bng,  also  Answers, 
&c. ;  Stuttgart,  October,  1899. 

OfiPprints  from  the  **  Acta  Societatis  Scientiarum  Fennicitj** : — 
Mellin,   H.   J.  —  "Ueber  hypergeometrische    Reihen    huherer   Ordnungen," 

Tom  xxm..  No.  7. 

Lindeliif,  E. — **  Sur  la  Forme  des  Int6grales  des   Equations  diffdrentielles," 

Tom  xxn.,  No.  7. 
Mellin,  H.  J. — **  Zur  Theorie  zweier  allgemeinen  Klassen  bestimmterlntegrale,*' 

Tom  xxn..  No.  2. 

The  following  exchanges  were  received : — 

**  Proceedings  of  the  Royal  Society,**  Vol.  lxv..  No.  421,  1899. 

**Rendiconti  del  Ciroolo  Matematico  di  Palermo,**  Tomoxm.,  Fasc.  6;  Nov., 
Die, 1899. 

"  Bulletin  of  the  American  Mathematical  Society,**  Series  2,  Vol.  vi..  No.  2, 
November ;  New  York,  1899. 

'*  Bulletin  des  Sciences  Mathtoatiques,'*  Tome  xxm.,  October  ;  Paris,  1899. 

"Atti  della  Reale  Accademia  dei  Lincei— Rendiconti,**  Sem.  2,  Vol.  vni., 
Fasc.  9,  10 ;  Roma,  1899. 


1899.] 


On  Sums  of  Cheatest  Integers. 


355 


**  Nyt  Tidaskrift  for  Matematdk,"  A.  Aargang  x.,  Nr.  8,  B.  Aargang  x.,  Nr.  3  ; 
Copenhagen,  1899. 

**  Prace  Matematyczno-Fizyozne,"  Tom  x. ;  Warsaw,  1899-1900. 

**  Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  x.,  Pt.  3  ;  1899. 

'*  Nachriohten  von  der  Eonigl.  Gesellschaft  der  Wissenschaften  zu  Gottingen,'' 
Heft  2;   1899. 

"  Proceedings  of  the  Royal  Irish  Academy,"  Vol.  v..  No.  3  ;  Dublin,  1899. 
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By  G.  B.  Mathews.      Received 
Communicated    December   14th^ 


1.  This  note  is  sabmitted  not  so  much  for  the  sake  of  the  resoltH 
themselves — though  they  are  curious  enough — as  on  account  of  their 
connexion  with  a  well  known  crtuc  in  the  theory  of  numbers. 

Let2>  be  any  odd  prime,  and  let  r„  r„  ...,  r^.i  be  the  least  positive 
residues  (mod  p)  of  1',  2*,  3*,  ...,  (^—1)*.  Each  distinct  residue 
occurs  twice,  because  «*  =  (p— «)',  so  that  r,  =  r,.,.  The  residues 
may  be  divided  into  two  classes  (a)  and  ()9),  according  as  they  are 
less  or  greater  than  ^p.     For  instance,  if  p  =  7,  the  classes  are 

(«)     1.2, 

I  shall  write  n{a)^n  (fi)  for  the  number  of  residues  in  the  classes 
(o),  (p)  respectively.  In  every  case  w  (a)+n  (/3)  =  ^  (jp— 1)  ;  if 
p  =  l  (mod  4),  n  (a)  =  n  (fi)  ;  but,  if  ^  =  3  (mod  4),  n(a)>n  (/3), 
and  the  difference  n{a)—n(fi)  is  precisely  the  number  of  properly 
primitive  forms  of  determinant  —p.  The  difl&culty  is  to  prove 
this  second  result  without  the  use  of  transcendental  analysis ; 
in  what  follows  the  difficulty  is  not  removed,  but  an  expression  for 
ti(o)— n(j3)  is  given  in  a  purely  arithmetical  shape  which  is  quite 

2  A  2 
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independent  of  the  theory  of  forms,  and  may  possihly  suggest  a  new 
proof  that  n  (o)  >  n  (j8),  when  jp  =  3  (mod  4). 

2.  The  residue  of  a^  will  belong  to  the  class  (a)  so  long  as 

0  <  »•  <  y, 

that  is,  so  long  as  0  <  «  <  \/fp. 

If  we  write  JE?  ( -2.  j    for  the  greatest  integer  in  \/|p,  the  series  of 

residues  begins  with  JE?  (^ j    numbers  belonging  to  the  class  (a). 

These  are  followed  by  E  (pY—E  (-^j    residues  of  class  (jS);   these 

again  by  ^  ( ^  j  —E  (jp)*  residue  of  class  (a),  and  so  on  alternately. 
If  we  observe  that  the  last  square  taken  into  account  is 

and  that  its  residue  belongs  to  the  class  (a),  it  will  follow  that  we 
may  write 

2n{a)  =  B{P.y+E(^y-E{py+E{^y-E(2p)*+... 
.,.+E(?£^py-E(j:^.py 


+  {p-l)-E{p--l.pY, 
2n{P)  =  E{py-E[fy+Ei2py-E(^y+... 

...+E{^:^.py-E{^£=^py. 

Hence  n(o)-n08)  =  Z-F, 

T=E{py+E{2py+E{3py+...+E{^^.py: 
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3.  As  a  numerical  example,  when  p  =  11  (omitting  the  sign  E  for 
brevity), 

-=©'-(i)'-(f)'--(f)'-» 

=  2+4+5  +  6  +  7-h7+8-|-9i-9  +  6  =  62, 

r=  (ll)*-h(22)*+(33)*+...+(99)» 
=  3  +  4  +  5  +  6  +  7+8+8-1-9+9  =  59, 
whence  X— F  =  3, 

which  is  right,  the  distinct  residues  being  1,  3,  4,  5,  9. 

The  values  x)f  X,  Y  for  the  first  few  values  of  p  are  given  by  the 

p  =  3  5  7  11  13  17  19, 
X  =  2  8  20  62  88  160  206, 
r  =  1    8     19    59    88    160    203. 


table:— 


4.  Expressions  for   T  may  be    deduced  fropa  formulse  given  by 
J.  Hacks  (Acta  Math.,  VoL  x.,  p.  39) ;  thus,  when 

p  ^1     (mod  4), 

and  X  has  then  the  same  value.     If 

jp  =  3     (mod  4), 


where 


2E  =  r,  +  r,+  ...+Vir 


and  hence,  if  ^(jp)  is  the  number  of  properly  primitive  classes  of 
determinant  —p, 

6  p 

As  a  numerical  example,  when  p  =  19,  the  residues  are  1,  4,  5,  6, 
7,  9,  11,  16,  17  ;  whence 

A  (19)  =3,     222/19  =  8; 
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and  therefore  X  =  ^^^  -f  8  +  3  =  206, 

6 

y  =  203, 
agreeing  with  the  values  calculated  independently. 


The  Genesis  of  the  Double  Oamma  Functions,  By  E.  W.  Babhes, 
B.A.,  Fellow  of  Trinity  College,  Cambridge.  Received 
December  5th,  1899.     Communicated  December  14tb,  1899. 

1.  The  following  paper  is  the  natural  sequence  of  results  obtained 
in  two  previous  papers. 

The  "  Theory  of  the  Gamma  Function  "  •  contained  a  discussion  of 
the  function  defined  by  the  formula 


e^r 


(z+i)       m-1  C  \         m/         ) 


and  it  is  evident  that  the  expression  on  the  right-hand  side  of  this 
equality  may  be  regarded  as  the  positive  half  of  the  product  ex- 
pression for  sin  wz ;  we  may,  in  fact,  term  it  the  "  halb-sinus  "  with 
Betti.t 

Again,  in  the  "  Theory  of  the  G  Function,"  J  it  was  shown  that 

where  r  (z)  is  a  quadratic  function  of  z. 

If  now  we  can  associate  with  the  letter  w.,  each  time  that  it  occurs 
in  this  product,  a  complex  constant  r  which  is  not  real  and  negative, 
we  shall  obtain  a  product  which  may  be  regarded  as  the  positive 
quarter  of  the  product  expression  for  Weiei'strass's  function  &  (z),  and 
which  will  be  therefore  a  natural  extension  of  the  F  function. 


♦  Messenger  of  Mathematics ,  Vol.  xxix.,  pp.  64  et  seq, 

t  Klein  (quotmg  Betti),  Uebei-  die  hyperge^metrische  Function  (1894),  p.  126. 

X  Quarterly  Journal  of  Mathematics ^  Vol.  xxxi.,  pp.  264  et  seq. 
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Siich  a  product  we  call  a  double  gamma  function  G  {z  \  r).  It  is 
such  that  by  suitable  choice  of  the  associated  exponential  factor,  it 
satisfies  the  difference  equation 


/(*+i)=r(^)/(r). 


It  is  evident  that,  when  r  =  1,  the  function  reduces  to  the  Q  function 

The  existence  of  such  functions  has  been  surmised  by  Meray,* 
and  indicated  by  Pincherle,t  while  AlexeiewskyJ  appears  to  have 
investigated  some  of  their  properties.  The  first  two  have  not 
considered  in  detail  any  of  the  properties  of  these  functions ;  and  the 
last,  so  far  as  his  results  are  accessible  to  me,  does  not  appear  to 
have  entered  into  the  essentials  of  the  theory.  He  makes,  for 
example,  no  mention  of  the  gamma  modular  constants  0(r)  and  D(r). 
The  present  notation  was  adopted  before  I  had  seen  Alexeiewsky's 
paper,  and  his  function  H  (a;,  a)  would  be  written  G  {z\  t)  in  the 
notation  of  this  paper. 

As  indicated  in  the  title,  I  only  consider  in  the  present  paper  the 
genesis  of  the  double  gamma  functions.  Several  different  product 
expressions  are  given  for  G  (z  \  t)\  the  gamma  modular  constants 
are  shown  to  be  transcendental  functions  of  r ;  it  is  shown  that 
G  {z  \t)  satisfies  the  two  difference  equations 


/(z+i)  =  r(A)/(^), 


-1 


/(«  +  r)=(2,r)'r-*»r(z)/(r); 

and,  finally,  the  connexion  is  indicated  between  these  functions, 
Appeirs  generalization  of  the  Eulerian  functions,  and  the  theta 
functions. 

In  a  subsequent  paper  I  propose  to  give  in  complete  detail  a 
symmetric  theory  of  double  gamma  functions,  in  which  r  is  replaced 
by  parameters  w,  and  w„  as  in  the  theory  of  elliptic  functions. 


*  Meray,  V Analyse  Injtnitesimale^  Deoxi^e  Partie,  conoluding  pag^. 

t  Pincherle,  Comptea  £endtu,  Tome  cvi.,  p.  266. 

X  Alexeiewsky,  Ann,  de  VImp.  Univ,  de  Charkow^  1889,  as  quoted  in  the 
Jahrbueh  uher  die  Fortachritte  der  Mathematiky  Vol.  xxn.,  p.  439.  A  synopsis  of 
this  paper  appears  in  the  Leipzig  Berichte,  1894,  Vol.  XLVi.,  pp.  268-295. 
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2.  We  will  first  take  the  product 

G(z\t)=:  Ae''r*''&±  HoV  I  fl+  — 1_\  e'^-"i(^']  , 

in  which  r  is  any  constant,  real  or  complex,  which  is  not  real  and 
negative,  and  in  which  a  and  h  are  functions  of  r  only. 

We  notice  that  each  term  of  the  product  is  of  Weierstrass's  form, 
and  that,  by  Eisenstein's  theorem,  the  product  is  absolutely  con- 
vergent. 

We  proceed  to  transform  this  product  into  one  of  different  form. 
Since  we  may  group  the  terms  of  the  product  as  we  please,  we  have 


G 


X  II  n 


V  n     I    e     *        — ^— i  +  »-^ 

Z. g    ii«T*»    M        (mT+n)* 


and  hence,  remembering  that 

r{z)         «..!  ( \      m/      y 


we  see  that 
(?(z|r)=^e''^^>i-         ^ 


*-     2    -L 


X  4  I  -Efl+^L.-'-.j.M-.-ii)'^.!.,^^.,! 
»..o  (r(i  +  «+wr)  3 

But  J  from  the  product  expression 

r-^  (1  -^-mr)  =  e^"''  ^^  {  (  ^  "^  V  )  ^^^  }  ' 
we  obtain,  if  we  put 
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in  conformity  with  Ganss's  notation, 

-^{l  +  m.T)=y+  i  f-J— -1}, 


:361 


and,  if 


-A'(»)  =  ^J'W, 


n-1  {mT-\'ny 


Thus  we  may  write 

A  form  equivalent  to  this  is  incorrectly  given  by  Alexeiewskj. 
We  may  conveniently  modify  this  expression  slightly. 


Since 


we  shall  have 


Tiz+l)  =  zT(z), 
,A(l)  =  -y     and     f(l)  =  |-, 


r  (!-)«(.  I  0  =^e<"-v>^('-tr^_i_^.,-f? 


m.i  (.  r(«-|-mr)  z+mr 


']■ 


and  thus 

.  X  r  (^ +1 V'  ^  n  I  -^(^"^   e-^^-^^^T  ^^"'^^  j . 

or,  finally, 

^    '     '^        r(2?  +  l)  r   «..i(r(z4-mr)  )' 

It  will  be  noted  that  this  last  product,  as  all  employed  in  the  trans- 
formation, is  absolutely  convergent. 
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Before  we  proceed  to  show  that,  for  suitable  valaes  of  a  and  5,  the 
function  0{z  \  r)  satisfies  the  difference  equation 

/(«+!)  =  r(£.)/w, 

it  is  necessary  to  interpolate  two  algebraical  limit  theorems  analogons 
to  those  considered  in  the  "  Theory  of  the  0  Function,"  §§  6  and  7. 

3.  We  will  first  show  that,  when  r  is  not  real  and  negative, 
Lt  {ilf  (r)  +4.  (2t) -f ...  4-^  (mr)] 

1  — 2t 

=  C  (r) 4- (m+i-ir)  loK^-'^+  i2i^  "*"  "* ' 

where  G  (t)  is  a  definite  finite  function  of  r,  independent  of  m. 
Unless  the  contrary  is  explicitly  stated,  the  logarithms  have  their 
principal  values,  in  which  the  imaginary  part  lies  between  ifcxt. 

As  there  is  no  formula  to  express  ^  (m  -r  1  r)  in  terms  of  ij/  (mr)  for 
general  values  of  r,  we  cannot  extend  the  method  formerly  employed. 
We  therefore  use  the  Maclaurin  sum-formula,* 

2«,  =  0+|«,c£r+K+TV  ^- -T^  ^' +  -  ■ 

Put  Ux  =  ^  (•'*)>  and  we  obtain 

S  1^  (ras)  =  C+  ilog r  (rm)  +  ^  (rm)  +  ^  i^'  (rm)  + ...  . 

Now,  provided  r  be  not  real  and  negative,  we  have,  by  Stieltjes* 
theorem,t  when  m  is  very  large,  the  asymptotic  equality 

logr(rm)  =|log2jr+(rm— |)logrm  — rm-f 
and  therefore  the  derived  asymptotic  equalities 


l2Tm 


1     .        1 


if/  {rm)  =  log  rm—  - —  — 


2rm       12rW 


.«*««•"' 


^  ^      ^       rm      2r*m« 


•  Boole,  Finife  Diferenees,  §  2,  p.  90. 

t  **  Theory  of  the  Gramma  Function,"  Part  iv. 


1899.]  Genesis  of  the  Double  Gamma  Functions.  363 

Hence  we  have,  when  m  is  very  large, 

,/r(r)  +  ^(2r)-|....+i/r(mT) 

=  G  (r)+  (m  +  i-  -  )  logTm—ni+  ^^  +..., 

where  G  (r)  is  a  definite  function  of  r  independent  of  m. 
From  the  "  Theorj'  of  the  0  Function,"  §  6,  we  see  that 

Cf(l)=i 

4.  We  will  next  show  that,  when  r  is  not  real  and  negative,  and  m 
is  a  large  positive  integer, 

where  D  (r)  is  a  definite  function  of  r  independent  of  m. 

On   putting  u,=^\l/'{rx)  in  the  Maclaurin  sum  formula,  we  have 
at  once 

f  (r)H-,/r'(2r)+...+f  (mr) 

=  D  (r)+ i- ,/r  (mT)  + JtA'('^0+ ,^i^"  (mr)+ ...  . 
Hence,  using  the  asymptotic  equalities, 

^  (rm)  =  log  rm- 


2rm       12r*m*"" 

ij,'  (rm)  =  —  +  --— -,  +  ... 
rm      2'rm^  , 

we  find 

=  D(r)+l-logrm-  -^+.„+h^  +  tJ^,  +  . 
r  2r'm  2Tm      4T'wr 

=  D(r)+llogrm+I^^+.... 

On  making  r  =  1,  we  see  that 

D(l;  =  H-y. 
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5.  The  forms  G  (r)  and  D  (r)  will  enter  into  the  theory  -of  double 
gamma  functions  from  whatever  side  we  may  approach  it.  From  the 
value  which  D  (r)  assumes  when  r  =  1,  it  might  be  anticipated  that 
this  function  Cannot  be  expressed  in  finite  form  or  iu  t^rms  of 
elementary  ti*anscendents.  We  proceed  to  show  that  this  is  actuallj 
the  case ;  by  an  analogous  process  the  same  theorem  might  be  proved 
to  hold  with  regard  to./7(r).  '^  ^      i 

Suppose  that  m  and    n  are    large  positive  integers,    and   that 

-     is  very  small,  and  consider  the  function 


5    5' 


the  accent  denoting  that    the   term  in  the  summation  for  which 

^  ""  _  >  is  to  be  omitted. 
?ij  =  0  J 

We  have  seen  that 

1  ^  1  .    «  1 


=   2 


;+    2 


n,ei  (m,T-}-w,)        w,-i  {tniT  +  n^y      n,-i  (w-iTH-n-fni) 
and  hence 

so  that,  by  the  asymptotic  eqnality  used  in  §  3, 


B,.i  (»«i''+«i)'  l+TO,r+n 

n         n 
since  w,  is  small  compared  Nvith  m.     Thus 

2     5'  f 

=    2    7   ^.-l-  5^+2  ff(l+„^r)-l+^^+...} 
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Now 

IN  »  1 

:s      5'   t 

m  n  1  m  n  | 

=i:2  S      :S'  i +2    :S    S'  —J: 

tMj.O    n,-0   (^Wir  +  Wj)*  m,«0   n,-0   (  — mjT-f  ^i) 

as  a  graphical  repreRontation  of  the  terms  of  the  series  will  readily 
show. 

Hence,  when  m  and  n  are  large  positive  integers,  and  r  is  any 
complex  quantity, 

tM  It  1 

a- 


tM,«-m    H,--n    (tW^^  +  Wi) 

_zl(l+J.\_J__l_.. 

6   \    ^  r'  /       mr*       n 

=     2{2)(r)+D(-r)}+^(l--l)=F^ 

-f  terms  which  vanish  when  m  and  n  hecome  infinite. 

The  upper  or  lower  sign  must  he  taken  as   R  (ir)  is  positive  or 
negative.     Now,    hy   a   theorem*  duetto    Forsyth,    when    m    and 

n  become  infinite,  —  being  smalL 
n 


•Forsyth,  **Some   Doubly  Infinite  Conyerging  Series,*'    Quarterly  Journal  of 
Mathtinatict^  Vol.  xxi.,  p.  263. 
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in  the  usaal  notation  of  elliptic  fanctiooB.     Hence,  if 

80  that  B  (cr)  is  negative, 

B (r)  +Z) (-r)  =  _  ^  -  «■  +  ^^-  ^2EK-iE* (1+*"), 


an  expression  wliioh  is  usually  called  a  modular  function  of  r,  and 
which  does  not  in  general  admit  of  representation  in  finite  form  by 
elementary  transcendents. 

We  propose  then  to  call  0  (r)  and  B  (r)  double  gamma  modular 
functions  of  r. 

We  shall  subsequently  express  equivalent  symmetrical  functions 
as  definite  integrals. 

6.  We  are  now  in  a  position  to  prove  that,  for  suitable  values  of 
the  r-functions  a  and  6, 

..        Gf(^  +  l|r)=r(^)(?(^|r). 

We  have  established  in  §  2  that,  if 

a  =  a — yr, 

0=6+  ^-, 
b 

^    '    ^       tV{z)  m.i  lT{z-^mT)  3 

Hence 


-''-4^(lHT)*^^(».T)^ 


\        imrf 


=  ieT-*    w    r 

z 
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and  thns 
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m—   t(2ir)*  3 


on  using  the  limits  which  have  been  investigated  in  §§3  and  4. 
Hence 

—-4  ' 

and  thus  we  shall  have  for  G{z\t)  the  difference  equation 

G(«+l|r)  =  r(i-)G(z|r) 
pix)vided  we  choose  a  and  V  so  that 

-D(0+^+^logr=0 

and  0(r)-hiD(r)+  ^  +|1  =  \  log  (2irr) 

and  thus  we  must  take 

a  =  y  log  (2,rr)  +  ^  log  r-rO  (r), 

6'  =  -rlogr-r'JD(r); 
or,  tinallj,  «  =  y  log  (2irr)  +  i  log  r  -r(7  (r)  +  yr, 


6=  -rlogr-r'D(r)  — 
We  have  now,  by  §  2, 

Qt(.|r)=^e-^'"-f*'"*'-'-ff 

r 


trV 


where 


X  (2irr)T  r  «r-   n     H'  i  ( 1+  -|- )  e"o*^  J  , 

M.O     n-0    (    \  12/  ) 

Q  =  mT-^-n. 
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When  r  =  1,  we  have,  using  the  values  of  0  (1)  and  D  (1)  given 
in  §§  3  and  4,  respectively, 

a  =  y-i+ilog2jr, 
and  hence,  when  r  =  1,  we  have 

X  n  n' [  f  1+    ^-]  e"i^*i(«.+»)*] , 

m.o  N-0  C  \        7n+n/  ) 

an  expression  which  agrees  with  that  previously  found  for  G  (s).  - 
As  a  corollary,  note  that  we  have  incidentally  proved  that 

m-1  Lz+mr  )  \t         I  (2ir)* 


_C(T)*(.*4)Z)(T) 


7.  We  now  proceed  to  determine  the  constant  A  by  assigning  the 
condition  that 

(?(l|r)  =  l. 

We  have,  from  §  2, 

^    '    '       tV{z)  m-itr(«+mr)  )' 

and  it  has  just  been  seen  in  §  6  that 

a'=  -|-log2irr  +  ilogr-rO(r), 

6'=  -rlogr— r'D(r). 

Hence,   if  we  make  is  =  1,  and  assign  the  condition  0  (1  |  r)  =  1, 
we  find 

r  m.i  (.t»r  1 

But,  if  we  put  j5  =  0  in  the  corollary  to  §  6,  we  have 

We  thus  find  ^  =  1. 
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8.  It  is  possible  to  g^ve  a  third  product  expi-ession  for  0  (z  |  r). 
To  obtain  this  expression  we  take  the  formula  of  §  2, 

Qi(z|r)  =  e°T**^±    n    n'  Wl+— ^)e"=^*i(=^'|, 
r    ■••0  K.o  (.  \        mr  +  ni  j 

where  (§6)  a  =  ^log2)rr  +  ilogr  +  yr-0(r), 

6  =  -rlogr-r'D(r)-^, 
and  we  widte  it  in  the  form 

G(z\r)  =  e'^''^±   ft  Wl4.i.^e-^^.j 
r    n-i  (.  \         n  /  ) 


X  n  n  -I 


1+^*      -'-^      . 


gwT    mr>M    i{tn*Tn)^ 


1-1-^     e"i^ 
mr 


as  we  may  obviously  do,  since  each  tenn  is  of  Weierstrass's  form ; 
and  now  we  have 


0(.|r)=."^'^fe--l-.B 


s,  Tf  1    ^(^"^  ")      -,'-..  2   (-1— J-)-'!   I     _!_ 


But,  if,  as  usual,  il/  (z)  =    -  log  V  (z), 

az 


fW  =  ^iogr(*), 


have  -^  (l+  -'^•)  =  y+  I  (— ^  -  -  ), 
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n(^\r)  =  er^-J-e--r, 


X  n 

n-O 


We  may  slightly  modif}'  this  expression  by  writing 


6  T  2T" 


X  n 


rr(*)r(i+A) 


and  now,  since 


f(l)  =  ^, 


and  Q{z^l  I  r)  =r(-)  G{z  \  r), 

we  obtain,  finally, 

which  yields,  on  substituting  the  values  a  and  6, 

f  rl-M  1 


9.  Recapitulating  the  I'esults  which  have  now  been  obtained,  we 
see  that  a  solution  of 


/(^+i)  =  r(A)/(.), 


(1) 
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with  the  condition  f  iX)  =  1^ 

is  ^ven  by 
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n,  n'  {  (i+  ^) 


g    iMTfn    2(Nir4M)' 


}• 


where  (7  (r)  and-D  (r)  are  certain  doable  gamma  modular  constants. 

The  general  solution  of  the  difference  equation  (1)  is 

G(z|r)xi^(e'^-), 

where  F  (e^'**)  is  any  function  of  z  simply  periodic  of  period  unity. 

The  function  G{z\t)  may  also  be  expressed  as  an  infinite  product 
of  gamma  functions  of  arguments  differing  by  multiples  of  r  in  the 
form 


TV  {z) 

«-i(r(«  +  7nr)  J' 

and  again  as  an  infinite  product  of  gamma  functions  of  arguments 
differing  by  multiples  of  —  in  the  form 

G(.  +  l  I  r)  =  (2,rr)t  i^  ,«  {-f-^M^^I^^-^^-^^M 


X  n 


•1     p  lz^n\ 


We  might  at  this  stage  obtain  the  first  terms  of  the  value  to  which 
G  {z  I  r)  tends,  as  z  tends  to  real  positive  infinity,  employing  a 
method  similar  to  that  used  in  the  theory  of  the  G  function, 
§§3  and  4.  The  results  of  such  an  investigation  would,  however,  be 
incomplete,  and  it  is  therefore  more  convenient  to  employ  the  more 
powerful  methods  which  will  subsequently  be  adopted. 

10.  It  is  now  possible  for  us  to  prove  the  fundamentally  important 
theorem 


G{z^-t\t)  =  (2ir)~  r— *  T  {z)  G  (z  \  r). 


2  B  2 
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the  principal  value  of  the  logarithm  being  taken.  This  theorem 
might  be  expected  a  priori;  for  we  have  seen  that  0(z  \t)  satisfie» 
the  difference  equation 


G(z+l|r)  =  r(^)(?(«|r), 


and  we  have  also  seen  that  Q  (z  \  r)  can  be  expressed  as  products  of 
factors  essentially  characterized  by  F  f  ?^^  j  and  T  (z-\-mr)  re- 
spectively. And  the  former  type  bears  the  same  relation  to  the 
second  difference  equation  as  does  thq  latter  type  to  the  difference 
equation  which  we  proceed  to  investigate. 

Take  the  formula 


(7(i5-hr|r)  = 


rr(»-|-r) 


X  n  y        r(mr)        ^(«^rj»(mT).i!^V(.NT;^ 
—1  Cr(z  +  r4-mr)  K 


and  write  it  in  the  form 


W(«  +  r|r)= — e    ''     *^  e         ^ 


X  Lt  n  I  J-imEL  ^'^(->*f  ^(-)  ] 

^.fD  m.i  (  r  («  +  mr)  ) 

r(.+^rTlr)       J 


Then  we  shall  have 


T     I      ♦(•.T)*T?i±I      I      ♦'(•».T)1 


T(iz)G(z  I  r)  -  itl\  r(z+^nr)  J  ' 


and,  with  the  proviso  that  r  be  not  real  and  negative,  which  holds 
throughout  the  present  investigation,  the  last  written  limit  may  be 
put  in  the  form 


Lt  1  ! (^)         '       '     I  ^  _1_  /W^T? 

j».-  I  (2ir)*  (is  +  rp  +  ry^'^^^-ie--^'-^  J        (27r)* 


.   D{T) 
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We  have  therefore 

T(z)G(z\t)      (2,r)*' 
and,  on  utilizing  the  values  of  a  and  h'  given  in  §  6,  we  find,  finally, 

r(.)Gr(.|r)  ^^'^     • 

the  result  stated. 

We  note  that  the  transcendental  double  gamma  modular  constants 
have  disappeared  from  the  final  equation. 

11.  We  proceed  now  to    find  the    value   of    O  (r,  r),  and  obtain 
Alexeiewsky's  form  of  the  second  difference  equation  for  0(z  \  r). 

Make  z  =  0  in  the  expression  for  G  (z  \  r)  as  a  double  product,  and 
we  have 

1-0  C  Z  )  T 

and  therefore  lit  {Q  {z  \  t)T  {z)]  =  ^  . 

Make  now  «  =  0  in  the  identity 

T(z)Oiz\r)  ^^'^     ' 

T-1 

and  we  have  r  G  (r  |  r)  =  (27r)  *  r*, 

«o  that  (7  (r  I  r)  =  (2iry^'  r'K 

Substitute  this  value,  and  we  have  Alexeiewsky's  formula 

We  note  that,  when  r  =  1, 

we  have  G  (r,  r)  =  1, 

and  the  equation  just  written  becomes 

G{z+l)^T{z)G(z). 

12.  We  now  see  that  G  (z  \  t)  satisfies  tioo  difference  equations 

f(z+l)  =  T('-)f{z) 
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and 


/(z  +  r)  =  (2r)-rr—»r  (*)/(«  I  r). 


It  is  this  fact  which  leads  to  an  entirely  new  conception  of  double 
gamma  functions. 

For,  if  we  write      *  («  |  r)  =  —  log  G  (2  |  r), 

dz 

we  shall  have  for  ^  (z  |  r)  the  two  difference  equations 


where,  as  usual, 


/(z+r)  =^  («)+/(«) -log  r, 


and  for  ^  («  |  r)  we  have  the  difference  equations 

/(.+i)  =/(.)+ |.iogr(-;), 

The  symmetry  of  these  equations  suggests  that  we  write 


and  take  absolutely  symmetrical  difference  equations 

/(.+<«j=/(r)-^;"(z|«,.), 

/(z+«.)=/W-^l"(n",). 


[where 


^i"(H'-.)=^iogr.(^|«.), 


in  the  notation  of  the  "  Theory  of  the  Gamma  Function,"]  from  which 
to  build  up  a  symmetrical  double  gamma  function.  It  is  on  such 
lines  that  I  propose  to  develop  the  theory  of  the  function  in  a  sub- 
sequent paper. 

13.  It  is  advisable,  however,  while  still  retaining  the  present 
notation  to  connect  the  double  gamma  function  with  certain 
functions  already   introduced   into  analysis.      With  this  object  in 
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view  we  will  consider  the  function 

T{z\t)=G(z-\-1  \t)G('-z\  -r). 
We  have  the  difference  equation 

G(.+  l|r)  =  r(A)G(r|r), 
and  hence  we  derive 

0(-,+  l\  _r)  =  r  (-?-)(?(-'«  I  -r). 

Thus  T(z+1\t)  =  T(z\t), 

80  that  T  («  I  r)  is  a  function  of  z  simply  periodic  of  period  unity. 
Take  next  the  second  difference  equation 

0  (z  +  T  1  r)  =  (2.ry  »"^  r-"«  T  (z)  G  (z  \  r). 

We  obtain  at  once 

Q(-z-r\  -r)  =  (2T)'-^"   (-r)-"«r(-«)G(-«|  -r). 

Remembering  that  their  principal  values  are  always  to  be  assigned 
to  the  many  valued  functions  involved,  we  see  that 


T{z  I  r)  27r  8injr(2;  +  l) 


g±«{i*4)^ 


the  upper  or  lower  sign  being  taken  as  72  (ir)  is  positive  or  negative. 
Therefore  T(z  +  r\r)_        1 

T{z\t)         l-flT..-' 

with  the  same  determination  of  the  signs. 
A  simply  periodic  solution  (of  period  unity)  of  this  equation  is 

m-0 

and  therefore  T{z  \  r)  is  included  among  the  functions 

m-O 

where  P  (z)  is  an  arbitrary  doubly  periodic  function  of  z  of  periods 
1  and  r. 

Now  G  (z  \  t)    is    an  integral    transcendental  function  of  z  with 
zeroes  given  by 

rm  =  0,  1,  ...,00, 
2  =  -(mr  +  n),  ] 

C  n  =  0,  1,  ...,oo; 


376  Mr.  B.  W.  Barnes  on  the  [Dec.  14, 

and  therefore     T  (;5  |  r)  =  (?  (;?  +  !  |  r)  G  (-i?  |  -  r) 

is  a  transcendental  integral  {unction  of  ;;  with  zeroes  given  bj 


«  =  —  imr 


rm  =  0,  1,  ...,  00, 

(^  n  =  — 00,  ...,-1,0,1,  ...,  00* 


as  may  be  at  once  seen  from  a  graphical  representation  of  the  zeroes 
of  its  factors. 

But  n   n  —  e''^*  •*"*'^^}  is  a  transcendental  integral  function  with 

exactly  these  zeroes.     And  hence  P  {z)  is  a  doubly  periodic  fnnction 
with  no  zeroes,  and  is  therefore  a  constant. 

Hence  we  may  write 

n    [l_e^«-*i»*"")| 

n  }i-e=f*'^i 

M-l    ^  '' 

where  K  is  independent  of  z. 
Now  Ltl-«-Mz)U_l 


.0  C         z         )         r 


Hence      Lt  {T(z  I  r)]  =  Lt  i  -    —  j  =  Lt  j  — | , 
■  -0  ^  ^        «-o  (  r      r  J        s-o  C  r   ) 

n  [1— e"^^'*^***"^^} 


and 


Thus 


UK' 

s-O 


1 


=  Lt  Jv{l-e+»--} 


=  ht{±27nzK}. 


K=± 


27rir' 


and  hence  we  obtain,  finally. 


,       n   (l-e^''*-'""^'} 
T{z\t)^±J-  ^ 1. 


2rtr 


IHbI 

In  the  notation  of  Appell's  generalized  Eulerian  functions,*  we  may 


•  Appell,   **  GeneraliBation  des  fonctioim  Eul6riennes/'  Math.  Ann.^  Bd.  xix., 
pp.  84-102. 
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write  this  in  the  form 
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r    J|c>(=F.|l.^r)|^_; 


either  the  upper  or  the  lower  signs  being  taken  thronghout  as  R  (it) 
is  positive  or  negative,  where 

0(;j|  1,  r)=  fi  {l-e'-'f'^-'^}. 

The  theorem  just  proved  is  the  natural  extension  to  double  gamma 
functions  of  the  relation 


T{z)T{l-z)  =  ^. 
smzir 

Note  that  the  product 

0(^5  I  1,  r)  =  n  (l-e»"  •*"•'»} 

is  only  convergent,  provided  E  («r)  is  positive  and  |  r  |  <  1,  or  pro- 
vided E  (ir)  is  negative  and  |  r  |  >  1 ;  while  T  (z  \  r)  expressed  as  a 
product  of  two  double  gamma  functions  is  always  convergent  pro- 
vided r  be  complex. 

14.  We  may,  however,  give  a  single  infinite  product  for  T  {z  \  r) 
which  shall  be  valid  for  all  complex  values  of  r. 

For  this  purpose  we  take  the  expression 

nr    \    \  1         «'l**'^    TT   f     r(mr)        *^{mr)^^l^{mt,\ 

^    '    ^       tV{z)  —1  Cr(z-l-mr)  ) 

where  (§  6)  a  =  ^log2irr-f-^  logr— rO  (r), 

fe'  =  -rlogr-r*D(r), 
and  now,  if  we  write 

T{z\r)^v[^)Q{z\r)Q{-z\-r), 
we  obtain 


r(z|r)  = 


e'' 


♦»'(-r)] 


r(.)r(-^) 

•    r       r(mr)r(— mr)         •[♦(•»r)-^(-mT)]  +  ^  [^{mr)-^'.>mT)]  j 
m-i  lr(«+mr)r(— i5— mr)  *  ) 
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^  (z)  — ^  (—«)  = Tcotzir, 


f(z)+f(-»)=^-+-^. 
z        sin  irz 


Thus  we  obtain 


T  (z      T)  =  — r- 7 e'T  ^  r    itr' 

rz*  sm  ZK 


X  n  J?iR^M 

m.i  (.       smirtn 


mr)     -  •«  cot  iH«r  ♦■  - 


}• 


and,  on  substituting  the  values  of  a  and  h\  we  have,  finally, 

iT  sm  zir 

-«[C(T)-r{-T)]-^[7>(TW/)(.T)]    »    <  8inir(25  +  7nr)     --scot w-r ♦--•;'-    ) 
X  e  -^  11  <      -  .    -  '  e  2»in'-iMT  \  ^ 

»M.i  I       smirvir  ' 

an  expression  for  T{z  \  r)  valid  for  all  values  of  r,  except  those  which 
are  entirely  real.  The  upper  or  lower  sign  is  to  be  taken  as  B  (ir)  i» 
positive  or  negative. 


15.  Let  us  finally  consider   the   relation    of  the    double   gamma 
functions  to  the  theta  functions. 

For  this  purpose  we  take 

t(iz\T)  =  T(z\T)T(z-r\-r) 

=  a(l+z\r)G(-z\  -r)Giz-T  +  l  I  -r)G(-z  +  T\r), 

a  pix)duct  of  four  double  gamma  functions. 

We  have  seen  that  T  (z  \  t)  is   a  function  of  z  simply  penodic  of 
period  unity,  and  hence  the  same  is  true  of  2  (2;  |  r).     Thus 

2(.  |r)  =  2(2+l|r). 

Again,  wo  have  2  («+r  |  r) 

=  Gil+z+T\r)G(-z-T\  -t)G{1  +  z\  _r)ff(-«|r), 
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and  hence 
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2(^  +  r|r) 

^  G(1+z  +  t\  t)    G  (-Z  I  r)    0(-z-r\  -r)     G(l  +  z\  -r) 
G(1+z\t)      G(t-z\t)       0(-z\-r)      G{l  +  z-r\-r)' 

Bat  we  have  seen  (§  10)  that 

and,  since  their  principal  valaes  are  always  assigned  to  the  many 
valued  functions  involved, 

tr{z  \  —  r; 

the  upper  or  lower  sign  being  taken  as  B  (ir)  is  positive  or  negative. 
Hence 

2(^10  r  (-z)  r=**  (2t)^     r(l+i5)(e*''r)-*-*(27r)"'l^ 

Thas  we  see  that   2  (z  |  r)    satisfies    the   two   difference  equations 
characteristic  of  the  theta  functions 

f(z+l)=f{z), 
f(z+r)=-e±"''f(z). 

Now  it  has  been  shown  (§  13)  that 

,       n  {1_«=F  »••(■♦"')} 

T(2  I  r)  =  d=  -i-    ==2 . 

2'""         n  {1-e^"-'} 

Mai 

From  the  reduction  just  obtained  for      ^      !"  '    '    we  see  that  the 
function  '■    '  '"'' 

r(+z-r  I  -r)  =  G(a-r  +  l  |  -r)  (3(-«+r  |  r) 

T{z\  -r)     _  !_*,«. 


is  such  that 


u  difference  relation  which  can  at  once  be  obtained  from  the  relation 
T{»  I  r)     _  i_  X,... 


380       On  the  Oenesis  of  the  Double  Oamma  Functions.  [Dec.  14, 

by  merely  changing  r  into  —  r.     For  it  is  evident  that  such  a  change 
involves  the  opposite  prescription  for  R  (ir). 

We  may  obtain  the  same  result  and  at  the  same  time  a  usefnl 
verification  of  our  formulas  if  we  take  the  difference  equations 

T(.~r|-.r) 
T(^-r  +  l|  -r)=T(x.-r|  -r), 
and  proceed  as  in  §  13. 
We  readily  find  that 

mm} 

for  this  expression  satisfies  the  requisite  functional  relations;     its 

zeroes  are  given  by 

r  m  =  l,  2,  ...,  00, 
z  =  mr-|-n,    -j 

I    n  =  — 00,  ...,-1,0,1,  ...,  CO, 

just  as  are  those  of  G{—z-\-r  \  r)  ^^(I+jj— r  |  — r)  ;  and  each  side 

reduces  to   ±  - —  when  zs^O. 
Zirir 

We  now  have 


1         n    {1-6 


2  (H  0  =  ' 


(2irTy  g  {(l-e=f2'*--)*} 


Thus,  if  we  put  q  =  e^"*',  the  upper  or  lower  sign  being  taken  as 
B  (ir)  is  positive  or  negative,  we  find 

Assume  now  that  B  (tr)  is  negative ;  then,  with  the  notation  of  the 
theta  functions  adopted  by  Tannery  and  Molk,  we  have* 

&,  (z)  =  2q^q^ Bin zir  U  [I- 2g»"»  cos 2zir  +  g"" L 

mml 

where  ^o  =  ^   {I-?""}. 
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2  (.  I  r)  = 


g*"'-l        S,(z) 


(27rr)«    2qlq^Rmi»z 
2irr*  ^1(0)' 


since* 


»{  (0)  =  2,r5j5». 


Finally,  then,  when  R(ir)  is  negative, 


2(z|r)  = 


me" 


•li^ 


2(loK5)'5;(0)- 

In  this  manner  we  have  expressed  <^,  Qs)  as  a  product  of  foiur 
double  gamma  functions.  And  it  is  now  evident  that  we  may  build 
up  all  four  theta  functions  by  means  of  the  functions  0{z  \  r).  And 
from  quotients  of  such  products  of  double  gamma  functions  we  may 
form  the  Jacobian  elliptic  functions  sn  z,  en  z,  and  dn  z. 

At  this  stage  we  are  naturally  conducted  to  the  consideration  of 
the  formation  of  Weierstrass's  cr  function,  which  is  in  essence  a  theta 
function  symmetrical  in  Wj  and  (i», — the  two  parameters  whose 
quotient  is  r.  And  such  considerations  lead  to  the  formation  of  the 
analogous  symmetrical  double  gamma  function  which  will  be  dis- 
cussed in  a  following  paper. 


The  Theorem  of  Residiuition,  being  a  general  treatment  of  the- 
Intersections  of  Plane  Curves  at  Multiple  Points.     By  F.  S. 
Macaulat.     Received  and  read  December  14th^  1899. 

I. 

1.  The  following  paper  contains  some  developments  of  a  theory 
which  appears  to  be  capable  of  considerable  extension,  and  which  ia 
founded  essentially,  both   as  regards  methods  and  applications,  on 


*  Fonctions  Elliptiquet^  Tome  n.,  p.  257. 
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Noether's  celebrated  theorem.*  Its  aim  is  to  deal  in  a  perfectly 
general  manner  with  the  intersections  of  plane  algebraic  curves  at 
common  multiple  points,  no  matter  what  may  be  the  natnre  of  the 
singularities  of  the  curves  and  their  contacts  with  one  another  at 
each  common  multiple  point.  For  an  introduction  I  may  refer  to 
Sections  I.  and  II.  of  a  former  paper  on  the  "  Theorem  of  Residua- 
tion,  &c.'*  (Proc.  Land,  Math,  Soc,^  Vol.  xxxi.,  pp.  15-26).  In  the 
present  paper  I  have  supplied  the  proofs  (§  32)  that  were  wanting  in 
the  earlier  one,  and  have  given  in  §  40  a  geometrical  solution  of  the 
problem  of  finding  the  general  linear  systems  8  and  K  (defined 
§§  31,  32)  when  the  cutting  system  C  (including  C)  is  any  given 
pencil  of  curves.  The  most  general  problem  in  connexion  with 
residuation  on  a  base-curve  is  that  of  finding  the  same  systems  S  and 
K  when  the  cutting  system  G  is  any  given  linear  system  of  curves. 
This  problem  is  not  solved  in  the  paper;  but  I  think  I  have 
succeeded  in  indicating  most  of  the  lines  along  which  the  solution  of 
the  general  problem  may  be  looked  for. 

2.  We  denote  the  general  polynomial  of  the  w^  oi*der  in  two 
variables  x,  y  by  2"2;Ja^>7«,  where  rj  stands  for  y/x,  and  p,  q  have  all 
positive  integral  values,  such  that  n  ^  p  ^  q.  We  call  p  the  index, 
and  q  the  suffix,  of  the  coefficient  z\.  The  index  ^  in  rJ  is  not,  of 
course,  the  index  of  a  power;  and  no  confusion  need  arise  in 
this  respect,  since  we  have  only  to  deal  with  livear  relations  among 
the  coefficients.  The  notation  zj  for  the  coefficients  is  convenient 
because  it  gives  prominence  to  the  index  p,  which  is  the  order  of  the 
term  of  which  Jl  is  the  coefficient. 


*  *'Ueber  einen  Satz  aus  der  Theorie  der  algebraischen  Functionen  "  (Mat he- 
matische  Annaleti,  Vol.vi.,  1873,  pp.  361-369).  Part  of  this  paper  (pp.  352,  353)  gives 
an  incomplete  proof  for  the  '* simple"  case  of  the  theorem  stated  in  §  12  below, 
depending  on  a  method  of  merely  counting  the  number  of  unknowns  in  a  system  of 
linear  equations.  Noether  shows  no  reason  why  the  method  is  applicable  to  the 
**  simple  "  case,  and  to  the  "  simple ''  case  alone,  being  content  with  the  assertion 
that  it  fails  for  all  other  cases.  It  is  possible  that,  intending  this  part  of  the  paper 
to  be  chiefly  illustrative,  he  purposely  omitted  to  complete  the  proof.  The 
omission  has,  however,  proved  to  be  an  unfortunate  one,  for  the  proof  has  been  re- 
produced elsewhere  as  complete  and  suflScient,  and  important  applications  have 
been  made  of  the  results  stated  to  follow  from  the  reasoning,  e.g.,  in  the  proof  of 
the  Brill-Noether  theorem  of  residuation  (Math.  Atm,,  Vol.  vn.,  p.  273),  and  in 
Clebsch-Lindemann  (Lemons  mr  la  Geoinetrie,  Benoist^s  translation,  Vol.  n.,  1880, 
p.  49,  11.  8-11).  Picard  and  Simart  (Theorie  den  Fonctions  Algdbriques  de  deux 
variables  iudependantes,  Vol.  n.,  1900,  pp.  5-7),  by  deducing  the  particular  from 
the  general  case,  are  careful  to  avoid  tne  errors  we  have  referred  to. 
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3.  If  the  curve  2'*2^a;''ij'  =  0  passes  through  a  given  point  a;,,  yi, 
there  must  be  one  equation  among  the  coefficients,  viz.  2"zjaj^>7j  =  0. 
We  call  this  the  equation  to  the  point  a^,  y,,  it  being  understood  that 
n  has  as  high  a  finite  value  as  we  please.  We  may  then  ask  the 
question : — What  are  the  conditions  that  a  given  equation  satisfied 
by  the  coefficients  SXjjjJ  =  0,  may  be  the  equation  to  a  fixed  point  ? 
An  obvious  answer  is  that  there  must  be  two  fixed  quantities  ajj,  i/j 
such  that  Xj  beai*s  a  constant  ratio  to  x'lrfl  for  all  values  of  p^  q. 
But  there  is  another  answer,  which  we  take  as  the  definition  of  the 
equation  to  a  pointy  viz.,  that  the  equation  itself  2"A''r''  =  0  shall 
hold  for  the  coefficients  of  F'S^'s^x^yf^  P  being  any  arbitrary  polynomial 
in  X,  y.  Suppose  this  condition  to  hold  ;  and  take  P  =  x.  Then 
P2<3'\t''w«=  2:2''a;''^^A      Hence   we    have    2A.^'^V  =  0;     and    this 

must  be  the  same  as  SAjzJ  =  0.  The  ratio  Aj**  :  Aj  is  therefore 
constant  for  all  values  of  p,  q.  Similarly,  taking  P  =  y  =:  xtjy 
we  find  that  the  i*atio  \J+i  :  A.J  must  be  constant  for  all  values  of  p,  g. 
Putting  the  former  ratio  equal  to  x^,  and  the  latter  to  Xiq^,  we  have 

This  proves  that  the  definition  gives  sufficient  conditions ;  and  it  is 
obvious  that  the  definition  gives  no  other  than  necessary  conditions. 

4.  We  extend  the  definition  of  the  equation  to  a  fixed  point  in  one 
respect,  by  saying  that  there  may  be  any  finite  number  of  equations 
to  the  point,  instead  of  one  only ;  and  we  restrict  the  definition  in 
another  respect,  by  saying  that  the  indices  of  the  coefficients  sf 
entenng  the  equations  shall  not  exceed  a  certain  definite  number, 
independent  of  the  order,  n,  of  the  polynomial,  and  consequently  less 
than  71  if  n  is  sufficiently  great.  In  all  other  respects  the  definition 
is  the  same  as  in  §  3,  viz.,  that  the  equations  to  a  point  must  be  such 
that,  if  satisfied  by  the  coefficients  of  Xz^x^rf^,  they  are  also  satisfied 
by  the  coefficients  of  P^z^x^rf.  The  effect  of  restricting  the  defini- 
tion as  above  is  that  the  point  is  brought  to  the  origin,  or  rather 
that,  for  the  purpose  of  dealing  with  the  equations  to  the  point,  the 
oi-igin  is  to  be  transferred  to  the  point.  But  another  important  effect 
is  that  it  evidently  removes  the  necessity  of  our  confining  ourselves 
to  polynomials,  or  finite  power  series.  We  shall,  in  fact,  in  much  of 
the  paper,  deal  generally  with  ordinary  power  series,  which  we  shall 
understand  as  including,  but  not  limited  to,  polynomials. 
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5.  In  investigating  tlie  equations  to  a  point  we  take  the  origin  at 
the  point ;  bat,  regarding  the  equations  to  the  point  as  sapplying 
conditions  for  a  curve,  we  may  evidently  again  move  the  origin  to 
any  fixed  position  we  please ;  and,  if  the  equations  to  the  point  are 
known,  we  shall  have  known  equations  for  the  coefficients  of  the 
curve  when  referred  to  the  fixed  origin.  We  can  thus,  so  to  speak, 
collect  the  conditions  supplied  by  different  complex  points  for  a 
curve,  by  moving  the  origin  to  the  points  in  succession,  and  bringing 
it  back  to  a  fixed  position.  We  call  a  point,  regarded  as  supplying 
conditions  for  a  curve,  a  base-point;  and  we  retain  the  term  as  a 
convenient  one,  even  when  we  are  not  directly  dealing  with  its 
effect  for  a  curve.  The  number  of  the  independent  equations  to  the 
point  is  called  the  degree  of  the  base-point.  Base-points  of  degree  1 
are  simple,  or  ordinary,  points ;  and  the  degree  of  a  base-point  is,  in 
any  case,  the  number  of  ordinary  points  to  which  it  is  equivalent. 
A  curve  whose  coefficients  satisfy  the  equations  to  a  base-point  is 
said  to  pass  through  the  base-point ;  and  the  order  of  the  multiple 
point  which  any  such  curve  must  have  at  the  point  is  called  the  order 
of  the  base-point.  Any  group  of  base-points  (including  ordinary 
points)  is  called  a  point-hose,  its  degree  being  the  sum  of  the  degrees 
of  its  base-points,  and  its  order  being  the  order  of  the  lowest  curve 
which  passes  through  all  its  base-points.  We  name  the  number  of  the 
ordinary  points  of  intersection  of  two  given  curves  which  are  absorbed 
at  a  point  the  degree  of  their  internection*  at  the  point.  Thus  the 
degree  of  the  intersection  of  two  curves  having  contact  of  oi'der  m  at 
a  point,  but  not  having  multiple  points  thereat,  is  w-f  1  ;  and  the 
degree  of  the  intersection  of  two  curves  at  a  point,  where  they  have 
respectively  an  V-fold  and  a  j*-fold  point,  is  ij  in  the  "  simple  "  case. 

6.  The  general  chai*acter  of  the  equations  to  a  base-point  situated 
at  the  origin  is  easily  found  from  the  definition  (§4).  Any  such 
equation  2Xj«J  =  0  must  not  only  hold  for  the  general  curve 
^^fx'yf^  0  which  passes  through  the  base-point,  but  also  for  the 
curve  F^z^^sc^yf  =  0,  where  P  is  an  arbitrary  polynomial.  The  equa- 
tion must  hold  then  for  the  curve 


♦  We  do  not  use  the  term  multiplicity  of  the  intersection  because  we  take  multipliciti/ 
as  meaning  degree  of  variation,  or  order  of  infinity,  or  dimension. 
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I  and  m  being  any  two  fixed  positive  integers  such  that  I  ^  m.  The 
equation  SX^zJI^  =  0  must  therefore  be  included  in,  or  deducible 
from,  the  set  of  equations  to  the  base-point.  To  repeat:  in  the 
equation  SA^'z^I^,  =  0,  Z  and  m  are  two  fixed  positive  integers  such 
that  I  ^  VI,  and  p,  q  have  all  positive  integral  values  such  that 
n  ^  p  ^  q.  It  is  to  be  observed  also  that  z^',^  is  zero  unless  p  ^  I, 
q  ^  m,  and  p^l  ^  g— w,  t.e.,  unless  p—l  ^  q—m  ^  0. 

7.  A  set  of  equations  which  are  all  derivable  from  one  equation 
2\J4' =  0,  viz.,  the  whole  set  of  equations  SAjxiJI,,,  =  0,  whei-e 
Z  ^  ?/i  ^  0  and  n  ^  p  ^  j  ^  0,  we  call  a  one-set  system  of  equations, 
and  the  coiTesponding  base-point  a  one-stt  point ;  while  the  equation 
2X^2^  =  0  is  called  the  prime  equation  of  the  one-set.  The  equations 
to  any  base-point  at  the  origin  are  then  expressible  by  means  of  a 
compai-atively  small  number,  /,  of  independent  one-set  systems,  viz., 
those  whose  prime  equations  are  2Aj2?J=0,  S/aJjsJ  =  0,  &c.  The 
aggregate  of  any  t  one-sets,  which  cannot  be  reduced  to  any  less 
number  of  one-sets,  we  call  a  t-set  system  of  equations,  or  a  t-set 
point,  as  the  case  may  be. 

8.  To  find  the  equations  to  the  whole  base-point  common  to  any 
number  of  given  curves 

Ci  =  2aJa;''V  =  0,     (7,  =  StJa^'Y  =  0,    ... 

at  the  origin  it  would  suffice  to  find  the  general  solution  of  the 
following  equations,  the  X's  being  the  unknowns, 

2Xja;  =  0,     2XJ6J  =  0,    ..., 

and  their  derivatives 

2XjaJ."^=:0,     2Xj6jI^  =  0,    .... 

All  that  can  be  asserted  as  regainis  the  X's  is  that,  provided  G^,  C,,  ... 
have  no  common  factor  which  vanishes  at  the  origin,  Xj  is  necessarily 
zero  when  p  exceeds  a  certain  unknown  finite  limit.  The  general 
values  of  the  X's  which  do  not  vanish  may  involve  a  large  number  of 
independent  linear  arbiti-ary  parameters.  If  these  general  values  be 
substituted  in  the  equation  SXjzJ  =  0,  the  coefficients  of  the  inde- 
pendent paittmeters  of  the  X's  must  all  be  zero:  and  these  coefficients, 
equated  to  zero,  give  the  required  independent  equations  to  the  whole 
base-point  common  to  G^,  Cj,  ...  at  the  origin.  It  seems  extremely 
VOL.  XXXI.— NO.  703.  2  c 


386  Dr.  F.  S.  Macaulaj  on  the  [Dec.  14, 

difficult,  by  a  direct  investigation  of  such  a  system  of  equations,  to 
prove  any  properties  such  as  those  mentioned  in  §  9;  but  it  is  usefal 
to  keep  the  method  in  mind.  It  is  evident  that  the  required  equa- 
tions to  the  base-point  are  the  equations  which  are  identically- 
satisfied  by  the  coefficients  of  C,Pi-hC,P,+  ...,  where  P„  P„  ...  are 
arbitrary  power  series;  for  the  equations  hold  separately  for 
C,P„  C,P„  ...,  and  therefore  for  0,Pi  +  0,P,-|-... ;  and,  conversely, 
any  identical  equations  which  hold  for  C,P,  +  (7,P,+  ...  must  hold 
separately  for  OiPi,  C^Ptj  ...,  since  all  except  any  one  of  the  power- 
sei'ies  P,,  P,,  ...  may  be  chosen  zero. 

9.  Section  II.  of  the  paper  contains  the  proofs  of  three  general 
theorems.  Theorem  I.  states  that  the  degree  of  the  whole  base-point 
common  to  two  given  curves  0„  0,  at  the  origin  is  the  same  as  the 
degree  of  the  intersection  of  Oj,  C,  at  the  origin.  Theorem  III. 
states  that  this  base-point  is  a  one-set  point ;  and  the  converse 
Theorem  II.  states  that  any  given  one-set  point  is  the  whole  intersec- 
tion of  two  fixed  curves  at  the  point. 

Although  the  enunciations  of  these  theorems  are  capable  of  concise 
and  unambiguous  expression,  I  have  not  been  able  to  find  any  simple 
pr(X)fs  for  them.  The  length  and  intricacy  of  the  proofs  may  be 
partly  accounted  for  by  the  absolute  generality  of  the  theorems. 

10.  Sections  III.  and  IV.  contain  applications  of  the  theorems 
proved  in  Section  II.  In  §§  32,  33  it  is  proved  that  a  composite 
curve  SS'  passes  through  a  given  one -set  point  if  S  passes  through 
any  ^-set  point  contained  in  the  one-set  point,  and  S'  passes  thix)ugh 
a  certain  residual  ^'-set  point,  also  contained  in  the  one-set  point,  the 
sum  of  the  degrees  of  the  two  residual  base-points  being  equal  to 
the  degree  of  the  given  one-set  point.  If  S  is  any  curve  of  a  given 
system  possessing  a  multiple  point  at  the  origin,  where  the  one-set 
point  is  situated,  then  the  base-point  of  highest  degree  on  S  which  is 
contained  in  the  one-set  point  will  in  general  vary  with  S.  In  order 
that  SS*  may  pass  through  the  one-set  point  S'  has  only  to  pass 
through  the  corresponding  residual  base- point,  which  is  also  vaiiable. 
In  this  case  the  variation  in  S*  is  dependent  to  some  extent  on  the 
variation  of  8 ;  and,  if  the  given  system  S  is  linear,  the  system  S* 
will  not  be  linear  in  the  parameters  of  S.  {Of.  Proc.  Lond.  Math. 
Soc,  Vol.  XXXI.,  p.  17,  footnote.)  In  the  more  easily  conceivable  case 
in  which  the  systems  /S>,  S'  s,ve  independent  of  one  another,  as  far  as 
their  variability  is  concerned,  S  and  S'  must  pass  through  two  fixed 
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base-points  respectively,  which  are  residual  with  respect  to  the  one- 
set  point. 

In  §  34  a  theoi*em  of  residuation  for  base-points  is  proved,  and  in 
§  36  a  proof  of  the  general  theorem  of  residuation  for  point-bases  is 
given.  The  results  of  some  other  applications  are  collected  in  §  38 ; 
and  §40  gives  the  solution  of  the  problem  mentioned  in  §  1. 

11.  The  paper  deals  almost  exclusively  with  one-set  points  and 
their  division  into  pairs  of  residual  base-points.  It  does  not  contain 
any  general  discussion  of  ^set  points.  The  following  theorems, 
however,  which  are  extensions  of  those  mentioned  in  §  9,  are  proved 
in  §§  41-45. 

(i.)  Through  any  given  ^-set  point  at  the  origin  t-^l  fixed  curves 
can  be  drawn,  and  no  less  number,  which  have  no  base-point  in 
common  at  the  origin  beyond  the  given  ^-set  point. 

(ii.)  The  whole  common  base-point  of  any  given  ^  +  1  curves 
Cq,  0,,  Oj,  ...,  Of  at  the  origin  is  a  ^-set  point  provided  no  one  of  the 
given  curves  passes  through  the  whole  base-point  common  to  the  rest 
at  the  origin,  i.e.,  provided  the  identity 

cannot  exist  without  S^^,  8i,  ^„  ...,  ^*  all  vanishing  at  the  origin. 

(iii.)  Any  two  curves  drawn  through  a  given  ^set  point  at  the 
origin,  which  both  belong  to  a  set  ot  t-\-l  curves  such  as  that 
described  in  (i.),  will  intersect  for  the  rest  at  the  oiigin  in  a  (^— 1)- 
set  point. 

Also  the  remaining  intersection  of  the  two  curves  at  the  origin  is  a 
/-set  point  if  one,  but  not  both,  of  the  curves  belongs  to  such  a  set  of 
t-\-l  curves,  and  a  (^  +  l)-set  point  if  neither  of  the  curves  belongs 
to  such  a  set.  Thus  a  ^set  and  a  /'-set  point  cannot  be  residual 
unless  /  and  /'  are  equal  or  differ  by  unity.  Also,  from  any  given  /-set 
point  a  chain  of  residual  base-points  can  be  derived,  consisting  of  the 
/-set  point,  a  (/— l)-set  point,  a  (/— 2;-set  point,  and  so  on  to  a  one* 
set  point ;  and,  by  reversing  the  chain,  the  /-set  point  can  be  built  up 
from  the  one-set  point. 

One-set  points  are  by  no  means  the  simplest  kind  of  base-points. 
They  form  rather  an  extreme  case,  the  other  extreme  being  a  /-set 
point  whose  order  is  /.     The  simplest  /-set  point  of  order  /  is  that 

2  c  2 
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which  has  for  its  prime  equations  rj"'  =  0,  zj'  =  0,  ...,  zlZ\  =:  0, 
giving  rj^  =  0,  when  t  >/>,  as  the  genei*al  derivative.  To  this  ^-set 
point  we  have  pi'eviously  given  the  name  of  an  ordinary  t-poitU 
(I.e.,  Vol.  XXXI.,  p.  19,  footnote). 


II.  General  Theorems. 

12.  Theorem  I. — If  C„  (7,  are  two  given  polynomials,  having  tta 
common  factor,  and  P„  P,  arbitrary  power  series,  then  the  number  of 
ierminathig  imlependent  linear  equations  identically  satisfied  by  the  co- 
efficients  of  S,  where  8  =  0,Pi  +  C,P„  is  equal  to  the  degree  of  the 
intersection  of  the  curves  Cj  =  0,   C,  =  O.o/  the  origin. 

In  other  woi-ds : — The  degree  of  the  whole  base-point  common  to  C„  C^ 
at  the  origin  is  equal  to  the  degree  of  tlie  intersection  of  C„  0,  at  tJie 
origin.  For  we  have  already  seen  (§  8)  that  the  equations  which  ai*e- 
identically  satisfied  by  the  coefficients  of  S  are  the  equations  to  the 
base-point  common  to  Cj,  (7,  at  the  origin. 

By  term,inati7ig  equations  we  mean  those  equations  which  do  not 
include  any  coefficients  of  terms  beyond  a  certain  unknown,,  but 
finite,  order.  The  theorem  states  that  there  is  a  definite  number  of 
independent  terminating  equations  for  the  coefficients  of  6\  depending 
on  the  given  polynomials  C„  C7,.  If  the  coefficients  of  any  given 
polynomial  or  power  sen'es  6',  satisfy  all  the  terminating  equations 
which  exist  for  the  coefficients  of  6',Pi-l-0,P„  Pp  P,  being  arbitrary,, 
then  6'i  is  of  the  form  CjPi  -hCjP,  as  far  as  terms  of  any  finite  order,* 
i.e.,  P„  P,  can  be  so  chosen  that  S^  =  CiPi-hO,P,. 

13.  Let         Ci  =  Sa^ar'i;' =  a,j-f a,y-f a,y*+...  +  a|i/'. 


*  Equating  coefficiento  in  C^fPi  4-  C]F)  =  /S|,  as  far  as  terms  of  any  finite  order, 
we  have  equations  of  the  kind  z^  »  o^,  where  the  s*s  are  the  coefilcients  of  the 
termH  in  C|P|  +  C^P^y  i  .e- »  are  linear  functions  of  the  unknown  coefilcients  of  P|,  T^,  and 
the  ff's  are  the  g^ven  coefficients  of  Si.  The  only  case  in  which  these  equations  are 
not  consistent,  >.«.,  do  not  admit  of  solution,  is  when  certain  constants  A  exist,  such 
that  2a^*!!  is  identically  zero,  while  2A%^  is  not  zero.  This  case  is  excluded  hy 
hyjX)theflis. 

From  the  fact  that,  if  Si  passes  through  the  base-point  common  to  C^  C^  at  the 
origin,  we  have  Si  =  CiPi  +  C^P,,  we  may  state  Noether^s  theorem  in  the  g^metrical 
form  : — A  curve  <S|  which  poMUM  thfvuj/h  all  the  lase-points  (including  all  the  ordinartj 
potnta)  cotnmoH  to  two  given  cntrct  Ci,  Cj  t*  of  the  form  Si  =  ViS' -k-C^St'  =  0,  trAeir 
4S',  St'  arc polynomiaU. 
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SO  that  On^  an-\-a„    oj  +  Oh    a;'-|- ... -f  a„a;     , 

If  the  directions  of  the  axes  are  changed,  without  altering  the 
origin,  and  if  S,  0„  C„  P„  P,  in  consequence  change  to  S\  C{,  Ci, 
Pi,  P;  we  shall  have  S'  =  C{P{-\-CiPi,  where  P,',  Pj  ai-e  arbitrary. 
The  independent  identical  equations  satisfied  by  the  coefficients  of  *S' 
and  S'  correspond  one-to-one,  and  are  therefore  equal  in  number. 
Also  the  degree  of  the  intersection  of  C{r  Ci  at  the  origin  is  the  same 
as  that  of  Cj,  C,.  Hence,  if  the  theorem  is  true  for  S\  CJ,  C^,  it  will 
also  be  true  for  5,  Oj,  (7,.  It  will  be  sufficient  then  to  prove  the 
theorem  when  the  directions  of  the  axes  are  general.  We  may  there- 
fore assume  that  the  axes  do  not  touch  C7,  or  Cj  at  the  origin,  and  do 
not  pass  through  any  common  point  of  C„  fj  except  the  origin. 
Hence,  if  Cj  has  an  i-fold  point,  and  C,  not  less  than  an  2-fold  point, 
at  the  origin,  then  Oq,  a,,  ...,f?i_i  are  divisible  by  x*,  ir*"\  ...,  a;  respect- 
ively, while  a,,  Oj^,,  a.^j,  ...  are  not  divisible  by  x;  and  the  same  is 
true  for  Zq,  jj„  z^,  ...  .  Also  at  or  a/,  and  h„t  or  hZ^,  are  non- vanishing 
<;onstants. 

Owing  to  the  directions  of  the  axes  being  chosen  generally,  the 
degree  of  the  intersection  of  (7„  C,  at  the  origin  is  the  index  of  the 
power  of  X  that  can  be  divided  out  of  the  y-resultant  of  Ci,  C„  that 
is,  out  of  the  determinant  formed  by  m  rows  of  a's,  and  I  rows  of  6's, 
viz., 


!  0 


a, 


0      0 


0      0      0      0 


0 
0 
0 

a, 


6,     b,     b,     6,     . 

..     0 

0      b,    6,     6,     . 

..     0 

0      0     6,     6,      . 

..     0 

0     0     0     0...     fe,„ 
We  have  to  prove  that  this  index  is  equal  to  the  number  of  inde- 
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pendent   linear  equations  identically  satisfied  by  the  coefficients  t^ 
of  S. 

14.  In  this  determinant,  if  we  choose  moltipliers,  which  are  poly- 
nomials in  a\  for  the  (t'+l)^  and  succeeding  oolomns,  such  that  the 
sum  of  the  products  in  each  row  may  be  divinible  by  x^  then  each  of 
the  multipliers  must  be  divisible  by  x.  For,  if  the  constant  terms  of 
the  multipliers  are  not  all  zero,  it  can  be  proved,  by  a  method 
similar  to  that  of  §  15,  that  the  two  carves  (7i,  (7,  must  have  a 
common  point  a;  =  0,  yz^O  ;  and  this  case  is  excluded  (§  13). 

15.  Multiply  the  columns  of  the  y-resultant  after  the  (Ar-hl)*  {k<  i) 
by  polynomials  in  x  with  constant  coefficients,  viz.,  ^^^i,  ^A«Sf  •••«  ^um.i 
and  add  to  the  (A;+l)'^  column.  Let  the  ^'s  be  so  chosen  that  as 
high  a  power  of  a;  as  possible,  say  af,  shall  be  a  factor  of  all  the  ele- 
ments of  the  new  (Aj-»-  1)***  column.  We  shall  then  have  the  following 
expressions  all  divisible  by  a^: — 


^0ot-\+ +   ai$i,M-i 


«0*IH+ +»/«/,.« 


-B- 


+  f>m  -  I  ^iM  +  *.H  <>w  + 1 


0^/-l+    +  ^iM^/mi-l 


A' 


^0^/+ +^Mi9l^m 

boBi^i  + +^Ht9umt^i 


Only  those  expressions  above  the  honzontal  A,  and  between  the 
horizontals  B  and  A\  appear  as  elements  in  the  (A;  +  l)^**  column  of 
the  t/-resultant.  To  these  we  may  clearly  add  the  expressions 
between  the  horizontals  A  and  B,  since  in  each  a  new  0  is  added  with 
a  non- vanishing  constant  coefficient  ai(=a,).     Xow  multiply   the 
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first  (m  +  l)  lines  of  the  a's  by  60,  hiy  ...,  h^  respectively,  and  the  first 
/  lines  of  the  6*s  by  —Oq,  —a,,  ...,  —  a/.i,  and  add  up.  We  thus  get 
the  next  line  of  the  fe's  (the  first  below  the  horizontal  A')  multiplied 
by  the  constant  a/.  Again,  multiply  (m  -h  1)  lines  of  the  a's,  beginning 
Avith  the  second  line,  by  h^,  bi,  ...,  b^,  and  I  lines  of  the  b's,  beginning 
with  the  second,  by  —  a^,  — a^,  ...,  —Oi.^;  then,  adding  up,  we  get 
the  next  line  of  the  6's  ;  and  so  on.  We  may  therefore  add  as  many 
lines  of  a's  after  A,  and  of  fe's  after  A\  as  we  please. 

Again,  leaving  out  all  the  terms  in  all  the  lines  which  are  known 
to    be    divisible    by    a;,    viz.,    the    terms   containing   a^,  Oj,  ...,  a,-i» 

all  divide  by  x.  Hence  Oi,  ^.,1,  ^.^2,  ...  all  divide  by  x  (§  14).  Again 
beginning  with  the  second  line  of  a's  and  second  line  of  6's,  and 
leaving  out  all  terms  now  known  to  divide  by  a;^  we  have 


all  divisible  by  «*.  Hence  ^,+1,  Ot^:,  ...  all  divide  by  ar.  Hence  we 
see  that  Oi,  ^,  +  1,  ...,  Oi^r-\  divide  by  x,  x'^  ...,  af  respectively,  and  that 
every  6  after  ^,>r-i  divides  by  x''.  Hence  we  may  put  Of^r-u  ^i*r^ 
Oi,r*u  •••  each  equal  to  zero;  and  the  lines  of  a's  and  6's  will 
terminate  with  Oo^i+r-a  fti^d  b^$i^r-2  respectively.  These  last,  in  fact, 
divide  by  x**"\ 

One  other  property  remains  to  be  noticed.  By  leaving  out  the 
first  line  of  a's,  and  first  line  of  fe's,  we  see  that  we  can  begin  with 
the  k^  column  of  the  y-resultant,   and  choose  multipliers  for    the 
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8accee<lirig  colamnfl,  such  that,  on  adding  to  tbe  V^  oolamn,  at  letti»t 
a»  high  a  [Kiwer  oi  xtAjf  will  divide  out  of  each  element  in  the  new 

1^  column. 


16.  We  now  turn  to  the  coefficients  of  S.  LiCt  polynomials  in  jr, 
viz.,  ^i.i,  ^i.3,  ...,  f»,  be  so  chosen  that  the  coefficient  of  jt"^  in 
^i  +  ^i « 1  f* .  1  -h '  •  •  +  2«  01.  shall  vanish  identically.  Let  th^  coefficient  of 
af'^  in  this  expression  be  identically  2^«^-  Then  the  coefficient 
of  x"'-*(/  ^  0;  is  identically  SXjzJ"*,  and  this  must  vanish  (§6). 
Thus  af  muHt  divide  out  of  z,-hZ4»i04*i  +  ...+2«t«.  Again,  the 
coefficient  of  a?*"'  in  2:4.1 +ZAf4^i  + ...  +  z,.i9,  is  SA^z^li,  which  also 
muHt  vani»li  (§  6),  &c,,  &c.  Thus  if  must  divide  out  of  each  of  the 
following  expi*essions : — 


-^0    +    2i<^**i  +  ...-f -.-i^H, 

Tlie  8amc  must  be  true  when  for  r«  we  write  either  a„  or  h^ 
(n  =  0,  1,  2,  ...,  n).  We  find  then  that  k  cannot  be  greater  than 
the  value  of  r  in  §  15  ;  and  it  can  be  easily  venfied  that  y  does 
actually  divide  out  of  -3*  +  Z4^if^jt»i+  ...  +rj^,..2^,,^..2. 

17.  Let  ^„  ^„d„  ...  be  so  chosen  that  *o  + -^i ^i "^ ^j ^j  +  •••  ^^^V  divide 
by  as  high  a  power  of  a?  as  possible,  say  ^ ;  similarly,  let  ^,,  ^j,  ... 
be  so  chosen  that  ZiH-Zj^,H-z,9,-h  ...  divides  by  x'  as  highest  power, 
and  v//„  i/r^,  ...  be  so  chosen  that  Zj  +  z^i/rj+^r^i/r^-f ...  divides  by  x*  as 
higliust  i)ower,  and  so  on.  We  thus  account  for  r-j-^  +  ^H-... 
{)'  ^  8  '^  t  ^  ...  by  §§  15,  16)  independent*  identical  equations 
among  the  coefficients  of  S,  And  these  are  all  that  exist  j  for,  if 
there  aix;  any  moi*e,  there  must  be  polynomials  in  x,  viz.,  ^,  {^  {„  ..., 


*  The  equatioDH  are  independent  from  the  fact    that,  nince  j^  divides  out  of 

'•»  *o»  'o»  •••»  ''O 


»  + '1^1  +«a<^+  ...»  the  first  r  coefilcients  of  r,„  viz.,  rJJ,  4»  •••»  *o  ^  *^^  expressible  in 


terms  of  coefficients  with  higher  suffixes,  &e. 
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•one  of  which  is  not  divisible  by  x,  such  that 

or  '^~  a^  ^  x'  ^••• 

divides  by  some  power  of  x  (§16).  Hence  (^  must  divide  by  ar; 
otherwise,  by  multiplying  up  by  of  and  dividing  by  C,,  we  should 
have  ^o"^^iXi  +  ^2Xj+---  divisible  by  aj^*\  which  is  impossible  (§16). 
Similarly,  by  leaving  out  the  term  containing  ^j,  and  multiplying  up 
by  x%  we  see  that  l^  must  divide  by  x ;  and  so  on  for  all  the  ^'s. 
Thus  there  are  no  more  than  the  r  +  s+^H-...  independent  equations 
satisfied  identically  by  the  coefficients  of  S.  By  a  similar  proof 
it  follows  that,  while  af  ♦'*  •  divides  out  of  the  y-resultant,  no  higher 
power  of  X  will  divide  out.     This  pj'oves  the  theorem. 

18.  Corollary  1.  —  The  theorem  can  be  at  once  extended  to 
any  two  given  polynomials  Cj,  C,  whose  highest  common  factor 
does  not  vanish  at  the  origin,  and  also  to  any  two  given 
power  series,  convergent  in  a  small  finite  region  round  the 
origin,  which  are  not  both  divisible  by  any  third  power  series 
vanishing  at  the  origin.  For,  if  the  whole  base-point  at  the  origin 
common  to  two  given  convergent  power  series  is  not  of  finite  degree, 
the  reason  can  only  be  that  some  branch  of  one  has  infinite  contact 
with  some  branch  of  the  other ;  that  is,  the  two  power  series  must 
have  a  common  branch  through  the  oingin.  This  assumes  that  the 
branches  of  the  given  power  series,  through  the  origin,  can  only  be 
•convergent  power  series. 

Corollary  2. — If  two  given  curves,  or  power  series,  Oi,  (7„  both 
pass  thi'ough  a  g^ven  base-point  at  the  origin,  and  if  the  general 
•curve,  or  power  series,  /S,  which  passes  through  the  base-point  is 
necessarily  of  the  form  S  ^  (7iPi-|-(7,P„  then  the  given  base-point 
is  the  whole  intersection  of  (7„  (7,  at  the  origin. 

19.  Theorem  II. — Any  ^polynomial  S^  or  power  series^  whose  coefficients 
satisfy  a  given  finite  one-set  system  of  equations  (§7)  can  he  toriti&n  in 
the  form  S  =  CiPi  +  C/jPj,  where  Cj,  (7,  are  two  properly  chosen  fixed 
polynomials  belonging  to  the  system,  S,  and  Pj,  Pj  are  power  series. 

In  other  words : — Any  one-set  point  is  the  tvhole  intersection  at  the 
point  of  two  fixed  curves. 

Let  ^'*aqZg  =  0,  where  n  ^  p  ^  q,  be  the  prime  equation  of  the 
given  one-set  system.     Any  equation  of  the  one-set  is  l,agZ^~„,  =  0, 
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where  Z,  r/i  are  anj  two  positive  integers  (fixed  for  one  equation) 
such  that  I  ^  m  (§  7).  It  is  to  be  remembered  that  x^..  is  sero> 
unlesR  p — I  ^  7  — m  ^  0. 

It  will  be  sufficient  to  prove  that  the  theorem  holds  for  the  giveik 
one-set  Sa^z^  =  0  provided  it  holds  for  the  one-set  So^z^Ii  =:  0. 

20.  The  equations  of  the  one-set  2"oJa;J  =  0  may  be  divided  into- 
two  sets  of  equations,  the  first  of  these  including  all  the  equations  in 
which  m  ^  1  (whence  also  Z  f^  1,  since  I  ^  m),  and  the  second 
including  all  the  equations  in  which  m  =  0.  The  first  of  the  two  8et» 
forms  the  one-set  2aj2;JlI  =  0,  and  the  second  consists  of  the- 
supplementary  equations 

Now  assume  that  the  theorem  holds  for  any  polynomial  ST,  or- 
power  sci-ies,  whose  coefficients  satisfy  the  one-set  Sojarjl,  =  0» 
I.e.,  assume  that  any  such  S'  is  of  the  form  C'lP^-^-CiPi,  where  CU  Ci 
are  two  fixed  polynomials  which  belong  to  the  system  S\ 

By  making  the  system  S'^  C{P[+CiP2  satisfy  the  supplementary 
equations  2aJ;5j'  =0  (Z  =  0,  1,  2,  ...,  ?*)  we  obtain  certain  equa- 
tions which  must  be  satisfied  by  the  coefficients  of  PJ,  Pj ;  and  w& 
thus  find  the  system  S  which  satisfies  the  one-set  SaJzJ  =  0. 

21.  We  shall  first  show  that  one  of  the  two  polynomials  G\,  Ci  may 
be  supposed  to  belong  to  the  system  S,     For  this  purpose  we  write 

s'  =  c{  (Pi-ppd  +  (Ci+ciP)  p; 

and  regard  C{  and  Ci-{-C{P  as  the  two  fixed  polynomials  which 
determine  the  system  S*,  P  being  chosen  in  any  way  we  please.  We 
have  to  prove  that  P  can  be  so  chosen  that  Ca  +  OIP  belongs  to  tha 
system  S. 

Let  C;  =  SaVi;',  C^  =  5fejar^i)«,  P  =  2pJ«V,  where  1;  =  y/ar. 
Now  yC{  belongs  to  the  system  *S>,  since 

yC[  =  a;/;2rtViy«  =  SaJlJaH'i,* ; 

and  hence,  in  order  that  (7.2+  C[P  may  belong  to  the  system  S,  it  is. 
necessary  and  sufficient  that 
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should  belong  to  the  system  S.     The  coefficient  of  x^vf^  in  this  is 

P  iP    t       0     p    .       1     p-\    .       2     p-i    , 

Zg     =     hg-^Poag+Pottg  ^  P©  A,  "^    ,  .  .     \ 

therefoi-e  2«  =  Sa;6:+p!!2aJaJ^-pJ2«-'^-p;S<a^+..., 

and         2aX"'  =  S<fer'  +  pS2<aJ-'  +  pj2a;'ar"'  +  p;2<ar'"'+.-  > 

Hence,  in  order  that  C'i+ClP  may  belong  to  the  system  S,  we  have- 
(§  20)  only  to  choose  pj,  p*,  pj,  ...  so  as  to  satisfy  the  equations 

when  Z  =  0,  1,  2,  3,  ... . 

Suppose  that  SaJaJ"'  and  SaJfeJ'  are  both  zero  so  long  as  Z>/or 
but  that  they  are  not  both  zero  when  I  =  Zq-  Then  ^a^a^'  °  does  not 
vanish  of  necessity,  and  we  may  thei'efore  assume  that  it  is  not  zero. 
Now  when  1>Iq  the  above  equations  for  the  p's  are  identically 
satisfied;  and  on  putting  Z=  Z^,  Z^,— 1,  ...,  0,  it  is  seen  that  the  eqna- 
tions  determine  the  values  of  p^,  p^,  ...,  p^  in  succession,  each  of  these 
having  in  turn  the  non- vanishing  coefficient  ^.a^ag'  °. 

22.  We  may  assume  that  C{  and  C'i  are  general  fixed  polynomials 
belonging  to  the  system  S',  and  consequently  that  the  C^-i-C'iP,  of 
§  21  is  a  general  fixed  polynomial  belonging  to  the  system  8  ;  for 
Ci-{-C\P  has  only  been  made  to  satisfy  those  (supplementary)  con- 
ditions which  convert  a  polynomial  of  the  system  S'  into  one  of  the 
system  S.  Hence  we  see  that  any  S'  is  of  the  form  CIPl-fCjPj,. 
where  C[  and  C,  are  any  two  general  fixed  polynomials  belonging  to- 
the  systems  S'  and  S  respectively. 

Now  to  any  S  corresponds  a  power  series  pin  x  such  that 

for  Cj  is  genei'al,  and  thei-efore  does  not  begin  with  a  higher  power 
of  X  than  S  in  the  terms  which  do  not  contain  y.  Here  yP  belongs 
to  the  system  S ;  hence  P  belongs  to  the  system  S\  i.e., 

P=C[P[+C,P',; 

therefore  S^yC[P{-{-  C^P^, 

where  yC{  and  (7,  are  two  fixed  polynomials  belonging  to  the 
system  S.     This  proves  the  theorem. 
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23.  Corollary. — If  zl=a^,  ^=K  ^^^  *^^  properly  chosen  solu- 
tions of  the  one-set  system  of  eqaations 

then  the  genei-al  solation  for  t^  is  the  coefficient  of  x'rf  in 

t>.,  <=5x:a;;:+s,i:6;::, 

the  X's  and  fxs  being  arbitrary  parameters,  and  the  summations 
extending  over  all  positive  integral  values  of  r,  s  such  that  r  ^  8» 
The  pai*ameters  X,  fi  are  not  in  general,  however,  the  least  number  of 
independent  parameters  in  terms  of  which  the  most  general  solution 
of  the  one-set  system  can  be  expressed. 

24.  Theorem  III. — The  whole  intersection  at  the  origin  of  any  two 
given  curves  C„  C7,,  or  power  series,  having  no  common  branch  through 
the  origin,  is  a  one-set  point. 

To  prove,  in  the  first  place,  that  if  the  whole  intersection  at  the 
•origin  of  two  given  curves  C,,  C,  is  a  one-set  point,  then  the  same 
property  is  true  of  the  curves  OJ,  CJ  into  which  C„  C.  are  trans- 
formed by  means  of  the  transfonnation  equations 

X  =  x\     y  =z  y  '\- ax'  +  hx^ -f  ex'* -^  ...  . 

Let  E  ^  SaJzJ  =  0  be  the  prime  equation  of  the  one-set  point  of 
intersection  of  C„  C,  at  the  origin.  Let  S  =  %z'',v*'rj''  =  0  be  the 
general  curve  or  power  series  which  passes  through  the  one-set  point ; 
And  let  S  transform  into  S'  ==  ^z''x^r{'^  when  we  write 

J- =  a?',     i;  =  i7'  +  a-|-fej''-l-ca*''-h  ...  . 

Then  S'  transfonns  into  8  when  we  write 

x' =  x,     V  ^  ri  —  a  —  hx—ca^— ...  ; 

therefore  r**  =  coefficient  of  x^rf  in  the  curve  to  which  ;S^  transforms 

=  linear  function  of  the  coefficients  z'^  of  S\ 

Hence  the  equation  E  ^  SaJ^J  =  0  for  S  ti^ansforms  into  an  equation 
E'  =  Sa^^^^"  =  0  for  S\  Also  the  equation  E'  =  0  holds  for  a-/' i,'"*  ;Sr, 
since  the  equation  ^  =  0  holds  for  of  (rj—a^bx  — ...)'^S\  hence  the 
•coefficients  of  S'  satisfy  all  the  equations  of  the  one-set  whose  pi-ime 
equation  is  ^  =  0,  and  clearly  are  not  required  to  satisfy  any  more. 
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Again,  any  polynomial  S,  or  power  seiies,  whose  coefficients  satisfy 
the  one-set.-^  =  0  is  of  the  form  (7iP,  +  (7jP,,  and  convei-sely  ;  there- 
fore any  polynomial  S\  or  power  series,  whose  coefficients  satisfy  the 
one-set  -&'  =  0  is  of  the  form  CJPi-l-  CiP^,  and  convei'sely  ;  while  the 
coefficients  of  both  C[  and  Ci  satisfy  the  one-set  E'  =  0.  Hence^ 
the  equations  to  the  whole  intersection  at  the  origin  of  C[,  C^  form 
the  one-set  ^'  =  0  (§  18,  Cor.  2), 

25.  To  pi-ove,  in  the  second  place,  that  if  the  equations  to  the  whole 
inteMection  of  (7„  Cj  at  the  origin  form  a  one-set,  then  the  equations- 
to  the  whole  intersection  of  (?/ +  oaj  +  6a?* -h ...)  Gi  and  0,  at  the  origin 
also  form  a  one-set,  y-{-ax  =  0  not  being  a  tangent  to  C,  =  0  at  the- 
origin.  Having  regard  to  §  24  it  is  sufficient  to  pi'ove  that  the- 
equations  to  the  intei'section  of  yC^  and  C,  at  the  origin  form  a  one- 
set,  y  =  0  not  being  a  tangent  to  O^  =  0  at  the  oi-igin. 

Let  C,  =  2aJ«'»A  C,  =  26Jar^7;S  and  let  >  be  the  oixier  of  the 
multiple  point  of  C^  at  the  origin,  so  that  6j  ^  0,  from  above.  Let 
E,  =^  2"  a^z^  =  0  be  the  prime  equation  of  the  one-set  point  of  inter- 
section of  Cj,  (7,  at  the  origin.  We  shall  prove  that  tlie  equations  to 
the  whole  intersection  of  yC^  and  (7,  at  the  origin  form  a  one-set 
jEJ^^  lS"^'/3''2r^  =  0.  It  will  be  necessary  to  prove  not  only  that  the 
coefficients  of  yC,  and  of  C^  satisfy  the  one-set  E^  =  0,  but  that  any  S 
for  which  the  one-set  E^  xj=  0  is  satisfied  is  of  the  form  yCiP^-^G^P^. 
(Gf,  §  18,  Cor.  2.) 

If  we  take  /3j  =  ajl,  when  q  ^  1,  the  one-set  Eg  =  0  will  be 
satisfied  for  yGi,  still  leaving  the  values  of  /3J,  /3J,  ...,  /Jj'^  at  disposal. 
Again,  the  one-set  Efl  =  0  will  be  satisfied  for  Cj  pix)vided  ^ffqZ^ 
vanishes  for  aj'O,  when  Z  =  0,  1,  2,  ...  ;  for  SjSJzJ  vanishes  for  sdri'^G^ 
when  m  ^  1,  since  /3J  =  a'Ti  when  q  ^  I.  Hence  the  only  equations 
which  have  to  be  satisfied  by  /3J,  pj,  ...,/3j**  are  2/3j|6j"  =0,  when 

Z  =  0,  1,  2, Now  if    Z>w— ^'-f-l,   then  p  — Z  ^  n-|-l  — Z<y,   and 

the  equation  2/3^6*',  =  0  is  identically  satisfied.  If  Z  =  ?*— j-|-l,  the 
only  terms  appearing  in  5/3^6^*"  =  0  are  those  for  which  j9  =  n-f  I ; 
thus,  of  the  unknowns  jSJ,  fil,  ...,  /3y"^*,  only  jSj**  comes  in,  and  with  a 
non- vanishing  coefficient  6^;  and  so  the  equation  determines  )Sy**. 
Also,  putting  Z  =  »— y,  n— J  — 1,  ...,1,0,  the  equations  determine 
fioy  /^r*»  •••'i^  ^^  succession.  Therefore  the  values  of  /3;(,  /3j*\  ...,  iSj** 
can  be  so  chosen  that  the  one-set  .E^^  =;=  0  is  satisfied  for  0,  as  well  as 
for  yC,. 
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26.  It  i*emain.s  to  prove  that  any  S  for  which  the  one-set  j&'^  =s  0 
is  satisfied  must  be  of  the  form  yC^Pi-k-  CLP,.  Any  such  S  is  of  the 
foi-m  C,  PJ  +  C'j  P.^,  whei-e  the  coefficients  of  C,PJ  must  satisfy  the 
one-set  E^  =  (».  From  this  it  can  be  proved  that  the  terms  in  Cy^Pu 
and  therefore  also  in  jS,  which  do  not  contain  y  are  at  least  divisible 
by  s^.  For,  if  not,  we  can,  as  in  §  22,  choose  a  power  series  pin  x 
such  that 

C,+pC,P[  =  yP  =  y  (C,P,+  C,P,), 

C,(l-yP,)=C,(yP,-pP\).. 

Hence  1— yP,  is  divisible  by  C„*  which  is  impossible,  assuming  that 
C,  vanishes  at  the  origin.f  It  follows  that  to  any  S  corresponds  a 
power  series  ^  in  aj  such  that 

S+pC,=yP  =  y  (C,P,+  C.P,). 

Hence  any  8  for  which  the  one-set  E^,  =  0  is  satisfied  is  of  the  form 

.yC,P,-hC,P,. 

27.  In  order  now  to  pi'ove  the  theorem  genei'ally  that  the  whole 
intersection  of  (7i,  C,  at  the  origin  is  a  one-set  point  we  make  use  of 
a  process  analogous  to  that  of  finding  the  highest  common  factor  of 
two  expressions.  Arrange  (J,,  C,  in  ascending  powera  of  the  variables 
^S  y»  say  Ci  =  M,  +  M,*i H- ...,   (7,  =  iv-f  t;,*! -f ...,  t  being  not  less  thanj. 

Then  divide  C,  into  (7,  until  we  get  a  remainder  (7,  ^ic^-f  w?4+i  + 

The  process  of  division  can  be  carried  so  far  that  the  following  con- 
ditions shall  be  satisfied  by  the  remainder  C, : — (i.)  iCk  is  not  divisible 
by  Vj ;  (ii.)  the  factors  of  zr*,  other  than  those  which  form  the  H.C.F. 
of  Vj  and  ti?*,  are  all  different  from  one  another,  and  from  any  factor 
of  Vj.  To  each  of  these  factors  will  coiTespond  a  linear  branch 
y-{-ax-^hx*-i- ...  of  0, ;  and,  these  linear  branches  being  all  divided 
out  of  (7„  we  shall  have  left  a  power  series  Ci  whose  terms  of  lowest 
order  divide  those  of  C,.  Now  the  equations  to  the  whole  intersec- 
tion  of  0„  Cj  at  the  origin  are  the  same  as  those  for  Oj,  (7„  and  these 


•  If  the  product  Pj  Pj  is  divisible  by  P„  and  if  Pi,  Pj  have  no  branch  in  common 
through  the  ori|frin,  then  P,  is  divisible  by  P,.  This  theorem  is  used  again  in  {  34 
and  in  §  37.  It  is  proved  by  Berry,  **  Note  on  a  Case  of  Divisibility,  &c"  {Froe. 
Lotid.  Math.  Soe.,  Vol.  xxx.,  pp.  271-276). 

t  The  proof  given  does  not  apply  when  (7|  does  not  vanish  at  the  origin.  In  thin 
case  the  coefficients  of  both//Ci  and  Cj  satisfy  the  equations  zj  «  sj  —  •••=  4**  —  ^i 
which  form  the  one-set  4~  *  —  0 ;  and  it  is  easily  proved  that  any  S  for  whioh  the 
one-set  r^"  ^  ~  0  is  satisfied  can  be  written  in  the  form  yCqPi  +  QPj. 
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will  form  a  one-set  if  the  equations  to  the  whole  intersection  of  (7„ 
Ci  at  the  origin  form  a  one-set  (§  25).  We  can  now  deal  with  (7,,  Gi 
in  the  same  way  as  with  C„  0„  and  continue  the  process  until  we 
arrive  at  two  power  series  having  no  contact  of  branches  at  the 
origin,  for  which  the  theorem  is  true  (§  25).  The  theorem  is  then 
true  for  any  two  given  curves,  or  power  series,  having  no  common 
branch  through  the  origin. 

28.  Corollary  1. — If  the  process  described  in  §  27  be  carried  out, 
we  can  deduce  from  it  the  superior  limit,  n,  of  the  value  ot  p  in  the 
one-set  system  of  equations  2aJj2fJ  =  0  to  the  whole  intersection  of 
Ci,  Cj  at  the  origin.  In  the  "  simple  "  case,  when  Cj,  (7j  have  no 
contact  at  the  origin,  n  is  less  by  2  than  the  sum  of  the  orders  of  the 
multiple  points  of  Oj,  0,  at  the  origin.  In  the  "  general "  case  n  is 
2  less  than  the  sum  of  the  orders  of  the  lowest  terms  in  the  last 
divisor  and  remainder  increased  by  the  total  number  of  linear 
branches  divided  out  of  the  several  I'emaindei's.  A  curve  having  a 
multiple  point  at  the  origin  of  order  n-|-l  passes,  ipso  facto,  through 
the  whole  intersection  of  Cj,  (7,  at  the  ongin.* 

29.  Corollary  2.  —  Any  equation  identically  satisfied  by  the 
coefficients  of  0,Pj  +  (7,P,  may  be  taken  for  the  prime  equation  of  the 
one-set  for  Cj,  Cg,  provided  it  includes  coefficients  z^  with  index  n. 
For  any  such  equation  is 

pS2aX+...+plSaX:l.+  ...  =0,    where    pl^O. 

From  this  as  prime  equation,  by  first  diminishing  the  index  of  the 
coefficients  zj  by  w,  and  the  suffix  by  w,  n— 1,  n— 2,  ...,  0;  then 
diminishing  the  index  by  n— 1  and  the  suffix  by  n  —  l,  n— 2,  ...,  0, 
and  so  on,  we  obtain  the  original  equations  Saj^jl^  =  0,  irrespective 
of  the  values  of  the  p's. 

This  result  may  be  expressed  algebraically  as  follows  (§8)  : — If 
the  system  of  equations  for  the  X's 

2xx  =  o,  ...,  2\X:l.  =  o,  ...,  2x^  =  0,  ...,  sxj6j:L  =  o,  ..., 

or  2a:x;  =  0,  ...,  5aX:!-=0,  ...,2feX=0,  ...,  26jXj:L=0,  ..., 
is  such  that  Xj  is  necessarily  zero  when  j?  >  n,  but   not  when  p  =  n^ 

*  Of,  references  given  in  Froe,  Lond.  Math.  Soc.,  Vol.  xxxx.,  p.  23. 
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and  if  one  solution  is  Xj  =  aj,  where  a^,  c^,  ...,  a||  are  not  all  zero^ 
then  the  general  solution  is 

the  f>*s  being  chosen  arbitrarily,  and  the  summation  extending  over- 
all positive  integral  values  of  r,  s  such  that  r  ^  «.  For,  by  the  first 
statement  of  the  corollary,  2aJi?J  =  0  may  be  taken  as  the  prime 
equation  of  the  one-set  for  (7„  C,.  Hence  the  equation  2Aja?J  =  0  is. 
deducible  from  the  one-set  2«JzJ  =  0  ;  i.e.^ 

SXjzJ  =  p:SaJ<+ ...  +9, Sa,X::  + ...  ; 

t  h  eref  01^  ^J  =  S  pl^  aj  1 1 . 

The  complementary  result  is  stated  in  Theorem  II.,  Corollary. 

30.  Corollary  3. — Two  curves  which  pass  through  a  given  ^-set 
point  at  the  origin  {t  >  1)  intersect  at  the  origin  in  a  one-set  point 
which  contains,  and  is  of  higher  degree  than,  the  Nset  point. 

III.  Applications. 

31.  Let  (7,  (7'  be  any  two  given  curves,  having  no  common  con- 
stituent, and  (7  any  curve  belonging  to  a  given  linear*  system,  to 
which  G*  belongs.  To  find  the  nature  of  the  conditions  which  must 
be  satisfied  by  S  in  order  that  the  identity 

Gs^crs'-^cs" 

may  hold,  S,  S\  S"  being  polynomials,  and  S  not  involving  the 
parameters  of  C. 

^N'oether's  theorem  gives  us  the  necessary  and  sufficient  conditionFi 
which  OS  has  to  satisfy,  viz.,  that,  on  transferring  the  origin  to  any 
point  A  of  intersection  of  G\  G'\  we  should  be  able  to  find  two 
oitlinary  power  series  f,  P",  such  that 

Fi*om  this  we  can  state  explicitly  the  nature  of  the  conditions  for  S>. 


•  There  would  be  no  increase  of  generality  in  the  question  proposed  if  C  were 
any  jfiven  non-Unear  B3r8tem,  since  the  solution  of  the  question  depends  solely  ou 
the  Hnear  identities  which  exist  among  the  coefficients  of  C. 
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As  far  as  concerns  the  ordinary  points  of  intersection  of  G\  C, 
that  is,  the  points  of  intersection  of  degree  1,  the  conditions  are  that 
<S^  has  simply  to  pass  through  those  which  do  not  lie  on  the  general 
curve  of  the  cutting  system  C,  For  a  point  of  intersection  of  C\  (T 
at  A  of  degree  a  >  1  the  conditions  are  that  S  should  pass  thi*ough 
a  certain  base-point  at  A  ;  for  whatever  equations  have  to  be  satisfied 
by  the  coefficients  of  S  must  also  be  satisfied  by  the  coefficients  of 
JfTS  (I  ^  m),  since 

Also,  the  base-point  at  A  through  which  S  has  to  pass  is  contained 
in,  t.e.,  forms  a  part  of,  the  whole  one-set  point  of  intersection  of  C\ 
Cr  at  A,  since  the  identity  CS  =  C'F'^  C"T"  is  evidently  satisfied 
by  putting  S  =  (7',  or  S  =  C\  And  if  the  general  curve  of  the 
system  C  does  not  pass  through  A^  the  base-point  through  which  S 
has  to  pass  at  il  is  evidently  the  whole  intersection  of  G\  G"  at  A^ 
since  S  is  in  this  case  itself  of  the  form  C'P'+(7"P". 

32.  Suppose  that  the  general  curve  of  the  system  S  has  been 
found,  and  consider  the  conditions  which  a  curve  K^  not  involving 
the  parameters  of  S,  must  satisfy,  in  order  that  we  may  have 

KS^G'S'^-C'S'. 

As  before,  the  conditions  for  K  are  that  it  should  simply  pass 
through  certain  base-points,  situated  at  the  points  of  intersection 
of  C,  G". 

Taking  for  origin  the  point  A^  at  which  the  intersection  of  (7,  0" 
is  of  degree  a,  we  must  have 

We  shall  now  prove  that  if  the  base-point  at  A  through  which  S  has 
to  pass  is  of  degree  gr,  then  the  base-point  at  A  through  which  K 
must  pass  is  of  degree  r  =  a  — g.  Let  the  independent  equations  to 
the  base-point  g  be  ^,  =  0,  ^,  =  0,  , . . ,  J&^  =  0,  and  the  independent 
equations  to  the  one-set  point  a  (Theorem  III.)  be  ^j  =  0,  ...,  ^.  =  0, 
the  first  q  of  these  being  the  equations  to  the  base-point  g,  and  the 
last  jE7.  =  0  being  the  prime  equation  of  the  one-set.  Denote  by  E^ 
the  value  that  E^  assumes  when  the  coefficients  of  any  assigned 
polynomial  or  power  series  P  are  substituted  in  it  for  the  general 
coefficients  2?J. 
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Then  £f^  is  linear  in  the  coefficients  of  8,  and  would  moreover 
vanish  if  JS^,  E^,  ...,  E^  were  all  zero.     Therefore 

where  F^,  F^,  ...,  Ff  are  linear  homogeneous  functions  of  the  co- 
efficients of  K.  This  is  true  whatever  K  and  8  are ;  but,  in  the 
given  case,  E^^  ...,  jSjf  all  vanish  ;  hence 

Also  jBJ^i,  ...,  JFf  are  linearly  independent,  since  by  making  them  all 
vanish  we  should  impose  a  —  q  independent  conditions  on  8  in  addi- 
tion to  the  %q  conditions  which  it  already  satisfies,  iS  being  assumed 
of  sufficiently  high  order.     Hence 

2?f  =  0,    J?f  =  0,    ...,   1^=0. 

These  linear  equations  for  the  ratios  of  the  coefficients  of  K  are  all 
independent,  since  they  form  but  a  small  part  of  the  independent 
system  of  equations  to  the  whole  intersection  of  C\  C  in  the  plane. 
It  remains  to  prove  that  all  the  equations  to  the  one- set  point  a  (not 
the  prime  equation  only)  are  now  satisfied  for  K8^  or  that  the  equa- 
tion ^.  =  0  is  satisfied  for  x^rj^KS^  or  K.x^rf^8,     This  new  equation 

2f  (^):Uff-.  (^):U  ...+^  {K)--l  =  o, 

where  (E^^)Z\,  denotes  the  value  which  E^  assumes  when  the  index  of 
every  coefficient  of  8  in  E^  is  diminished  by  Z,  and  the  suffix  by  m. 
This  equation  is  certainly  satisfied,  since  (^f)ll„,  ...,  (^/)ll„,  Ff^ 
Ffx,  ,..,Ff  all  vanish. 

Hence,  in  order  that  the  identity  K8  =  C8*  -H  C"/S"  may  hold,  it 
is  necessary  and  sufficient  that  the  curve  K  should  pass  through  a 
certain  base-point  r  at  ^,  whose  equations  are  -F\  =  0,  ...,  ^r  =  0,* 


•  To  find  Fif  l**,,  ...,/".  when  E^,  ^,,  ...,  jff.  are  known,  we  may  proceed  as 
follows : — If  K  and  S  are  any  polynomialfl,  and  K  =  ^qx'ri',  then 
JS^^  =  value  of  ^.  for  (tj  + ...  +  t'^x''n'+  ...)S 

=  sum  of  values  of  £^  for  zls,  ...,  t'gx'fi'S,  ... 

=  tS(£f)  +  ...-h«;(^:;+.... 

Hence  zj  (^f)  +  ... +z;  (^f)::+ ..   =  jf  ^f  +  jf.x^^+...+if  J?f. 

Equating  the  coefficients  of  the  coefficients  of  ^  in  this  identity  we  shall  have 
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and  such  that  g-fr=  a,  with  similar  conditions  for  each  point  of 
intersection  of  C\  C".  Thus  we  have  established  the  coiTectness  of 
the  statements  left  unproved  on  pp.  19,  20,  24,  26,  26  of  the  Proc. 
Lond.  Math.  Sac,  Vol.  xxxi.,  with  the  exception  of  such  as  refer  to 
the  actual  finding  of  the  general  systems  S  and  K. 

The  whole  base-point  at  A  common  to  0"  and  all  the  curves  of  the 
cutting  system  C  lies  on  K ;  for,  if  r  is  this  base-point,  it  is  sujficient 
that  8  passes  through  the  corresponding  base-point  q  B,t  A,  and  it  is 
therefore  necessary  that  K  passes  through  r.  Again,  any  base-point 
r  through  which  K  has  to  pass  lies  on  C"  and  all  the  curves  of  C, 
The  system  K  is  therefore  the  general  system  which  passes  through  the 
whole  point-base  common  to  C"  and  all  the  curves  of  C.  Thus  K  is  of 
the  form  C'P"  -f  2  CP  at  every  point  in  the  plane  (§  12,  footnote)  ; 
and  we  should  infer,  by  analogy  with  Noether's  theorem,  that  K 
must  be  of  the  form  (7"S"+2C/S,  where  /S",  Ac.,  are  polynomials. 
This  is  proved  in  §  38  for  the  case  in  which  the  cutting  system  is  a 
pencil  of  curves. 

33.  We  may  sum  up  what  is  proved  in  §  32  as  follows  : — 
If  Sy  8'  are  to  he  independent  of  one  another  as  regards  their  varia- 
iions,  the  necessary  and  sufficient  conditions  that  S8'  may  pass  through  a 
given  one-set  point  a  are  that  8  passes  through  any  fixed  base-point  q  con- 
tained in  a,  and  that  8'  passes  through  a  corresponding  fixed  ba^e-point  r, 
also  contained  in  a,  where  g  +  r  =  a.  The  equaiions  to  r  {or  q)  are 
directly  determinable  from  the  equations  to  a  and  q  (or  r).  Also,  if  /S, 
8'  are  of  sufficiently  high  order ,  there  m/ust  he  altogether  a  independent 
litiear  equations  satisfied  identically  by  the  coefficients  of  8  and  8' 
separately,  q  for  8  and  r  for  S\  and  there  need  not  be  m>ore. 

The  fact  that  9-f-r  =  a  is  a  special  property  of  one-set  points. 
The  total  number  of  independent  linear  equations  that  must  be 
satisfied  by  the  coeflSicients  of  two  independent  curves  8,  8'  in  order 
that  88'  may  pass  through  a  given  base-point  g,  not  a  one-set  point, 
is  less  than  q.  For  example,  onlj  two  equations  are  required  in 
order  that  8  and  8'  may  both  vanish  at  the  origin,  but  the  curve  88' 
then  passes  through  a  two-set  point  of  degree  3,  whose  prime  equa- 
tions are  Zi  =  0,  ^o  =  0-  So,  again,  the  number  of  equations  which 
have  to  be  satisfied  separately  by  the  coefficients  of  three  independent 


equations  for  the  values  of  if  ,  if,  ...,  if.  It  has  been  proved  that  there  are 
values  of  if,  if,  ...,  if,  independent  of  the  coefficients  of  S,  which  satisfy  the 
identity. 
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curves  8,  8\  S"  in  order  that  SS'S"  may  pass  through  a  given  one- 
set  point  a  is,  in  general,  less  than  a. 

Definition. — ^We  define  two  fixed  base-points  g,  r  at  the  origin  to  be 
residual  base-points  provided  two  fixed  curves  Cj,  C,  exist,  whose 
whole  intersection  at  the  origin  is  of  degree  q-^-r^  and  such  that 

where  x»  p  ore  the  general  algebraic  curves  (or  power  series)  through 
9,  r  respectively,  and  P,,  P,  are  power  series.  We  also  say  that  the 
whole  intersection  of  Cj,  C,  at  the  origin  is  the  one-set  point  made 
up  of  g,  r,  or  the  one-set  point  q-\-r;  and  that  the  base-points  g,  r 
are  residual  on  (7,  at  the  origin,  having  Ci  for  a  connecting  curve. 

Any  two  fixed  curves  C„  C,  drawn  through  a  given  base-point  q 
at  the  origin  intersect  again  at  the  origin  in  a  definite  base-point  r. 
If  X  is  the  general  curve  through  q,  then  the  equations  to  r  are  the 
equations  which  must  be  satisfied  by  the  coefficients  of  p  in  order 
that  the  identity  XP  =  ^lA"*"  ^8^8  ^^7  exist. 

By  a  curve  which  passes  through  the  two  residual  base-points  g,  r 
is  to  be  understood  a  curve  which  passes  through  the  one-set  point 
made  up  of  g,  r,  i.e.,  a  curve  of  the  form  C'jP,-!-  CjPj.  It  is  not  a 
curve  whose  coefficients  merely  satisfy  the  equations  to  q  and  r. 
These  equations  are  the  equations  to  a  single  base-point,  but  not  a 
base-point  of  degree  q-^-r^  and  not  the  one-set  point  made  up  of  g,  r. 

We  may  have  two  base-points  g,  r  at  a  point  A  on  &  given  base- 
curve  C,  which  are  residaal  on  the  plane,  but  not  residual  on  the 
base-curve.  To  be  residual  on  the  base-curve  they  must  be  such 
that  a  curve  Ci  can  be  drawn  whose  whole  intersection  with  C,  at  A 
is  the  one-set  point  g  +  r.  Also,  in  calling  C,  the  connecting  curve  for 
g,  r,  it  is  specially  to  be  observed  that  the  term  is  used  in  a  restricted 
sense,  viz.,  a  curve  whoBe  whole  intersection  with  C,  at  A  is  the  one- 
set  point  g+r. 

34.  Thborbm  op  Residuation  for  Base-points. — The  definition 
(§33;  of  residual  base-points  at  a  point  ^  on  a  given  base-curve  C, 
leads  to  an  important  theorem,  analogous  to  the  theorem  of  residua- 
tion for  point-groups  or  point-bases  on  a  base-curve.  The  theorem 
is  that  any  two  base-points  q,  q  on  C^  at  A  which  have  a  common 
residual  base-point  r  are  equivalent  or  coresidual,  i.e.,  any  residual 
r  of  either  q  or  q   on  C,  at  ^  is  a  residual  of  both  q  and  q. 

Suppose  r  to  be  any  base-point  on  C,  at  A  residual  to  q.  It  is  re- 
^diaired  to  prore  that  r  is  also  residual  to  q'.     Taking  A  as  origin,  let 
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C^  be  the  connecting  curve  for  q,  r,  and   C[  for  q\  r,  and  C,  for  9,  r. 

Also,    let   X?   Pi  x'»  p'  ^®   ^^®   general   curves 

through   qy    r,  q\  r    respectively.      Then    we 

have,  using  the  symbol  P  for  a  power  series 

in  general,  different  in  different  equations,  and 

Po»  Pi»  Pi»  Qi»  Qii    ••    for  power  seines  which 

preserve  their  identity  throughout, 

XP^G,F,^C,T,  (1) 

x'p=C,'P.'+C.P,  (2) 

XP'SC.P.+  C.P.  (3) 

Also,  since  C„  (7[  pass  through  g,  r  respectively,  we  have 

This  identity  shows  that  the  intersection  of  P'  and  C,  at  il  is  fixed, 
and  of  finite  degree  9'  +  /.  Choosing  then  any  fixed  curve  C\  whose 
whole  intersection  with  C,  at  A  is  the  same  as  that  of  P',  we  have 

p'=  c;Po+^.^, 

where  Po  is   a  power  series  with   a   non-vanishing  constant  term. 

Hence  we  have 

6'.'<?,=  <7,C;P.+  (7.P.  (4) 

Again,  since  C,  passes  through  r  and  x'  through  g', 

(?,x'  =  <?(Q:+c.i';  (5) 

similarly  C,  p'  =  C,  Q,  +  C,  P.  (6) 

From  (5)  and  (2),  by  multiplying  across, 

therefore,  dividing  out  C'l^', 

c,p;  =  q;p+c,P; 

therefore  Q|  belongs  to  the  system  x*  i-^^  Qi  passes  through  q. 
Similarly,  from  (6)  and  (3), 

C,P,  =  Q,x+C.P; 

therefore  (^  belongs  to  the  system  p.     Hence 

Q.'<3,=  <?.e.+  <^.p-  (7) 

Multiplying  (4),  (5),  (6),  (7),  and  dividing  out  CjC','C,Q,'Q„  we  have 
xV=<7i-P.<3.  +  ^.J'-  (8) 
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Hence,  since  x'l  p'  *re  the  general  curves  through  q\  r\  and  the 
intersection  of  CJ,  C,  at  the  origin  is  of  degree  q'+r\  it  follows  that 
q\  r  are  residual  on  C„  having  C'^  for  a  connecting  curve. 

35.  Corollary. — If  g,  r,  5',  r  are  four  base-points  on  a  base-cnrvQ 
C^  at  the  origin,  such  that  each  one  is  residual  to  the  next,  and  if 
^i»  ^ii  ^2>  ^j  are  any  donnecting  curves  (§  33)  for  the  pairs  (g,  r), 
(r,  g'),  (g',  r'),  (/,  g)  respectively,  then 

where  P^  is  a  power  series  with  a  non- vanishing  constant  term. 

Suppose  that  Cj,  C[y  C,,  t^,  C„  C,  are  any  given  polynomialB,  or 
power  series,  connected  by  the  identity 

where  the  three  products  C^Ci,  C{C„  C^C'%  are  not  divisible  by  any 
common  power  series  which  vanishes  at  the  origin.  Then,  since  C[  C^ 
passes  through  the  one-set  point  of  intersection  of  C^  and  C,  at  the 
origin,  it  follows  that  this  one-set  point  can  be  divided  into  a  residual 
pair  of  base-points  g,  r,  of  which  g  lies  on  C„  and  r  on  C[  (§  33).  Also 
the  remaining  base-points  g',  /  in  which  C(,  C,  cut  C,  at  the  origin 
lie  on  C,\  and  together  make  up  the  one-set  point  in  which  C^  cuts  C, 
at  the  origin  (§  34). 

Although  the  one-set  points  g-f  r,  r-l-g',  g'-|-/,  r'  +  g  of  the  last 
paragraph  are  all  unique,  it  is  not  true  in  general  that  g,  r,  g',  r  are 
unique.  The  base-points  g,  r  are  any  pair  which  satisfy  the  condi- 
tions mentioned  in  the  last  paragraph,  and  these  conditions  do  not 
determine  g,  r  uniquely.  If  one  of  the  base-points  g,  r,  g',  r'  is  fixed, 
all  are  fixed.  For  example,  by  choosing  g  to  be  the  whole  base-point 
common  to  C„  C„  C,  at  the  origin,  the  four  base-points  g,  r,  g',  / 
become  fixed  and  unique. 

36.  Suppose  that  on  a  base-curve  (7,  there  are  at  each  of  several 
multiple  points  two  coresidual  base-points  (g,,  g(),  (g„  gj),  <fec.  Let 
a  curve  Cj  be  drawn  through  g,,  g„  ...,  cutting  C,  again  at  the 
multiple  points  in  r^^r^^  ...,  and  in  Q-hJ2  ordinary  points.  Then 
through  gj,  g2,  ...  a  curve  C[  can  be  drawn,  cutting  C,  again  at  the 
multiple  points  in  rj,  r„  ...  (§34),  and  in  Q'-f  E  ordinary  points,  the 
H  points  of  Q  +  E  and  Q'-f--B  being  the  same.  The  point-bases 
Q-f-5g,  Q'  +  Sg'  have  then  a  common  residual  point-base  iE-|-Sr,  and 
are    coresidual   in  the   strict  sense  of  the  term,  /.f.,  any  point-base 
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JB'  +  Sr'  on  C,  which  is  residual  to  either  Q+2g  or  Q'  +  Sg'  is  residual 
to  both. 

To  prove  this  draw  any  curve  C,  through  Q  +  5g,  cutting  C,  again 
in  E'  +  2r'.  Transfer  the  origin  to  any  multiple  point  on  C„  say  the 
point  at  which  g,  r,  q\  r'  are  situated.  Since  C,  passes  through  5  +  /, 
and  C'x  through  g'4-r,  C,'  C,  passes  through  g^-*",  which  is  the  whole 
intersection  of  C^  and  C,  at  the  origin.     Hence 

The  same  is  true  at  each  multiple  point  on  C, ;  and  also  C[  C^  passes 
through  the  Q  +  E  ordinary  points  in  which  C,  cuts  C,.  Hence,  by 
Noether's  theorem, 

where  C2,  C'^  are  polynomials.     But  (f^C^  cuts  C,  altogether  in 

Q'+V+^  +  Sr+Q  +  Sg-fE'  +  Sr', 

of  which  Q-f  55+JR+Sr  makes  up  the  whole  intersection  of  C^  and 
C, ;  therefore  Q'+2g'  +  E'+2r' makes  up  the  whole  intersection  of 
(y%  and  C,  (§  35),  which  proves  the  theorem. 

It  follows  that  we  may  treat  any  baserpoint  g  as  precisely  equi- 
valent in  every  respect  to  g  ordinary  points  in  the  theorem  of 
residuation.  Two  residual,  or  coresidual,  base-points  on  a  base- 
curve  are  to  be  treated  as  having  separate  identities,  notwithstanding 
that  they  are  situated  at  the  same  point,  and  have  several,  or  it  may 
be  all,  of  their  equations  the  same.  In  applying  the  theorem,  how- 
ever, some  caution  is  necessary.  It  is  only  on  a  base-curve  that  a 
one-set  point  can  be  divided  into  more  than  two  base-points,  and  it 
is  only  one-set  points  that  can  be  divided  at  all,  so  far  as  has  been 
shown.  Again,  although  there  is  a  clear  sense  in  which  it  may  be 
said  that  any  two  residual  base-points  are  entirely  distinct,  the  same 
statement  cannot  be  made  in  general  with  respect  to  two  coresidual 
base-points,  and  it  is  far  from  clear  what  such  a  statement  would 
mean  in  any  particular  case. 

37.  We  shall  now  consider  the  conditions  which  must  be  satisfied 
by  three  power  series  P^,  P„  P,  in  order  that  the  identity 

<?,P,+  C.P,+  <7.P.  =  0  (1) 

may  hold,  C^,  C„  C,  being  three  given  fixed  polynomials,  having  no 
common  factor,  and  all  vanishing  at  the  origin.  We  shall  prove  in 
particular  that  in  general  we  shall  have 

c,=T,r,-r,p,,    c,  =  p,p{-p',p„    c,=p,Pi-p{p„ 


408 


Dr.  P.  S.  Macau  lay  on  the 


[Dec.  14, 


where  Pj,  Pj,  PJ  are  power  series  which  satisfy  (1).  We  shall 
assume  that  no  two  of  the  polynomials  C„  C,,  (7,  have  a  common 
factor ;  for  if  the  result  is  true  in  this  case,  it  is  also  true  when 
^11  (^v  ^8  taken  in  pairs  have  common  factors,  provided  all  three 
have  no  common  factor.  Thus  an}'-  common  factor  of  C'„  C,  must  be 
a  factor  of  Pj  and  PJ,  and  similarly  for  C,,  C,,  and  for  C^  C,. 

The  equations  which  must  hold  for  the  coefficients  of  Pi  alone  form 
a  one-set  system.  For  if  JE  =:  0  is  the  prime  equation  to  the  whole 
intersection  of  C„  C^  at  the  origin,  it  is  necessary  and  sufficient  that 
the  equation  jE'=0  should  hold  for  the  coefficients  of  sfrf^C^Fi^  or 
C^.x^rTPx',  and  these  equations  form  a  one-set  system  for  the  co- 
efficients of  Pp  since  C^  is  fiied.  Let  the  one-set  point  through 
which  P,  has  to  pass  be  the  whole  intersection  at  the  origin  of  the 
two  fixed  polynomials  or  power  series  a,  a  (§  19).  Then,  since  C^ 
and  C^  pass  through  this  one-set  point,  we  have 

C,  =  aV-^aX  (2) 

C^^ca-ca,  (3) 

F,  =  ap^ap\  (4) 

where  6,  h\  c,  c'  are  fixed,  and  p,  p'  are  arbitrary,  power  series. 

Taking  F^^a^  suppose  that  —  a„  a,  are  corresponding  values  for 
F^^F^,     Then 


I.e., 


I.e., 


therefore 
and 


a  (C\-|-c'a,-|-6'a,)  ^  a  (ca,  +  &a,)  ; 
Cj  =  —  (a'cfj  +  h'a^  -f-  c\) , 


(5) 
(6) 


Again,  C^a  and  C,a,  have  the  same  in-  ^ 
tersection  with  C,  at  the  origin.  But  C^ 
passes  through  q  (the  whole  base-point 
common  to  Cj,  Cj,  C,),  and  a  through  the  C, 
one-set  point  (a,  a),  and  these  make  up 
the  whole  intersection  of  C,  and  C,  at  the 
origin.  Therefore  the  remaining  base- 
points  in  which  C^  and  a  cut  C,  at  the 
origin  lie  on  a^  (§35).     Now  a  cuts   C, 

again  in  the  one-set  point  (a,  6)  ;    for  the  intersection  of  a  and  C,  at 
the  origin  is  the  same  as  that  of  a  and  C^  —  ab\  i.e.,  of  a  and  a'6,  and 
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this  may  clearly  be  divided  into  the  two  residual  one-set  points 
(a,  a)  and  (a,  i),  in  accordance  with  the  definition  of  §  33.  Hence  o^ 
passes  through  the  one-set  point  (a,  6),  i.e., 

a„^ah{-ha[.  (7) 

Substituting  from  (7)  in  (6),  we  have 

aai-|-6a,-fc(a6![— 6a()  =  0, 
i.e.,  a{ai  +  ch{)  ^  6(ca(— a,) ; 

therefore  Oi^hcl—chl,  (8) 

and  a,  =  cal—  ac{,  (9) 

Substituting  from  (7),  (8),  (9)  in  (5),  we  have 

Ci  =  -  a'  (ftcI-cftO -6'  (coJ-ocO-c'  (a6{-6aO 
=  aj  (6c' — 6'c)  +  6(  (ca  —  cd)  +  cj  (a6' — ah), 
i.e.,  Ci-6;C,-c;C;  =  a;  (6c'-6'c).  (10) 

From  (2),  (3),  (10),  we  have 

(Cj-6;C,-c;C7,)(a2>-fay)  +  a;C,(6p.f6y)-fa(Ci(qp-f-c>')  =0,  (11) 
where  jp,  p'  are  arbitrary  power  series. 
Choose  any  power  series  p^  such  that 

aJi?!  =  op  +  a/)'.  (12) 

Substitute  from  (12)  in  (11),  and  divide  out  a[.     Then 

^iPi-f-C7,2),-hC,p,  =  0.  (13) 

From  (13)  it  follows  lhat2>i  must  belong  to  the  system  Pj,  i.e.,  jj, 
must  pass  through  the  one-set  point  (a,  a').  But  in  order  that  (13) 
may  be  satisfied  it  is  only  necessary  that  a[|>|  should  pass  through 
the  one-set  point  (a,  a).  Hence  a[  does  not  pass  through  any  part 
of  the  one-set  point  (a,  a'),  i.e.,  a[  does  not  vanish  at  the  origin.     But 

a[C,  =  a[{aV-^a'h\  by  (2), 

^(m[h'^a'{ah[^a,),  by  (7), 
=  a(a;6'-a6;)-fa,a'. 

Hence,  since  a[  does  not  vanish  at  the  origin,  C^  passes  through  the 
whole  intersection  of  a  and  a,  at  the  origin.  Thus  values  can  be 
found  for  Pj,  P„  viz.,  a,  —  a„  which  satisfy  (1),  and  are  such  that  C^ 
passes  through  the  whole  intersection  of  P|,  P,  at  the  origin.     Pro- 
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vided  then  P„  P,  are  any  power  series  satisfying  these  conditions, 
we  have 

Substituting  in  (1),  we  have 

^1^1+  c,p,+  {P,Pi--Pip;)  p,  s  0. 

».e.,  Pi  (^i+PiP.)  s  P,  (PiP,-  C.)  ; 

therefore  C^  =  P,PJ-PJP,^ 


C7,  =  p,PJ-p;p,^ 
c,  =  p,p;-pjp,l. 

C,^P,Pi^PipJ 


If  -4,,  ^„  il„  A{,  Ai  Ai  are  fixed  values  of  Pj,  P„  P„  PJ,  1^  1^ 
satisfying  the  identities  I.,  then  the  general  values  of  P|,  P^,  P^ 
which  satisfy  (1)  are 

P,=^,P+ili'P'.    P,  =  ^P+iliP',    P,  =  A,P-^AiF,        r. 

where  P,  P'  sxe  arbitrary  power  series.  Also,  if  either  P  or  P*  does 
not  vanish  at  the  origin,  the  corresponding  values  of  Pi,  P|,  P,  can 
be  used  in  I. ;  but  if  both  P  and  P'  vanish  at  the  origin,  the  corre- 
sponding values  of  P„  P„  P,  cannot  in  general  be  used  in  I. ;  for,  in 
such  a  case,  C^  will  not  in  general  pass  through  the  whole  intersec- 
tion of  Pj,  P,  at  the  origin. 

38.  Let  6\,  8fy  8^  be  three  polynomials  satisfying  the  identity 

Then  it  follows  by  §  37  that  S„  iS„  S„  if  of  sufficiently  high  order, 
can  be  so  chosen  that  at  any  point  common  to  C„  C„  C,  the  curve  Cj 
passes  through  the  whole  intersection  of  iS,,  /S,.  Let  S^  be  a  curve 
which  passes  through  the  rest  of  the  intersection  of  iS„  /S,  in  the 
plane.  Then  C^  S  passes  through  the  whole  intersection  of  /9|,  8^  in 
the  plane.     Hence  we  have 

C,S^S,8i'-Si8,^ 

II. 


C^S  ^  8f8i  —  8i8i  r 

C,S=8,8i^S{8j 


where  S  need  not  pass  through  any  point  common  to  C„  C7„  C^, 

If  we  regard  G^  as  a  base-curve  cut  by  C„  Cj,  and  if  C„  C,  are  two 
general  fixed  carves  of  the  pencil  X,Cj4-A,C„  then  C„  C,  will  have 
multiple  points  of  the  same  order,  and  will  cut  C,  in   base-points  of 
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the  same  degree,  at  each  of  the  maltiple  points  of  C,.  The  same  will 
also  be  true  of  8^,  S^-  If  S„  8^  have  a  j-fold  point  at  any  z-fold 
point  of  Cj,  it  follows  from  the  identity  C^8  ^  Si8i^S[8^  that 
2j  ^  t.  If,  further,  fi^j,  S,  have  no  contact  either  with  one  another 
or  with  (7„*  it  follows  that  iSJS,  cuts  8^  in  a  base-point  of  degree  »}', 
and  that  8{  cuts  S,  in  a  base-point  of  degree  j  (i^j).  Hence  Si,  8i 
have  contact  of  order  t  — 2;  along  each  of  their  branches,  and  the 
whole  intersection  of  8i,  8{  at  the  point  is  the  same  as  that  of  a 
1-fold  and  an  (»— j')-fold  point  without  contact.  In  any  case,  if  C^,  C„ 
(7„  iSfj,  /Sf„  S,  have  multiple  points  of  order  »„  i„  i„  j\,  j'„  j^  at  a 
common  point,  we  have^j-fya  <  i\,  j^+ji  <  »s»  ii+ii  ^  »s- 

If  ill,  -^it  '^r  t^i*o  three  suitably  chosen  fixed  values  of  iS^,  the 
general  value  of  8i  is 

fifj  =  iliS+A'S'+^r/8",  II.' 

where  8,  8\  S'  are  arbitrary  polynomials.  To  prove  this,  let  Ni  be 
the  degree  of  the  point-base  through  which  8i  has,  of  necessity,  to 
pass.  Choose  A^,  A'^  A"  of  sufficiently  high  order  n  that  they  need 
not,  and  do  not,  possess  any  common  intersection  beyond  the  point- 
base  ^1-  This  condition  can  be  satisfied  by  A^^  ilj,  A'x^  since  the 
base-points  of  ^i  are  all  one- set  points.  Also  choose  S,  8\  8"  to  be 
of  such  order  n'  >  n  —  2  that  the  remaining  point-group  ^  =  n*— -^j 
in  which  A!^,^  Ax  intersect  may  have  no  n'-io  excess.  Let  D  be  the 
greatest  number  of  general  points  chosen  arbitrarily  in  the  plane 
through  which  the  curve  S,  =  A^8 •\- A!x8' -^^  A!x  S'  can  be  made  to  pass 
by  a  suitable  choice  of  the  coefficients  of  S,  Sy  S',  Then,  by  making 
8x  to  vanish  for  D  +  1  arbitrarily  chosen  general  points,  8x  must 
vanish  identically.  Moreover,  the  D  -|- 1  equations  are  independent, 
since  no  one  is  a  consequence  of  the  rest.  Reciprocally,  if  8^  vanishes 
identically,  the  JD+l  equations  are  satisfied.  Hence  D  +  l  is  the 
number  of  independent  linear  equations  that  must  exist  among  the 
coefficients  of  6\  8\  8'  in  order  that  8^  may  vanish  identically. 
From  this  we  can  find  the  value  of  D. 

Since  Ax8 '\- A\8' •\' A!x  8"  vanishes  identically,  8  must  vanish  at  all 
the  "N'x  points,  giving  Wx  independent  equations  for  the  coefficients  of 
8  alone,  since  the  n'-ic  excess  of  N\  is  zero.     Supposing  these  equa- 


*  It  may  be  suggested  as  probable  that  ^i,  ^^2  have  never  of  necessity  any  con- 
tact either  with  one  another  or  with  C,  at  any  point  at  which  Cj,  Cj,  Cj  have  not  a 
common  higher  singularity. 
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tions  only  to  be  satisfied  for  the  present,  and  8  to  he  tbe  general 
n'-io  through  N{,  we  have 

where  the  coefficients  of  Si,  So  may  be  assumed  to  be  known  linear 
functions  of  the  coefficients  of  8,     Hence  we  have 

where,  as  yet,  S\  8^  are  quite  arbitrary.  In  order  now  that  this 
may  vanish  identically  S'  +  Si  must  be  divisible  by  A{\  giving 
|(» +l)(n'  +  2)— J(n— n  +  l)(n  — n+2)  independent  equations  for 
the  coefficients  of  S'  in  terms  of  the  coe/ffioients  of  jS^  t.e.,  of  8. 
Finally  the  coefficients  of  8"  are  all  known  in  terms  of  the  coefficients 
of  8  and  8\  giving  |(n-|-l)(n'+2)  more  independent  equations. 
Hence 

D  +  1  =  2^;  +  i(n'+l)(n'-h2)-i(n-n+l)(n-n42)  +  i(n +!)(»' -h2) 

=  i(n'  +  n-f-l)(n'+n+2)-27i. 

Hence  the  form  8^  includes  the  general  (n'+n)-ic  through  Ni;  for 
^,-f-^i,  and  therefore  N^,  has  no  (n+n)-ic  excess,  since  n  ^  »~2. 
Consequently  8i  includes  the  general  curve  of  any  order  ^n'+n 
through  Ny  When  the  order  of  the  curve  through  ^i  is  less  than  a 
certain  number  we  can  choose  5,  S',  8"  so  that  AiS-hAlS'  +  AiS"  is 
the  general  curve  of  the  assigned  order  through  N^j  notwithstanding 
that  the  separate  terms  A^8,  A'lS",  Ai8^  may  necessarily  have  to  be 
of  a  higher  than  the  assigned  order. 

Precisely  similar  reasoning  shows  that  C^S'-h  C,S"-f-  0^8*^'  is  the 
general  curve  which  passes  through  the  whole  point-base  common 
to  Ci,  C|,  Cy     Hence  (§  32,  last  paragraph) 

K^  C,8''\-C,8''+C.8'\ 

IV.  Geometrical  Application. 

39.  Lemma. — If  a  proper  base-curve  On,  is  cut  by  any  linear  system  of 
curveSy  not  possessing  a  fixed  constituent  in  commoyi,  and  if  Gi  is  a  fixed 
curve  of  the  cutting  system  of  the  same  order  I  as  the  getieral  curve  G  of 
the  system,  and  intersecting  C„  in  a  base-point  of  the  same  degree  (u  C 
at  each  multiple  point  of  €„,  and  if  G^.s  i**  «wy  cwrre  of  order  m  — 3 
adjoined  to  C,^  at  all  the  multiple  points  of  C„,  through  which  Gt  passes, 
then  the  composite  curve  GG^.^  passes  through  the  wlwle  intersection  of 
Gi,  Gm  cd  oil  the  multiple  points  of  G^- 
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It  is  evident  that  any  general  fixed  carve  of  the  cutting  system 
satisfies  the  conditions  mentioned  for  (7/.  It  is  also  to  be  understood 
that  any  multiple  point  of  higher  singularity  on  (7«  is  to  be  resolved 
into  its  component  ordinary  multiple  points  and  cusps ;  and  if  d 
passes  through  more  than  one  of  the  components,  then  (7,„.,  is  to  be 
adjoined  to  C„  at  all  such  components.  The  chief  importance  of  the 
lemma  lies  in  the  fact  tbat  the  2|i  (i  — 1)  conditional  linear  equa- 
tions for  the  coefficients  of  C^.s  ^^^  known  to  be  all  independent,  the 
summation  in  S^i  (t— 1)  extending  to  all  the  t-fold  points  of  0„„  and 
to  all  tbe  i-fold  components  of  the  multiple  points  of  (7,n»  through 
which  Ci  passes.  In  the  theorem  of  residuation  we  have  to  consider 
the  general  curve  8  which  satisfies  the  condition  that  C8  shall  pass 
through  the  whole  intersection  of  (7/,  C^  at  the  multiple  points  of 
0„.  From  what  has  been  said  concerning  (/„,-„  it  follows  that  the 
number  of  independent  conditional  equations  supplied  for  the 
coefficients  of  S  is  fixed,  at  any  rate  so  long  as  the  order  of  8  is  not 
lower  than  m  — 3.  The  value  of  this  fixed  number  depends  on  the 
character  of  the  given  cutting  system  G ;  it  may  be  anytbing  from 
zero  up  to  2^i  (i  — 1),  but  cannot  exceed  2^*  (i  — 1),  if  C/  is  chosen  in 
the  manner  explained. 

The  lemma  is  merely  a  generalization  of  a  well  known  property, 
deducible  in  the  ordinary  way  by  quadric  transformation.  In  the 
"simple"  case,  where  d,  0^  have  a^-fold  and  t-fold  point  respect- 
ively at  0,  and  no  common  tangent,  the  curve  CG„.^  has  an  (t+j*  — 1)- 
fold  point  at  0,  and  therefore  passes  through  the  whole  intersection 
of  Ci,  C^  at  0  (Brill-Noether,  Math.  Ann.,  Vol.  vii.).  In  the  general 
case  let  (7,,  G,„  have  multiple  points  at  0  of  any  kind  of  singularity, 
with  any  kind  of  contact.  Take  a  curve  8^  which  does  not  pass 
through  0,  nor  through  any  of  the  multiple  points  on  G„  through 
which  Gt  passes,  but  which  does  pass  through  all  the  ordinary  points 
of  intersection  of  (7/,  C„,  which  are  not  on  0.  Choose  two  fixed 
general  points  A,  B  on  G^i  And  take  GAB  as  the  coordinate  triangle, 
OB  being  x  =  0,  OA  being  y  =  0,  and  AB  being  2;  =  0.  Since  Ay  B 
are  general  points  on  (7«,  we  assume  that  Gi,  (J«,  0«-„  0,  8^  cut  the 
sides  of  GAB  in  points  which,  with  the  exception  of  0,  are  all  finitely 
separated,  and  that  they  do  not  touch  the  sides  of  GAB  at  0,-4, 

or  B.     By  changing  ar,  y^  z  to  — 7 ,  — 7 ,  --r»  let  the  curves  (7i,  0«, 

X       y        z 

Gm-ii  G,  8„  be  transformed  to  Gy,  Oii,,,  Ci,#_i,  G\8',^.     The  transformed 

curves   have   precisely  the  same  kind  of    mutual  relations  as  the 

originals  ;  viz.,  the  intersection  of  OP,  0«'  at  any  multiple  point  of 
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0'^,  (and  also  at  any  non-multiple  point  of  Cln*  on  A'B')  is  of  the  same 
degree  as  that  of  G\  C^*;  Om'-s  is  adjoined  to  Ci.^  at  all  the  multiple 
points,  and  the  components  of  multiple  points,  on  Cm'  through  which 
Gp  passes,  and  in  particular  at  any  such  point  on  A'B* ;  and  S^ 
passes  through  all  the  ordinary  points  of  intersection  of  (7/,  C'^  which 
are  not  on  G\  Hence,  assuming  that  the  theorem  which  has  to  be 
proved  is  true  for  CP,  Oi,.,  O^^.s,  C,  we  have  the  identity 

From  the  fact  that  the  tangents  at  0*,  A\  B'  to  Ci,  C^r,  Ol^.t,  C, 
8lt»  are  all  distinct  from  one  another,  and  from  some  other  considera- 
tions,* it  can  be  proved  that  S'^'^n'-i  and  S't^^y.^  may  be  so  chosen  in 
this  identity  that  OyS'^f^^'.^  and  01/<S^^|..s  have  each  the  same 
number  of  tangents  at  0',  A\  S  respectively  as  (yC'^.%8'^,  The 
numbers  of  the  tangents  are  given  in  the  table  below,  from  which  it 
will  be  seen  that  S*^^i,.i  must  have  x'\{  for  a  factor.      Hence,  by 

changing  x\  y\  z  back  to  — ,  — ,  — ,  we  have 

X       y       z 

Here  S^  does  not  pass  through  0;  therefore  OG^n^i  passes  through 
the  whole  intersection  of  Gi,  G^  at  0.  Hence  the  theorem  holds  for 
Gi,  0«,  (7«_„  a,  if  it  holds  for  G',  G'^.,  O;,...,,  G\  But,  by  repeated 
quadric  transformations,  the  most  general  case  can  be  brought  to  the 
"  simple  "  case.     Hence  the  theorem  holds  generally. 


No.  of 
tangents  at 

0 
i 

A 

1 

B 

1 

No.  of 
tangents  at 

ClH'C.JlIl-J-J) 

m-2 

A' 
m—i—l 

m— »— 1 

0, 

3 

0 

0 

O'n.u-j) 

/ 

iH 

i-j 

G 

J 

0 

0 

a 

I 

i-j 

i-j 

0„..   t 

-1 

0* 

0 

Ow'-ai.am-i-j) 

m-3 

7n-i-2 

tn-i-2 

s. 

0 

0 

0 

S'w^.in) 

n 

n 

n 

°tm*7K-i-t 

m  +  n—'6 

m-\-7i—i — 2 

m  +  n  —  t  — 2 

SiH^ti-i-z 

n  +  l-1 

n-fZ-j-1 

n  +  l-j-1 

*  The  other  conditions,  in  addition  to  the  fact  that  the  tangents  to  (7^',  Ct^,  and 
Cr^'+»i'-s+ ^»"5n'+i'-3  at  A',  J?',  (/  are  all  distinct  from  one  another,  are  aa 
follows: — If  (ti,  12,  tj),  {jitJitJilt  (*i»  ^s.  ^9)  are  the  numbers  of  the  tangents  at 
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40.  When  a  given  proper  base-curve  C^  is  cut  by  any  given  linear 
system  of  curves,  which  all  have  both  ordinary  and  multiple  points 
in  common  with  C„„  there  will  be  a  fixed  point-base  of  (maximum) 
degree  N  on  (7,„  through  which  all  the  members  of  the  linear  system 
pass,  and  a  series  of  point-bases  on  C^  forming  the  rest  of  their 
several  intersections  with  G^.  This  series  forms  a  coresidnal  set 
(§36),  each  of  the  set  being  residual  to  the  fixed  point-base  N;  and 
the  theorem  of  residuation  /itates  that  any  point-base  on  0„  which  is 
residual  to  one  of  the  set  is  residual  to  each  one  of  the  set.  If  N' 
is  one  of  the  set,  cut  out  by  the  curve  Oi  (say),  the  most  general 
problem*  of  residuation  is  to  determine  the  general  algebraic  curve 
through  N' ;  for  this  will  cut  0„  again  in  the  most  general  point-base 
which  is  coresidual  to  N,  and  residual  to  each  one  of  the  coresidual 
set  to  which  N'  belongs.  The  point-base  N*  consists  of  certain 
ordinary  points  on  Om,  which  present  no  difficulty,  and  certain  base- 
points  at  the  multiple  points  of  0.,.  Geometrically  considered,  the 
problem  is  to  determine,  in  some  visible  manner,  the  effect  of  these 
base-points  for  any  algebi'aic  curve.  The  only  way  of  doing  this 
would  appear  to  be  to  find  other  conditions,  of  a  visible  kind,  which, 
on  being  applied  to  a  curve,  would  necessitate  its  passing  through 
the  base-points  of  N\  By  preference  we  should  choose  for  d  a  curve 
of  the  cutting  system  whose  intersection  with  0„  at  any  multiple 
point  is  of  the  same  degree  as  that  of  the  general  curve  of  the 
system  ;  for  this  would  not  only  make  the  lemma  of  §  39  applicable^ 
but  would  have  the  effect  of  bringing  the  degrees  of  the  base-points 
of  N'  to  their  lowest  possible  values. 

The  problem  of  determining  the  visible  effect  of  the  base-points  of 
N*,  as  explained  in  the  last  paragraph,  is  naturally  complicated  and 
intricate  ;  but  it  should  not  be  impossible  to  find  the  solution.  We 
proceed  to  give  a  solution  for  the  case  in  which  the  cutting  system, 
instead  of  being  any  given  linear  system,  is  any  given  pencil  of  curves. 


{A\  B\  (/)  to  the  three  ourvefl  respectively,  then  the  inequality 

(Ar,-»i-yi)  +  (Ar,-i;->j)  ^  «'-2 

must    hold,    together  with  the  two  similar  inequalitiee.       These  conditions  are 
satisfied  in  the  present  case,  for  it  may  be  seen  from  the  table  that 

*i-»i-yi « *2-»j-y3  -  ^s-h-ys  -  w-i  - 1  («'-2). 

*  Noether,  "  Ueber  die  Schnittpunktsjsteme  einer  alg^braischen  Carre  mit  nicht- 
adjungirten  Curven*'  {Math.  Ann.^  Vol.  xv.,  1879,  pp.  607-628),  gives  the  solution 
of  the  problem  for  the  case  in  which  one  of  the  point-bases  N,  IT  consists  entirely 
of  ordinary  a--points,  that  is,  base-points  of  order  tr  and  degree  ^o*  (a*  +  1). 
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i»  Oiy  0„  and  B-\-^r,  if  +  Sr   the  remaining  coresidoal 
in  which  0,,   0,  cut  0,;  B,  r  being  equal  to    B\  r^ 


A 


Even  in  this  case  the  problem  is  very  intricate ;  so  we  only  enter 
into  such  details  of  explanation  as  are  absolutely  necessary.  Let  C7i, 
0„  of  order  I,  be  two  general  fixed  curves  of  the  cutting  pencil,  and  C,, 
of  order  m,  the  base-curve.  Let  Q-^r^  he  the  whole  point-base 
common  to  0, 
point-bases 

numerically.  The  base-points  r,  /  are  all  one-set  points  (§  37)  ;  but 
the  base-points  q  are  in  general  two-set  points. 

We  shall  show  how  to  find  two  fixed  corresponding  curves  Jj,  A^ 
of  the  systems  /S„  /S,  which  satisfy  the  identity 

J,  must  pass  through  B-\-'S,r^  and  A^  through 
B'  +  2/,  and  A^^  A^  out  Og  again  in  one  and 
the  same  point-base  Q'-t-5g',  which  is  co- 
residual  to  Q  +  Sg.  We  shall  also  choose 
^1,  Af  so  that  q'  is  their  whole  intersection  at 
the  point  where  g,  r,  q\  r  are  situated  (§  37). 
The  curves  ^i,  -^t  <^^  ^en  be  used  as  a  base 
for  finding  the  general  curve  through  Q'-l-S^'; 
and,  similarly,  two  fixed  curves  -4,,  A'^  of  the 

aystem  8^  can  be  used  as  a  base  for  finding  the  general  curve  through 
jB  +  2r.  In  this  way  we  can  determine  any  point-base  of  the  co- 
residual  set  to  which  l^H-Sr  and  ^'-f  Sr  belong,  and  any  point-base 
of  the  coresidual  set  to  which  Q-hSg  and  Q'-fSg' belong.  Any  point- 
base  of  the  one  set  is  residual  to  any  point-base  of  the  other  set. 

In  order  to  effect  our  purpose  of  finding  A^^  A^^  Ai  we  make  use  of 
a  subsidiary  curve*  OJ,  of  order  m— 1,  and  treat  C,OJ  for  a  time  as 
base-curve.  Ct  is  chosen  so  as  not  to  pass  through  any  part  of 
Q  +  lq,  or  B,  or  B\  but  it  may  be  drawn  through  any  Qi  ordinary 
points  of  intersection  of  Oi,  0,  which  are  not  on  C,.  In  the 
accompanying  diagram  of  intersections  only  the  two  coresidual 
point-bases  itJ-t-i^i-hSr,  E' -h  iEJ -f  2r',  cut  out  by  Oi,  0,  on  C,(7i,  are 
represented,  the  point-base  Q  +  Q^-j-Xq  common  to  0„  (7„  0,Ci  being 
omitted.  In  reality  the  base-points  r  ai^  situated  at  the  same  points 
as  the  base-points  r  ;  but  r,  /  are  to  be  treated  as  having  separate 


Point  on  (7,. 


*  It  would  not  be  necessaxy  to  introduce  a  subsidiary  curve  of  any  order  provided 
(L)  two  or  more  curves  of  order  <  i  (w— 3)  can  be  drawn  through  2r,  (ii.)  the 
degree  of  the  intersection  of  the  two  curves  at  each  base-point  r  is  equal  to  r, 
(iu.)  the  base-points  2r  supply  Sr  independent  conditions  for  the  curves  of  order 

<i(m-3). 
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identities  (§  36),  and  are  represented  in  the  diagram  with  separscte 
positions. 


c.    f;.-. 


Now,  when  any  two  point- bases  E+i^j-hX/*,  R* -^-R'x-^-^t  ai-e  co- 
residual,  we  may  take  away  any  part  of  one  and  add  any  residual  df 
it  to  the  other,  and  the  resulting  point-bases  will  be  coresidual. 
Di'aw  then  a  curve  (\  thix)ugh  It'-\-R[^  cutting  (7,6'.,  again  in  the 
point-gi^oup  <i"  +  QI'.     It  follows  that 

II  +  El  +  Q"  +  Q:,'  +  2r  is  coresidual  to  2r'  on  C^ CI  (1;) 

We  shall  pix)ve  that  any  aS„,^„.2  through  R-\-R^-\-Q*' -^-Q'^'  passes  of 
necessity  thnnigh  2r,  and  is  consequently  a  cnn-e  of  the  system  ^^ 
through  i?  +  2r. 

Imagine  a  curve  C'^.j  drawn  thi-ough  2r,  cutting  C,  again  in 
Q'^'  +  S^'i,  and  (75  in  Q['".     Then,  by  the  same  theorem  as  befoi'e, 

ie-hi2i-h(^"+Q;'  is  coresidual  to  Q""  +  Qr  +  Sg,  +  2/  on  C^C^  (2) 

The  point-base  Q""  +  Q;'" -h 2?,  +  2r  is  cut  out  by  0«.j  on  C^C%  and 
2r  supplies  independent  conditions  for  curves  of  order  m  — 2  (§39.).. 
Hence,  since  CjCJ  is  of  oi*der  2^m-— 1,  we  know  that  any  S-i^  4  through 
C"  +  Qi'"  +  2gi  must  have  ('„,_3   for  a  factor.*       Draw  any  S2m-A 


•  Of.  Froc.  L<Mtd.  Math,  Soe.,  Vol.  xxvi.,  p.  626,  §  19  (iu.) ;  also  Caatelnuovo, 
Mem.  delia  M.  Aecademia  delU  Scieme  di  Torino,  Vol.  xui.,  1891,  p.  24,  end  of  }  18.; 
and  C.  A.  Scott,  BulUtin  of  the  American  Math.  Soc.,  Vol.  iv.,  1898,  p.  269.  The 
theorem,  which  is  a  consequence  of  the  Riemann-Roch  theorem,  has  not  been 
proved  in  the  general  form  in  which  it  is  here  used,  but  there  is  no  room  for  doubt 
as  to  its  correctness. 
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thi-ough  Q""  -h  (Hr  -h  2^j  +  2r'.     Then 

Let  C  be  a  curve  whose  whole  intereec- 
tiun  with  (\  at  0  is  /+9i»  and  whose 
whole  intellection  with  (/,„.,  at  0  is  jj* 
(§37),  and  let  iV  be  a  curve  whose 
whole  intersection  with  C*  at  0  is  /. 
Then,  since  St„.i  passes  through  r'  +  ^i, 
the  whole  intei-section  of  C\  ,  C  with  C 
at  0,  we  have 


therefore 


therefore 


7i 


Hence  S'„,.2  passes  through  r'.  Thus  any  S^^.^  thix)ugh 
Q""4-Qi'"-hS7i  +  2r'  cuts  tj  again  at  the  multiple  points  in 
2r+2g;.  Also  to  any  N,,„.4  through  Q"" +(?,""  + 2^^,  +  2/  corre- 
sponds any  >S^,,„_2  thi-ough  7^  +  i^,  +  Q" 4- Q,",  by  (2)  above.  Hence 
any  S^^n-2  through  7?  +  jRi -h  Q" -f  (^J'  passes  of  necessity  through  2r. 

Let  A^  be  a  fixed  curve  of  the  system  *Sw,*„_2  through 
li-\-R^-i-Q"-^Q.i  cutting  C,  altogether  in  the  base-points  Sr-hS^', 
and  in  the  point-gi-oup  ll-\-Q"  -^-Q''^  and  C'^  in  the  point-git>up 
^^1  +  C?i' +  Qi"-  (See  diagram  of  intei-sections,  p.  417.)  Since  A^ 
passes  through  /i-fSr,  and  cuts  Cj  again  in  Q" -\- Q'"  -\'1q\  there 
cori-esponds  to  it  a  curve -4  j  thi*ough  /i*'-f2r',  which  cuts  (\  again 
in  the  same  Q."-^Q'"  +  2q'.  Also,  since  R'-\-Q"  makes  up  the  whole 
intersection  of  ('„  with  C,,  therefore  Q*"  -i-lq'  -^'^St/  makes  up  the 
whole  intereection  of  a  curve  C'„,.-,  with  C\.  We  may  take  ili  to  be 
^  »^  m-2-  The  curve  ('I.2  is  fully  determined  by  Q['\  the  whole  point- 
group  in  which  it  cuts  <% 

The  curves  -^Ij,  A^  have  the  point-base  Q'-^%q'  in  common  (Q'  being 
written  for  Q"-\-Q"^),  and  their  remaining  intensection  is  a  point- 
group  Ry  Thus  Q'-j-^q'  is  residual  to  ii'j  on  A^.  Find  any  point- 
group  or  point-base  E^  coresidual  to  11^  on  -4.,  by  finding  first  a  fixed 
point-group  Q^  residual  to  T?,,  and  then  any  iiJ^  residual  to  Q^.     Then 


*  In  (K)mparing  the  diajp*am  with  that  c»f  §  37,  r,  /  have  the  same  fdg^fioance  in 
both  ;    C„i-2,  C,  qi  corresiwnd  to  aa,  a,  q\  while  C"  corresponds  to  a'. 
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Q'-f2<?'  is  residual  to  B^^  and  the  curve  whose  whole  intersection 
with  A^  is  Q'+iij  +  2g  is  the  general  curve  through  Q'-hS^',  which 
it  was  required  to  find.  This  curve  is  fully  determined  by  Q'  +  i2J  if 
T^i  is  a  point-group  ;  and,  if  jRJ  is  a  point-base,  the  curve  is  still  fully 
determined  by  the  visible  conditions  which  it  has  to  satisfy. 

If  the  general  curve  through  Q'  +  S^',  which  has  now  been  found, 
cuts  Cj  again  in  J^'-hSr",  then  the  corresponding  curve  through 
Q  +  2^-hK"-h2r"  is  the  general  curve  through  Q  +  Sg,  i.e.,  the 
general  curve  of  the  system  K  (§  32).     Although  (§  38) 

and  the  point-base  in  which  K  cuts  (7,  is  the  same  as  that  in  which 
0^8' -^-C^S"  cuts  Oj,  yet  tliis  point-base  may  be  of  less  degree 
than  that  in  which  a  curve  of  the  same  order  as  C,S'+CjiS^"  would 
in  general  cut  (7,,  owing  to  the  fact  that  many  of  the  points  in  which 
(7i  S'  -f  ( •,  iS"  cuts  Cj  may  be  made  to  disappear  at  infinity.  This  is 
what  happens  when  K  is  of  less  order  than  C,  S" -h  C,  S".  Thus  there 
are  point-bases  on  C,  coresidual  to  and  of  the  same  degree  as  E  +  Sr 
and  E'-h2/,  which  are  not  cut  out  by  the  pencil  0  ^  A, C^  +  \C^. 

If  we  take  two  fixed  curves  ^j,  A'^  of  the  system  S^^^-i  through 
R-\-B^-\-(i"  -\-Q\\  which  pass  of  necessity  through  2r,  and  have  r  for 
their  whole  intersection  at  the  point  where  r  is  situated,  we  can  find 
the  general  curve  thi-ough  22-|-2r,  by  dealing  with  -4,,  A'^  in  the  same 
way  as  with  A^,  A^  above. 


V.  Extension  op  Theorems  II.  and  III. 

[Added  April,  1900. 

41.  We  now  prove  the  theorems  mentioned  in  §  11  as  holding  for 
base -points  in  general,  which  include  as  a  particular  case  the 
theorems  of  §§  19,  24  for  one-set  points. 

We  say  that  a  base-point  q  is  detennined  by  the  <-|-l  fixed  curves 
^V  ^'n  •••»  ^'*'»  ^^  ^  ^^  ^^®  whole  base-point  common  to  Oq,  0„  ...,  Ct  at 
the  origin,  that  is,  if  the  equations  to  q  comprise  all  the  independent 
equations  which  are  identically  satisfied  by  the  coefficients  of 
CoPo+C,P,  +  ...4-0|P<.  Any  S  which  passes  through  q  is  then  of 
the  form  GoPo+G,Pi-{- ...-{- CtPt  (§  12,  footnote). 

A  ^set  point  has  already  been  defined  (§  7)  as  a  base-point  whose 
equations  cannot  be  expressed  by  means  of  less  than  t  prime  equa- 
tions and  their  derivatives. 

2  E  2 


420  Dr.  F.  S.  Macaulay  on  the  [Dec.  14, 

42.  Not  Ttiore  than  t  +  l  fixed  nn^^es  are  required  to  determine  any 
given  t -set point. 

It  is  only  necessary  to  prove  that  if  f +  1  fixed  curres  are  sufficient 
to  determine  the  base-point  q^^  whose  prime  equations  are  E^  ^  0, 
E^  =  0,  ...,  ^1  =  0,  then  also  *  +  l  fixed  curves  are  sufficient  to 
determine  the  base-point  q^,  whose  prime  equations  are  (^i)Ii  =  0, 
^j  =  0,  ...,  Et=:0,  where  (^,)!l  is  such  that  ^j  is  derived  from  it 
by  diminishing  the  index  and  suffix  of  each  z  in  (^i)^i  by  1.  The 
coefficients  of  jsJ*  4»  4i  -.•  in  (^i)ll,  which  are  absent  from  E^,  may- 
have  any  fixed  values.  It  is  not  asserted  that  q^  is  actually  a  /-set 
point,  bat  only  that  it  may  be  a  f-set  point,  and  that  in  any  case  it  is 
a  /'-set  point  where  /'  ^  /. 

Let  Co,  C'l,  ...,  Cr  be  a  set  of  /  4- 1  general  fixed  curves  through  g^, 
which  determine  q^.  Let  g„  be  the  base-point  whose  prime  equations 
are  (E^l  =  0,  ...,  (EXl  =  0,  K„  =  0,  ...,  ^,  =  0  (n  =  1,  2,  ...,  0- 

We  can  choose  polynomials  in  .r,  viz.,  a„  a,,  ...,  a#,  such  that 

are  a  set  of  ifiaed  general  cni-ves  through  q^,  having  no  mutual  con- 
nexions other  than  those  which  are  involred  in  the  fact  that  they  all  pass 
throitgh  q^  (§  22).  The  base-point  deteraiined  by  these  curves  and 
(\  is  q^.  Hence  we  may  substitute  these  curves  for  Oi,  C„  ...,  (7,, 
i.e.,  we  may  so  choose  Cq,  f.\,  ....  0,  that  (\,  Cj,  ...,  Ct  are  /  genei*al 
fixed  curves  through  q^.  In  tlie  same  way  we  may  choose  0,,  Cj,  . . .,  C, 
so  as  to  pass  through  9,,  and   f\,  (\,  ...,  (',  so  as  to  pass  thiwigh  q^, 

and  so  on.     Thus  we  may  suppose  the  /-l-l  fixed  curves  Cq,  <\ O, 

which  detennine  q^  to  be  general  fixed  curves  through  7^,  q^^  ...-  g* 
respectively. 

Let  N,  be  any  curve  through  q^.     Consider  the  cui'^^e 

whei'e  60,  6j,  ...,  6,  ai'e  polynomials  in  x.  We  can  choose  6j,  6,,  ...,  6,  , 
in  succession  so  that  S^-^-h^C^  passes  through  q^y  *Si -h 61  Cj -f- 6, Cj 
through  ^8,  and,  finally,  6\  -h  61  (/',  -f- . . .  -f  i>, . ,  0,  _  i  through  qt.  We  can 
then  choose  h^  and  ht  so  that  S[  is  divisible  by  y,  and  so  that  \ 
has  a  non-vanishing  constant  term,  since  (//  is  a  general  fixed 
curve  through  9,.  We  now  have  iS(  =  yS^,  where  S^  passes  through 
Jo,  since  S\  passes  thi-ough  qt.     Hence,  by  hypothesis, 

6\^-y{C,P,+  i\P,  +  ...  +  C.F.). 
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Equating  the  two  expressions  for  ^S'J,  we  see  that  <S^i  is  of  the  form 
.vC„Po-hC»P,  +  C,Pj-h...-rC.Po  where  yC^,  C,,  0„  ...,  C,  are  /-hi 
fixed  cui'ves  through  5,.     This  pixjves  the  theorem. 

43.  If  t-\-\  fixed  curves  C^,  (7,,  ...,  Ct  are  such  that  ^w  ideiitity  of  the 

can  exist  unless  the  constant  terms  of  S^^  *S„  ...,  St  all  vanish,  tlien  the 
hase-potnt  q  determined  by  0^^,  (7„  ...,  Ct  at  the  origin  cannot  he  deter- 
mined hy  any  set  of  fixed  curves  less  in  ^lumber  than  t-\-l. 

If  possible,  let  t  fixed  curves  C(,  C^,  ...,  01  detennine  the  base-point 
q.     Then  we  have 

c*H^-4:,o;+XiC5-h...-h-i:,c\'  (n  =  o,  1,2, ..., o,  (i) 

and  0:  =  A«Oo+^uO,+  ...+^,„a     (n  =  1,  2,  ...,  0,  ('2) 

where  Aoh,  -<4u,  ...,  ^'.i,  A'^^,  ...  Are  power  series.  Substituting  the 
values  of  CJ,  Ca,  ...,  C/  from  (2)  in  (1),  we  have 

0,  =  2  iA^iA;,,-{-A^,A:,-\- .„+A..aA:,t)  C^     («  =  0,  1,  2,  ...,  t). 

Now,  by  hypothesis,  the  constant  terms  of  the  power  series  which 
appear  as  the  coefficients  of  C,,,  0„  O.,  ...,  C,  in  the  last  identity,  after 
r«  on  the  left  has  been  transfeiTed  to  the  right,  must  all  vanish. 
Honce,  if  a„,„,  ai,„  are  the  constant  teiins  of  -4„,„,  Al^^^  we  have 

/  f    ,        ,         I        f\  /m  =  0,  1,  2,  ..., /\        ,  _. 

<r,4ia«i  +  ««ii««2+...4-««./a«<  =  0   (  A  1    o  J'    when?/i:^w, 

\  n  =  0,  1,  2,  ...,  t' 


and 


«,4i«ii4-««2a«i4- ...  +a„,a;^  =  1     (n  =  0,  1,  2,  ...,  /)• 


This  system  of  equations  is  impossible,  since  it  would  give  unity  as 
the  result  of  multiplying  two  vanishing  determinants,  those,  namely, 
whose  (w  +  1)^  rows  are  (a„i,  a„2,  ...,  ««/,  0)  and  (a^i,  a^a,  ...,  a^,,  0), 
where  w  =  0,  1,  2,  ...,  f. 

It  follows  that  9  is  a  ^'-set  point  where  t'  "^  t\  for,  if  q  were  a 
/'-set  point  where  t'  <  t,  then  /  fixed  curves  would  suffice  to  deter- 
mine q  (§  42). 


44.   The  base-point  q  of  ^  4S  is  a  t -set  point. 
Let  Cq,  t\  tbreugh  q  intei*sect  again  at  the 
origin  in  r,  and  let  Xi  P  be  the  general   alge-       ^ ' 
bi-aic   curves    or  power   series    threugh  q,  r 


Ci 
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respectively.     Then,  by  hypothesis, 

X-CoPo+^'iA  +  ...  +  C7,P„ 

where  Pq,  P„  ...,  P|  ai-e  arbitmry  power  series.  The  r  identical 
equations  which  the  coefficients  of  p  have  to  satisfy  are  all  involved 
in  the  condition  that  xp  should  pass  through  the  one-set  point  q-^r^ 
i.f'.,  that  XP  should  be  of  the  form  G^P+O^P*  (§  33).  For  this  it  is 
necessary  and  sufficient  that  pO„  pC„  ...,  pGt  should  all  pass  through 
q-\-r,  which  gives  ^—1  one-set  systems  of  equations  for  the  coefficients 
of  p  (§37,  2nd  paragraph).  Thus  r  is  a  ^'-set  point  where  t'  <  i—  1 ; 
and  therefore  t  fixed  cur\'es  OJ,  Ci,  ...,  Ci  suffice  to  determine  r  (§42).> 

where  PI,  P2,  ..  ,  P't  are  arbitrary  power  series.  Again,  since  xp  lias 
only  to  pavss  threugh  g+r,  it  is  necessary  and  sufficient  for  x  ^^<^^ 
xC[,  xC'i, ...,  x^ '  should  all  pass  thixjugh  5^  +  r,  giving  /  one-set  systems 
of  equations  for  the  coefficients  of  x-  Hence  9  is  a  /'-set  point  whei'e 
/'  ^  t.  But  q  is  also  a  /'-set  point  where  /'  ^  /  (§  43).  Therefore  q 
is  a  /-set  point.     It  follows  also  that  r  is  a  (/  — l)-set  point. 

45.  The  number  ofJLved  curves  required  to  determine  any  give^i  t-set 
2)oint  18  t  +  1;  for  not  more  than  /-fl  curves  are  i^equired  (§  42)  ;  and 
not  less,  since  any  less  number  of  fixed  curves  would  determine  a 
/'-set  point  where  /'  <  /  (§  44). 

It  also  follows  from  §  44  that  if  any  two  fixed  curves  C/,  C^  are 
drawn  through  a  t-set  jyoint  5,  intersecting  again  at  tJie  point  in  r,  then  r 
is  a  (/— I)-«e/,  a  t-set,  or  a  (t-\'l)-set  point.  Tlie  different  cases  may 
be  distinguished  as  follows : — If  C,,  0^  are  two  of  a  set  of  / -1-1  curves 
which  determine  (/,  tlien  r  is  a  (/— l)-set  point ;  if  one  of  the  two 
curves  ('/,  C„„  but  not  botli,  belongs  to  such  a  set  of  f-f-l  curves,  then 
r  is  a  /-set  point ;  and  if  neither  6'/  nor  C^  belongs  tx>  such  a  set  of 
/-hi  curves,  then  r  is  a  (/  +  I)-set  point.  The  condition  that  Ci  may 
be  one  of  a  set  of  /-fl  curves  which  determine  q  is  that  Cj  should  be 
of  the  form  CoPo-h6',Pj+ ...  H-C\P„  where  i\,  (\,  .,  ,  Ct  are  any  set 
of  fixed  cui'ves  which  detennine  7,  and  P^,  P„  ...,  P,  do  not  all 
vanish  at  the  origin.  This  may  be  proved  by  the  method  of  §  4:^. 
It  is  clear  that  the  values  of  the  constant  terms  of  P^,  P^,  .^^-.Pt  are 
all  unique,  as  may  be  seen  by  equating  any  two  expressions  for  Ct  of  • 
the    foi-m    C^P^-\-CJ\-\-.,.-\-CtPt'      The    condition  that  the  curves- 
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C/,  0«„  ...  may  be  so  many  of  a  set  of  ^  +  1  curves  which  determine  q 
is  that  Ctj  C,„,  ...  all  pass  through  q,  and  that  no  values  can  be  given 
to  the  constants  X, //,  ...  such 'that  the  curve  XCi  +  fcO„,+ ...  is  not 
one  of  a  set  of  ^  -I- 1  curves  which  determine  q.  ] 


A  Method  for  Extending  the  Accuracy  of  certain  Mathematical 
Tables.  By  W.  F.  Shbppard,  M.A.,  LL.M.  Received  and 
read  December  14th,  1899.  Received,  in  revised  form, 
April  2nd,  1900. 

I.  Introductory. 

1.  As  an  example  of  the  cases  to  which  the  following  method 
applies,  we  may  suppose  that  we  have  a  table  of  values  of 

«  ^  tan  \irx 

to  seven  places  of  decimals,  by  intervals  of  "01  in  oj,  from  x  =  '00  to 
X  =  '50,  and  that  we  have  also  a  table  of  values  of  u  to  eleven  places  of 
decimals,  but  at  larger  intervals — say  at  intervals  of  '1.  Then  our 
object  is  to  obtain  a  table  which  shall  have  the  same  intervals  as  the 
foi-mer,  but  shall  have  (approximately)  the  same  accuracy  as  the 
latter.  For  convenience,  the  table  in  which  the  accuracy  is  less 
while  the  intervals  are  those  prescribed  may  be  called  the  working 
table,  while  the  shorter  table,  giving  the  more  accurate  values  of  u 
for  a  few  values  of  x,  may  be  called  the  checking  table. 

The  method  consists  in  using  the  working  table  as  the  basis  for  the 
calculation  of  the  first  or  second  differences  in  the  new  table.  This 
latter  table  is  formed  by  the  successive  addition  of  the  differences  so 
found ;  and  the  values  are  checked  from  time  to  time  by  means  of  the 
more  accurate  table.  The  rate  at  which  the  accuracy  of  the  table 
can  be  extended  depends  partly  on  the  nature  of  the  function  tabu- 
lated and  partly  on  the  smallness  of  the  successive  increments  of  the 
argument.  Thus,  in  the  case  given  above,  it  will  be  found  that  the 
use  of  first  differences,  with  a  certain  amount  of  "  smoothing,"  will 
extend  the  table  with  tolerable  accuracy  to  nine  places,  while  a  re- 
petition of  the  process  will  extend  it  to  eleven  (or  certainly  to  ten) 
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places ;  or  this  latter  result  may  be  achieved  in  one  operation  by  the 
use  of  second  differences. 

Before  describing  the  formulse  employed,  some  preliminary  observ- 
ations are  necessary. 

2.  There  are  certain  well-known  cases  in  which  mathematical 
tables  are  (or  might  be)  calculated  by  a  formula  of  derivation,  each 
value  in  the  table  being  found  from  the  preceding  value  or  from  a 
limited  number  of  pi-eceding  values.    Thus,  for  tabulating  the  function 

f(.x)  =  e' 

by  intervals  of  h  in  .r,  we  should  obviously  use  the  formula 

f(x+h)  =  e*/(«), 

each  value  being  found  from  the  preceding  by  multiplying  by  a 
constant  factor.     Similarly,  to  tabulate 

to  a  larger  number  of  places  than  would  be  given  by  ordinary 
logarithmic  tables,  we  should  first  write  down  the  successive  values  of 

and  then  use  the  formula 

/(x-^-h)  =  e-*^'*»*7(aO. 

Or,  again,  for  constructing  a  table  of 

f{x)  =  sin^iraj, 

we  might  use  the  fonnula 

f(x-\-h)  =  2  cos^wh fix)^f(x^h), 

each  value  being  thus  found  from  the  two  pi-eceding  values.  Tables 
formed  in  this  way  must  be  checked  at  intervals,  by  direct  calculation 
of  particular  values,  in  order  to  prevent  the  accumulation  of  small 
errors. 

3.  In  the  above  cases  each  value  in  the  table  is  found  from  the 
immediately  preceding  value,  or  fi'om  a  finite  number  of  preceding 
values.  This  is  not  always  possible.  But  a  formula  of  derivation 
can  always  be  obtained,  and,  provided  the  interval  h  is  small  enough, 
can  always  be  used,  in  those  cases  in  which  the  differentiaJ-  coefficient 
of  the  functian  tabulated  can  be  expressed  in  terms  of  the  function  itself. 
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either  alone  or  in  conjunction  with  the  argument.     For  suppose  the 
function  to  be  «=/(x),  (1) 

and  that  it  satisfies  the  equation 

du/dx  =  i^{x,  u),  (2) 

where  ^  («,  u)  is  a  function  whose  value  can  be  calculated  for  any 
given  value  of  x  if  u  is  known  for  that  value.     Then,  writing 

"o  =  /(«o) 


"o  =  /(«o)  ) 

'*±«=/(«o±»»^)r 


where  a'o  is  any  value  of  x  appeanng  in  the  table,  we  have 

=  ^^o+v'(^)+|^r(^u)+fjrw+.... 

Also,  if  we  writ«  v  ^  ^(jc, «)» 

we  have  hv^  =  hf  (x^) 


hv_, = hrM^2hrix,)^^r\^)-' 

and  thence        hi\=hf{x^ 

Ahv.,  =  /»r(a^.)-i'iy"'(«.)+jAy"' («.)-. 


(3) 

(4) 


(5) 


(6) 


If  now  we  eliminate  between  (3)  and  (6),  we  find 

+  /gVA»A».,+  ...,  (7) 

the  coefiicients  in  which  may  be  shown  to  be  the  same  as  those  in  the 
expansion — 


-e 


(l-(?)log(l-0) 


=  i  +  -iO  +  -A«'+i6»+fHtf'+A'j**+... 
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The  values  of  hv^,  A/ir.,,  A' Aw. 2,  ...    are   known    if    those  of   «^ 

t^-ii  ^^-2,  ...  are  known;  and  thus  each  value  of  n  can  be  calculated 

fi'om  those  which  precede  it. 

To  illusti*ate  this  formula,  let  us  take  the  example  given  in  §  I. 

We  have  then  , 

M  =  tan  ^wx. 


V  =  dti/dx  =  |ir  sec'  \irx 
=  iir(l+u«). 


(a) 


Suppose  that  the  values  of  u  have  been  found  to  seven  places  of 
decimals  by  intei'vals  of  A  =  -01 

up  to  J'  =  '35.     Then,  if  we  calculated  the  values  of  hi\  and  took 
their  differences,  we  should  have  a  table  of  the  following  form  : — 


•30 
•31 
•32 
•33 
•34 


•5095254 
•5294727 
•5497547 
•5703899 
•5913984 
•6128008 


/iV 


•0197860  j 
•0201116  ! 
•0204554  I 
•0208185 
•0212019 
•0216067 


A/tr 


3256 
34:^8 
3631 
3834 
4048 


174 
182 
193 
203 
214 


A^hv 


A*hv 


i  1 


the  fourth  difference  being  found  fi-oni  the  average  of  three  oi'  four 
successive  values. 

To  api)ly  (7),  we  only  requii^e  the  (quantities  at  the  end  of  the 
table,  which  may  be  written  thus,  A'  denoting  A/(l+A)  : — 

X  u  hv  A'Ar  A'^hv      A'^hv     A'*hv 

•35     ^6128008     -0216067     +4048     +214     +11     +1 
The  fonnula  then  gives,  for  x  =  '36, 
n  =  10-7(6128008  +  216067  +  ^  of  4()48  +  TV<^f  214  + J  of  U  +  fJi  of  1) 

=  -6346193, 
whence,  by  (a),  hv  =  ^0220342. 

Taking  the  differences,  we  get  the  next  line : — 

X  u  hv  A'hv  A'^hv       6!^hv     A'^/^r 

•36     6346193      0220342     +4275     +227     +13     +1 
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Continuing  the  process,  I  get  the  following  table : — 


.r 

u 

hv 

A'hv 

A-***' 

A'»Af 

11 

A'*hv 

•35 

•6128008 

•0216067 

4048 

214 

•36 

•6346193 

•0220342 

4275 

227 

13 

•37 

•6568772 

•0224858 

4516 

•241 

14 

•38 

•6795994 

•0229628 

4770 

254 

13 

•39 

•7028118 

•0234668 

5040 

270 

16 

•40 

•7265425 

The  values  of  ti  so  found  are  all  (practically)  correct  within  1  in  the 
final  figure. 

4.  The  above  method  might  often,  I  think,  be  found  useful,  pro- 
vided the  differences  of  Jtv  diminish  fairly  i^apidly.  But,  when  this 
is  not  the  case,  there  are  two  objections  to  be  met.  In  the  first  place, 
a  great  many  differences  have  to  be  taken  into  account ;  and  this  is 
troublesome,  as  the  coefficients  b}-  which  these  differences  have  to  be 
multiplied  are  not  very  convenient  for  calculation.  In  the  second 
place,  the  coefficients  do  not  diminish  at  all  rapidly.  The  effect  of 
this  is  that  the  necessary  en*ors  in  m,  due  to  the  results  being  initially 
only  accurate  to  seven  places,  become  greatly  magnified,  and  the 
values  have  to  be  checked  at  very  short  intervals. 

This  latter  difficulty  might  be  almost  entirely  removed,  in  the 
majority  of  cases,  by  taking  liv  to  a  larger  number  of  decimal  places 
than  u.  Thus,  in  the  above  example,  if  the  initial  values  of  u  ai^e 
correct  to  seven  places,  the  initial  values  of  m*  (up  to  a?  =  '50)  will  be 
correct  within  1  x  10'^  and  the  values  of  hv  will  therefore  be  correct 
within  |7rxlO"^  By  keeping  in  the  two  extra  figures,  the  first 
differences  may  be  found  very  accurately  to  seven  places  of  decimals. 

There  will,  however,  still  remain  the  difficulty  as  to  the  number  of 
differences  to  be  taken  into  account.  And  it  may  be  added  that  there 
is  a  third  objection,  which  will  appeal  strongly  to  any  one  who  has 
had  practical  experience  in  constructing  tables.  The  series  of  calcu- 
lations by  which  a  value  of  u  is  found  is  always  the  same,  but  each 
of  these  series  of  calculations  has  to  be  performed  independently.  A 
great  saving  of  labour  would  be  effected  if  the  calculations  could  be 
taken  in  sets  of  similar  processes,  performed  separately  on  «,  /<r, 

A' /if, This  is  not  possible  when  the  table  is  being  constructed 

for  the  first  time.  But  when  we  possess  a  "  working  table  "  of  m,  of 
a  less  degree  of  accuracy  than  that  which  we  are  seeking,  it  becomes 
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possible  to  simplify  the  work,  by  using  the  method  explained  in  the 
following  sections. 


1 1 .  Mcfhoil  rt^  applied  to  First  Differences, 

r>.  In  all  cases  in  which  we  ai'e  concerned  with  the  successive 
values  (jf  a  tabulated  function,  the  method  of  central  differences 
j)i'Ovide8  us  with  series  which  converge  very  rapidly,  and  therefore 
are  suitable  for  numerical  calculation.  Thus — retaining  for  the 
moment  the  oi^dinaiy  notation,  but  using  the  particular  differences 
which  enter  into  the  improved  formula? — our  formula  of  derivation 
(7)  is  replaced  by 

+  TaTy(^*^t».,  +  AV/t;.0-...  .  (8) 

This  is  obviously  moi^e  convenient  than  (7).  The  apparent  difficulty 
is  that  we  do  not  know  the  values  of  AAvq,  A'At'.i,  •••»  imtil  the  values 
of  u^  and  Wj,  and  perhaps  also  those  of  Wj  and  n^,  have  been  calculated. 
Hut  the  point  to  be  noticed  is  that  the  unknown  quantities  all  contain 
h  as  a  factor,  and  thei-efoi-e,  if  A  is  sufficiently  small,  they  can  be 
obtained  with  sufficient  accuracy  f  mm  a  shorter  table  of  values  of  n. 
Suppose,  for  instance,  that  the  rate  of  change  of  u  is  less,  or  at  any 
i*ate  not  much  gi-eater,  than  that  of  .r,  and  that  h  =  '01 .  Then,  if  we 
have  a  working  table  of  //,  coiTect  to  seven  places  of  decimals,  we  can 
deduce  a  table  of  hv,  practically  cori-ect  to  nine  places  of  decimals  ; 
and  thus,  calculating  the  successive  diffeivnces  of  u  fi-om  (8),  we  can 
build  up  a  new  table  of  u  to  nine  places  of  decimals.  This,  again, 
can  be  used  as  a  working  table  for  getting  a  new  table  to  eleven 
places  ;  and  so  on.  indefinitely. 

6.  In  the  absence  of  any  recognized  notation  for  central-difference 
formulse,  I  find  it  convenient  to  use*  two  opei^ators  S  and  /n,  defined 
by  the  following  relations  :  — 

8/(.-)=/0r+i;o-/(..-i/i)       1 

*  These  operators  are  more  fully  diwjUHsed  in  a  subsequent  paper  ( /m<«^  pp.  449-488). 
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Thus,  if  u  =/(ar),  and  if  u^  and  u^  denote  any  two  successive  values 
of  u  in  a  table  proceeding  by  intervals  of  h  in  x. 


8u^  =  Mj— M^ 

=  Awp 
Repeating  the  process  denoted  by  8,  we  have 


and,  taking  /n  with  powers  of  8, 


=  i(A'w_,  +  A*u.,) 


(10) 


In  this  notation  our  formula  (8)  becomes* 

M,  —  M^  =  ^Mj 

T!ie  process  therefore  consists  in  using  the  values  of  t*,  given  by  the 
working  table,  as  the  basis  for  calculating  the  values  of  hv  ^  hdu/cU^ 
and  then  applying  the  formula  (11)  to  determine  the  successive  first 
differences  of  u  in  the  new  table.  The  values  so  found  must  be  com- 
pared from  time  to  time  with  the  values  given  in  the  working  table, 
in  oi'der  to  pi*event  an  accumulation  of  enters. 


♦  See  p.  480,  formula  (140). 
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7.  Ill  the  preceding  section  we  have  supposed  that  the  values  of  x 
in  the  final  table  are  to  be  the  same  as  the  values  in  the  initial  or 
working  table.  But  it  will  be  found  simpler,  in  practice,  to  take  the 
values  in  the  working  table  halfway  between  the  values  in  the  final 
table.  Thus,  to  tabulate  n  for  x  =  '00,  '01,  '02,  ...,  we  should  use  a 
working  table  in  which  the  values  of  a*  are  ...,  '005,  "015,  '025,  .... 
Using  this  table  as  the  basis  for  calculating  the  values  of  ...,  /ir|,  hv^, ..., 
we  have* 

^X  =  (l+7V*'-TH..S'+y.%W-*^HfiS;5^«'+ •••)''«,.  (12) 
The  eoeflieients  in  this  foiTUula  are  a  good  deal  smaller  than  the 
coefficients  in  (11). 

8.  The  principle  underlying  the  method  may  be  made  cleai-er  by  a 
geonieti-ical  explanation.  Let  the  successive  values  ...,  a^^,  a*,,  ...  of  the 
argument  be  represented  by  abscissa?  ...JO^fQy  OM^,  ...  measured  along 
a  line  OX,  so  that  M^M^  =  MiM^  =  ...  =  A ;  and  at  ...,ilfo,  Ifi,  ...,  let 
ordinates  ...,  3/oQo»  -^i^^u  -.be  erected,  equal  to  the  values  of  n  given 
htj  the  working  table.  Let  the  true  onlinates  of  the  curve  n  •=•  f  (.r)  be 
...,  .l/oi'o'  ^A-^i*  •••5  *^d  suppose  that  each  value  in  the  working 
table  is  coii-ect  within  db^p.     Then,  if  on  M^Qr  we  take 

q.Q.  =  Qrqr  =  hp, 
all  that  the  working  table  shows  us  is  that  P^  lies  somewhere  be- 
tween (][^  and  7,  ;   and   similarly  for  Pr*i-     jS^ow   let  tp^^i  denote  the 
inclination  nf  /'.  P,^,  to  OX,  so  that 

Mr.^Pr.i  =  3f,P,  +  7i  tan  </»,,!. 

Then,  if  we  knew  the  exact  ])osition  of  Py,  and  also  the  exact  values 
of  <^^,  <^|,  ...,  we  could  (theoretically)  det<'rmine  the  exact  positions 
of  P,,  Pj,  ....  All  that  the  working  table  tells  us  directly  about 
tan  ^^+1  is  that  it  lies  somewhere  between  (AT+iQ^+i  — -3frQr— p)/^ 
and  {Mr^lQ,.^\  —  ^fr(ir'^p)/h  ;  i.e.,  there  is  a  possible  error  of  ±p  in 
hta.n4>r.i-  B^t,  if  tan<^^+jcan  be  expressed  as  a  function  of  3f^P^ 
and  Mr.iPr.u  and  the  ordinates  immediately  preceding  and  following 
them,  its  value  can  be  calculated  with  a  certain  degree  of  accui'acy  by 
u.sing  ...,  M,.Q,,,  ^fr*\Qr*\J  •••  "I  the  place  of  ...,  M^Pr,  3f^^,P^^i,  .... 
The  limit  of  the  eii-or  so  intn)duced  will  usually  be  comparable  with 
p  ;  and  therefore  the  limit  of  theerior  in  h  tan  <^,.^j  will  be  comparable 
with  hf>.     If  /i  is  so  small  that  this  limit  is  appreciably  less  than  p, 

♦  Seo  p.  480,  formula  (139). 
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we  can  substitute  the  values  of  h  tan  ^|,  h  tan  ^|,  found  in  this  way, 
for  the  values  as  shown  directly  by  the  table  ;  and  then,  starting 
hx>m  a  more  accurate  position  of  P^,  we  shall  arrive  at  more  accurate 
positions  of  P,,  P^,  ...  . 

We  have  supposed,  in  the  above,  that  the  values  of  x  are  to  be  the 
same  in  both  tables ;  the  formula  (11)  then  gives  ^tan  <^^^j  in  terms 
of  ...,  htanij/ ,  ^tani/r,.^i,  ...,  where  xl^r  denotes  the  inclination  to  OX 
of  the  tangent  at  P^  to  the  curve  u  =  f{x).  But  the  explanation 
applies,  with  the  necessary  modifications,  if  the  ordinates  given  in 
the  working  table  are  ...,  M«|Q_^,  M^Qi,  M^Q^,  ...  ;  the  value  of 
/i  tan^r+i,  in  terms  of  ...,  Zttani/r,._j,  /t tan i/rr+|,  h  tan  i/^r+j,  ...,  is  then 
given  by  (12). 

Let  the  ordinates  whose  more  accurate  values  are  given  by  the 
checking  table  be  MqPq,  3f„P„,  MinP-int  •••  •  Then,  starting  from 
the  given  position  of  P(„  and  proceeding  by  the  successive  steps,  we 
may  or  may  not  hit  the  given  position  of  P„.  If  we  do  not,  one  or 
more  of  the  values  of  h  tan  <^  must  be  altered.  But,  even  then,  there 
is  always  the  possibility  that  our  path  may  in  the  interval  have 
steadily  diverged,  and  then  steadily  come  back  again.  It  is  therefore 
necessary  that  the  limit  of  the  error  in  h  tan  <^,  as  deduced  from  the 
ordinates  given  by  the  working  table,  should  be  appreciably  less 
than  p.  Suppose,  for  'instance,  that  this  limit  is  j^^p,  and  that 
n  =  10.  Then,  starting  with  the  accurate  value  oiM^F^^  the  deduced 
value  of  If,  P,  is  correct  within  ^^p.  But  the  errors  in  M^^  Qo»  -3tf,Q,, . . . , 
which  give  Hse  to  the  errors  in  tan  <^,  are  independent,  and  therefore 
the  errors  in  tan<^|,  tan^»,  ...  are  practically  independent.  We  can 
therefore  only  be  sure  that  Ifj  P,  is  connect  within  \p ;  and,  similarly, 
we  can  only  be  sure  that  I/5P5  is  correct  within  |p,  i.e.,  we  cannot  be 
sure  that  it  is  more  correct  than  the  original  value  in  the  working 
table. 

In  practice,  however,  these  difficulties  do  not  arise,  on  account  of 
the  tendency  of  independent  errors  to  balance  one  another.  Suppose, 
for  instance,  that  by  taking  A=  '01,  and  checking  at  intervals  of 
10/i  =  '1,  we  can  extend  a  seven-place  table  to  nine  places.  Then,  if 
we  took  A  = '001  Ca  seven-place  table  at  these  intervals  being 
supposed  to  exist),  and  only  checked  at  intervals  of  100^  "=.  '1,  the 
possible  error  at  each  step  would  be  divided  by  lu,  but  the  number 
of  steps  would  be  multiplied  by  10.  The  possible  limit  of  error  at 
the  middle  of  the  checking  interval  would  therefore  be  unaltered. 
But  the  probable  error  would  be  about  1  /  \/lO  of  what  it  was  before, 
so  that,  with  some  care  in  smoothing,  the  table  would  be  tolerably 
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correct  to  ten  places.     It  might,  at  any  rate,  be  used  to  ten  places 
for  the  purpose  of  getting  a  new  table  to  twelve  or  thirteen  places. 


9.  Suppose  that  we  are  using  (12),  and  that  u^  and  u^  are  two 
consecutive  values  in  the  checking  table.  Then,  taking  n^  and  t/«  to 
the  same  number  of  places  as  hv,  and  calculating  ^ff^,  Su^,  ...  from 
(12),  we  obtain  successively 

»*i  =  «o    +^Wi 
ti,  =  n,     +^M| 

If  the  sum  of  the  calculated  values  of  ^u^,  Bu^,  ...,  ^u^.^  is  not 
equal  to  t*«— t«o,  one  or  more  of  them  will  require  correction.  But  it 
is  not  always  easy  to  decide  whether  the  coii'ection  should  be  in 
one  of  the  tabulated  values  of 


hv, 


or  in  one  of  the  values  of 


To  avoid  this  difficulty,  and  the  similar  difficulty  which  anses  in 
using  (11),  it  is  better  to  convert  each  formula  into  the  correspond- 
ing formula  for  central  summation. 

In  the  notation  which  we  shall  adopt,  the  successive  values  of  any 
function /(ic),  for  values  of  x  pi-oceeding  by  a  constant  diffei^ence  //. 
are  regarded  as  the  first  difFerences  (B)  of  another  function,  denoted 

•'^'  o/(^). 

This  function  therefore  satisfies  the  relation 


so  that 


<jfix-^h)-af{x-ih)  =fix-h) 
<rf(x+^h)-af(x-ih)  =f(x) 
ir/ix  +  -lh)-a'f(x  +  hh)=fix  +  h) 


(13) 


(14) 
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Replacing  /  (a:)  by  u,  this  gives 


(15) 


We  may  adopt  (15)  as  the  definition  of  the  operator  o-,  and  we  then 
have  also 


fio-tio     =...+t*_2+    ti   i  +  ^Mo 


(16) 


The  operation  represented  by  a-   involves  the  introduction  of  an 
arbitrary  constant.     If  this  constant  is  properly  chosen,  we  have 


" 


and,  similarly, 


&C. 


Comparing  these  with  (13),  we  see  that  a  combines  with  powers  of  I 
according  to  the  laws  of  algebra  in  the  same  way  as  if 


=  ^-^^ 


(17) 


and  it  also  combines  according  to  these  laws  with  powers  of  /i. 

With  this  notation,  the  formulae  (11)  and  (12)   become   respect- 
ively, by  successive  additions, 

«  =  M  ('r-^S  +  ^^'o^-^hih^'+riHiins^-  •••)  ^f,        (18) 

«  =  (<r  +  t\i—dhi'  +  ,-^i^l^-r>iinUj!S'+ ...)  hv.    (19) 
VOL.  XXXI. — NO.  706.  2  p 
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To  apply  these  latter  formulae,  we  write  down  the  valiies  of 
Avo,  /it-i,  ...,  or  of  hv^,  At},  ...,  as  the  case  may  be,  and  take  their 
difEerences.  We  then  calculate  the  value  of  a-hv^  or  of  <rhv^  from 
the  value  of  u^  given  in  the  checking  table,  by  writing  (18)  or  (19) 
in  the  fonn 

o-  hv^  =  Mo + i^t'o + tV/*^  ^^'o — tiVa^  ^«?o  ■!■•••  (20) 

or  o-/it'o  =  t*o— ¥¥^^<^'o+3+JTy^H— •••>  (21) 

and  perform  a  similar  process  for  a-hv^^^,  o-Avi^+j,  ...,  or  for 
a-hvn,  ahv2H<,  ...  •     If  we  use  (18),  we  ought  then  to  have 


(28) 


If  these  conditions  are  not  satisfied,  one  or  more  of  the  values  of  hv 
must  be  altered,  by  inspection  of  the  difEerences.  The  necessary 
alterations  having  been  made,  the  intermediate  values  of  a-hv  are 
fouud  by  successive  addition  of  the  values  of  ht\  and  (18)  or  (19)  is 
then  applied  for  calculating  the  values  of  u. 

If  any  values  of  hv  are  altered,  it  will  not  usually  be  necessary  to 
make  the  coiTCspcmding  alterations  in  the  fii'st  or  higher  differences, 
since  the  coefficients  of  Shi\  S'Ar,  ...  in  the  formula  used  are  so  small 
that  the  resulting  terms  are  hardly  affected  by  the  alterations. 

It  should  be  noticed  that  the  arbitrary  constant  in  arhv  has  the 
same  value  in  (18)  as  in  (19).  As  soon,  therefore,  as  the  series  of 
values  of  a-hv  has  been  obtained,  we  can  apply  either  formula  in- 
differently. Or  we  may,  if  we  like,  apply  both  formulae,  and 
thereby  obtain  a  table  in  which  the  values  of  u  proceed  by  intervals 
of  ^h  in  .r. 

Some  numerical  examples,  illusti*ating  the  method,  will  be  found 
in  the  following  sections. 
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10.  For  a  simple  example,  let  us  take,  as  in  §  3, 

u  =  tan  ^TTor, 
so  that  V  =  duldx  =  iv  (!  +  «').  (a) 

We  may  suppose  that  we  have  a  seven-place  table  of  u  by  intervals 
of  '01  in  ar,  and  a  nine-place  table  by  intervals  of  '1,  and  that  we 
require  a  nine-place  table  by  intervals  of  '01.  For  x  =  '30  and 
X  =  40  our  checking  (nine-place)  table  gives 


•30 
•40 


•50952  5449 
•72654  2528 


(ft) 


From  the  seven- place  table,  with  a  little  smoothing  of  differences,  1 
get  a  table  of  hv^  of  which  the  following  is  a  poiiiion  : — 


•5095254 
•5294727 
•5497547 
•5703899 
•5913984 
•6128008 
•6346193 
•6568772 
•38  i  6795993 
•39  ,  7028118 
•40     !    7265425 


•30 
•31 
•32 
■33 
•34 
•35 
•36 
•37 


hv 


•01978  6005 
•02011  1556 
•02045  5384 
•02081  8465 
•02120  1855 
•02160  6693 
•02203  4214 
•02248  5756 
•02296  2768 
02346  6824 
•02399  9632 


Bhv 

30  8176 
32  5551 
34  38-28 
36  3081 
38  3390 
40  4838 
42  7521 
45  1542 
47  7012 
50  4056 
53  2808 
56  3420  I 


B=  hr 


1   7375 
1  8277 


1  9253 

2  0309 
2  144& 
2  2683 
2  4021 
2  5470 
2  7044 

2  8752 

3  0612 


I 


^hi* 


838 
902 
976 
1056 
1139 
1235 
1338 
1449 
1574 
1708 
1860 
2026 


^*hp 


64 

74 

80 

83 

96 

103 

111 

125 

134 

152 

166 


(y) 


Fi-oni  (fi)  and  (y),  by  means  of  (20),  we  get,  for  x  =  '305, 

<Thv=  10-'^  (50952  5449-1-^  of  1978  6OO5-I-7V  of  63  3727 

-^i^  of  1740) 


=  51944  484:3 ; 


2  F  2 


43<>  Mr.  W.  F.  Sheppard  on  a  Method  for  [Dec.  14, 

and,  for  x  =  '405, 

ahv  =  -73858  7990. 

The  difference  of  these  is  '21914  3147,  which  is  equal  to  the  sum  of 
the  calculated  values  of  hr  fi-om  x  =  '31  to  .r  =  '40,  so  that  uo 
correction  is  needed  in  these  values.  Finding  the  successive  values 
of  a-hv  by  successive  additions  of  hi\  and  applying  (19),  we  get  the 
result  shown  below.  The  second  and  fourth  differences  of  hr  are 
omitted,  for  convenience  of  pnnting.  All  the  values  of  u,  as  shown 
in  the  last  column,  ai-e  correct  within  1  in  the  final  figure. 


(rhv 


Zhv 


5»Ar 


295 

•49965  8838 

305 

•51944  4843 

315 

•53955  6399 

3-J5 

•56001  1783 

335 

•58083  0248 

345 

■60203  2103 

355 

•62363  8796 

365 

•64567  :i010 

375 

•66815  8766 

385 

•69112  1534 

395 

•71458  8358 

405 

•7:^858  7990 

1978 
2011 
2045 
2081 
2120 
2160 
2203 
2248 
2296 
2346 
2399 


6005 
1556 
5384 
8465 
1855 
6693 
4214 
5756 
2768 
6824 
9632 


30  8176 

838 

•49967  1676 

32  5551 

902 

•51945  8405 

34  3828 

976 

•53957  0722 

36  3081 

1056 

•56002  6908 

38  3390 

1139 

•58084  6219 

40  4«38 

1235 

•60204  6968 

42  7521 

1338 

•62366  6606 

45  1542 

1449 

•64569  1820 

47  7012 

1574 

•66817  7637 

50  40o6 

1708 

•69114  2531 

53  2808 

1860 

•71461  0553 

56  3420 

2026 

•73861  1460 

If  we  wished  the  values  of  ,v  in  our  final  table  to  be  ...,  *30,   '31, 
•32,  ...,  we  should  have  to  use  (18).     To  do  this,  we  must  calculate 


(<r-TV«  +  7Vo«''--..)»«- 


(«) 


for  the  intermediate  values  ...,  '295.  -305,  315,  ....  and  then  take  the 
arithmetic  mean  of  each  pair  of  consecutive  values.  When,  of  two 
consecutive  values  given  by  (e),  one  ends  with  an  odd  integer,  and 
the  other  with  an  even  integer,  their  arithmetic  mean  is  doubtful. 
The  doubt  might  be  avoided  by  originally  calculating  \hv  instead  of 
hi\  and  adding  consecutive  values  of 

(<r-,V  +  AV--...)Uf; 

or,  having  calculated  hi\  we  may  keep  in  one  or  two  extra  figures 
in  (c),  these  figui-es  being  di-opped  after  the  arithmetic  means  have 
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been    found.      The   following  shows   the  ])nx»OHft,  from    .**  =s  '.'JO   (o 


•295     I     -49963  3169  47     :      

•300     I      I     •.50952  5449 

•305     I     -51941  7727  61  

•310     I      52947  2745 

•315  -53952  7761  49  

•320     ,      54975  4652     ! 

•325         -55998  1542  38  

•330  -57038  im29 

-335  -58079  8316  15     ,      

•340  59139  8351 

-;M5         -60199  8385  45     :      

-350  -61280  0788 

•355  62360  3189  69     \      


These  valuen,  like  the    foimer,    are  rMtrt'ci   within    1    in  tho  Hnal 
tigTii-e. 

11.  One  class  of  functions  U)  which  the  niethocJ  is  readily  apph'c* 
ahle  compnses  functions  of  the  foi-m 

where  7'  is  some  simple  function  of  /•.     For  we  have,  thifn, 

du   djr  =,  p4r  =  7'r/, 

fio  that  hr  is  very  easily  r^lculatetfL     If,  for  instance?,  wt*  hail  tunt' 
sn-ucted  by  meann  of  logarithmic  tablcfs  a  table  'if  valtien  of 

approximately  c^irrect  to  sf%'en  pla/?es  of  detf^rimiiU,  w<?  'y>'iM  HstJuWy 
<-\t€-nd  5t.  the  formula  \t^\u^ 

hr  =,  '^  /lyw, 

12.  The  metbM  i«  alv#  •\t^']a\\\'   uh^oI   in  <Um\iUif  witb   i}u*  /«»- 

y  =  {    ^   u   dm.  (U) 
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and  if  the  values  of  x  in  terms  of  u  are  tabulated,  we  can  by  ordinary 
methods  of  appi-oximation  construct  a  table  of  u  in  terms  of  x.  The 
Hcrcui-acy  of  this  latter  table  will  be  limited  by  the  accuracy  of  the 
ftiraier.     But  we  have,  from  (24), 

dx/du  =  ^  (tt)  ; 

and  therefore  hv  =  hdu/dx  =  h/^  (u),  (25) 

Hence,  if  h  is  sufficiently  small,  we  can  substitute  in  (25)  the  values 
ali-eady  found  for  u,  and  then  apply  (18)  or  (19)  to  get  a  moi-e 
accui*ate  table. 

The  example  in  §  10  may  be  regarded  as  coming  under  this  head. 
For  we  have 


^w/ (!  +  ?(*), 


and  our  original  seven-figure  table  of  ti  =  tan  ^wx  may  be  supposed 
to  have  been  obtained  by  inversion  from  a  table  of  x^2/v  tan'*  w. 

A  case  of  special  interest  is  that  in  which  f  (u)  is  an  exponential 
function  of  n.     Suppose  that 

^(„)=,J'"",  (26) 
where  Q  is  some  simple  function  of  ?/.     Then  we  have,  as  in  §  11. 

f  (n)  =  (^^(M).  (27) 
But,  by  (24),                        dx/du  =  ^  (u), 

whence  dnjdx  =  1/^  (u).  (28) 
Combining  (27)  and  (28),  we  find  that 

dy{u)}ld.v^Q,  (29) 

Now  the  working  table  gives  u  in  terms  of  x,  at  intervals  of  h. 
Calculating  the  values  of 

and  applying  (18)  or  (19)  to  (29),  we  get  the  values  of  ^  («).  Then, 
calculating  the  values  of  hdu/dx  =  h  ftp  {u),  and  applying  (18)  or 
(19)  again,  we  get  back  to  a  table  of  .r,  but  with  more  accurate  values. 

Consider,  for  instance,  the  integi*al 


a  =  2  {'zd.r. 


where  z  =    -       v'^" 
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Here  we  have  da/dx  =  2z, 

dzjdx  =  —  arz, 

so  that  d  (2z)  /  da  =  —  ar, 

dxlda=\l{2z). 

1  have  used  the  above  method  for  constructing  tables  of  values  of  2z 
and  X  in  terms  of  a,  by  intervals  ot  $  =  '01  in  a,  from  a  =  '00  to 
a  =  -80.  The  two  tables  g^ven  below  show  a  portion  of  the  work. 
The    working  table   was   obtained,  to    seven    places    of    decimals, 


from  Kramp's  tables 


of  log.o  I 


e'^'dt;  and,  for  the  checking  table, 


•40  i 
•41  I 
•42  . 
•43 
•44 
•4:>  ■ 
•46 
•47  I 
•48  I 
•49 
•50 

I 


•5244005 
•5388360 
•5533847 
•5680515 
•5828415 
•5977601 
•6128130 
•6280060 
•6433454 
•6588377 
•6744898 


<r  i-ex) 


-9x 


•6979952  47 
•6927512  42 
•6873628  82 
•6818290  35 
•6761485  20 
•6703201  05 
•6643425  04 
6582143  74 
•6519:343  14 
•6455008  60 
6389124  83 
•6321675  85 


5244^  05 
53883  60 
553:^8  47 
56805  U 
58:^84  15 
59776  01 
61281  30 
628(X»  60 
64:334  54 
65883  77 
67448  98 


1432  70 
1443  55 
1454  87 
1466  m 
1479  00 
1491  86 
1505  1^9 
1519  30 
1533  94 
1549  23 
1565  21 
1581  90 


10  85 

11 

32 

11 

81 

12 

32 

12 

m 

13  4:3 

14  01 

14  64 

15 

29 

15 

98 

16  69 

2r 


47 

47 
49 
51 
54 
57 
58 
63 
65 
69 
71 
79 


■6979892  78 
■6927452  28 
■6873568  20 
6818229  24 
6761423  57 
6703138  89 
6643362  31 
■6582080  4:3 
6519279  22 
6454944  04 
6389059  61 
6321609  94 


•40 
•41 
•42 
•4:3 
•44 
•45 
•46 
•47 
•48 
•49 
•50 


cr  {0l2z) 


•5248959 
•5388313 
•5533798 
•5680463 
•5828361 
•5977545 
•6128071 
•6279999 
•6433390 
•6588310 
•6744827 


9438 
1576 
0020 
6486 
4971 
3373 
5247 
1729 
3633 
3740 
9307 


144353 
145484 
146665 
147897 
149183 
150526 
151927 
153391 
154920 
156517 


2138 
8444 

6466 
8485 
84f^ 
1874 
6482 
1904 
0107 
5567 


1084  5374 
1131  6306 
1180  8022 
1232  2019 
1285  9917 
1342  3472 
1401  4608 
14a3  5422 
1528  B-203 
1597  5460 
1669  9951 


«8 


5* 


1  9416 

2  0784 
2  2279 

3901 
5657 
7581 
9678 
1967 
4476 
7234 
0261 


87 
127 
127 
134 
168 
173 
192 
220 
249 
269 
306 


•5244005  1271 
•5388360  3028 
•5533847  1955 
•5680514  9833 
•5828415  0725 
•5977601  2603 
•6128129  9102 
•6280060  1444 
•6433454  0540 
•6588376  9274 
•6744897  5020 
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the  values  of  .»'  and  z  for  a  =  '1,  '2,  ...  were  determined  very  accurately. 
Calculating  the  initial  and  checking  valaes  of  ^  (— fe)  by  means  of 
(20),  the  application  of  (19)  gives  a  table  of  2;z;  to  nine  places  of 
decimals  for  a=  005,  *015,  ....  Thence  the  values  of  0/{2z)  are 
found  (with  a  little  smoothing)  correct  to  eleven  or  ten  places  of 
decimals :  and  our  final  table  is  formed  by  a  second  application  of 
(19).  The  fii'st  table  on  the  preceding  page  shows  the  calculation 
of  2z  for  a  =  -395,  405,  ...,  '505,  x  being  taken  initially  correct  to 
seven  places,  and  the  first  two  and  last  two  values  of  a  (—to)  being 
adjusted  so  as  to  give  2z  coiTect  to  nine  places  for  a  =  '40  and 
a  =  *50.  In  the  second  table  the  values  of  0/(2z)  ai*e  inserted  as 
found  fi-om  the  first  table,  and  a6/(2z)  is  adjusted  for  a  =  '40  and 
a  =  '50.  For  convenience  of  pnnting,  the  even  diffei-ences  of  f^/(2z) 
have  been  omitted. 

13.  The  last  class  of  cases  which  we  shall  consider  under  this  head 
comprises  those  in  which  we  are  dealing  with  a  definite  integral,  but, 
for  convenience  of  interpolation,  the  quantity  tabulated  is  not  the 
integral  itself,  but  is  some  function  of  the  integral,  or  of  the  integral 
and  the  argument.     If,  for  instance,  we  have 


"=N/if: 


e-^^f/A 


it  will  be  found  that  when  .»•  becomes  tolei"ably  gi'eat  the  higher 
differences  of  a  become  (relatively)  very  gi-eat.  It  is  therefore  more 
convenient  to  tabulate  either 


7/o=log,o^^   I    e-^dx. 


The  method  can  then  be  applied  for  extending  the  table  either  of  ;«, 
or  of  7(o. 


(renemlly,  let 


u  =  I    zdx. 


where 

and  let  ns  wntc 


-  f  Prfx 

z  =  e  '* 


«2  =  log,ou. 
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Then  it  is  easily  shown  that  for  extending  a  table  of  «,  we  have 

hdnjd^  =  -  (h-hPu^)  ; 

while  for  extending  a  table  of  «,  we  have 

h  dujd.r  =  —  logio  ^  •  hzjn^ 

or  logio ( —  h dvJdA^)  =  log,o  (log,^ e.hz)  —  t/,. 

The  values  of  hP  in  the  first  case,  and  of  logjo  e.  hz  or  log,o  (log,oe.  hz) 
in  the  second,  ai'e  calculated  dii'ectly  from  those  of  j?,  and  may  be 
taken,  at  once,  to  any  degree  of  accui'acy  we  requii-e.  When  they 
have  been  found,  the  pi-ocess  of  extension  may  be  repeated  in- 
definitely, with  very  little  ti-ouble. 

14.  The  method  fails  whenever  u  is  changing  so  lupidly  that,  even 
though  h  is  small,  the  working  table  does  not  give  hdu/dx  to  a  much 
gi*eater  degree  of  accui'acy  than  that  of  the  first  differences  of  u  as 
a<;tually  shown.  As  a  general  rule,  we  should  not  apply  the  method 
to  C9£es  in  which  the  first  difEerence  of  u  contains  about  the  same 
number  of  significant  figures  as  n  itself ;  but  this  i*ule  is  open  to  a 
good  many  exceptions.  In  paHicular,  we  should  notice  whether  the 
gi'eater  paii;  of  the  firat  difference  depends  on  a  function  of  x  not 
involving  u ;  if  so,  it  may  still  be  possible  to  extend  the  table. 

The  failure  of  the  method,  however,  is  only  a  failure  in  its  pi*actical 
utility ;  theoretically  we  could  go  on  applying  it  by  taking  smaller 
and  smaller  values  of  h. 

111.   ?],i'tpusion  to  use  of  Second  Differences. 

15.  The  formula  (19)  may  be  \*i"itten 

where,  as  usual,  1>  denotes  diffei*entiation.  If  we  apply  this  to  a 
table  of  u  for  x  =  ..,  j^^^h,  .r^,  x^  +  h,  ..,,  so  as  to  get  a  table  for 
;f  =  ...  J'o"'2^»  «o+ 2'^'  •••»  "-"^  then  repeat  the  process,  the  result  of 
the  double  operatiim  may  be  denoted  by 

The  operators  <r,  ^,  and  hD  combine  accoixiing  to  the  ordinaiy  laws 
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of  algebra,  so  that  the  result  is  equivalent  to 

...••        „=(a'+T'5-fi^+.n^W*-^yHfo5^*+...)*'^«.         (30) 

This  formula  is  quite  general,  and  it  enables  as  to  extend  the  table 
of  «,  when  w  satisfies  an  equation  of  the  form 


d'u/dx' =  ^  (x,  u). 


(31) 


even  if  dnjdx  cannot  be  expressed  as  a  simple  function  of  u  and  x. 
The  symbol  <r'  represents  the  opei'ation  of  a  doable  summation,  in- 
tfoducing  two  arbitrary  constants.  Its  i*elation  to  the  operations 
i-epresented  by  o*  and  by  powers  of  ^  is  shown  by  the  following 
table  :— 


»yw 


iHt  diff. 


I 


2iiddiff. 


3rd  diff.        4th  diff . 


•^o  +  A  :  <r-/(j*o  +  /0 


/(-^«  +  *) 


»y(x„^A) 


To  apply  the  formula,  we  must  first  tabulate  the  values  of 

hy  means  of  (31),  using  the  values  of  ft  given   in  the  working  table. 
We  then,  by  successive  additions,  constmct  u  table  of  values  of 

a-  h'u\ 

jind,  re[>eating  the  process,  we  get  the  values  of 

fi-om  which  7c  is  given  bv 

u  =  (,r'  +  TV-.-l«^'  +  -«-AVu^*-s..?JS«TF^'+ ...)  h',c.  (32) 


•  See  p.  483,  formulii  (14.'.). 
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The  determination  of  the  values  a-h^w^,  <rh*w„^^,  (rh^Win^^,  ...,  by 
which  the  table  of  <r  h^w  has  to  be  checked,  involves  the  knowledge  of 
the  accurate  values  of  t*^,  t*„,   ...,  and  also  of  either  t*„  t*„+i,  ...   or 

(du/dx)^,  {dujdx)^^ If  the  values  known  are  u^^Un^u  •••>  we  must 

calculate  a^Ww^  a^h^w^,  ...,  and  also  cr*  /t*tr„  a^h^w^^i,  ...,  by  means  of 
(32),  written  in  the  form 


(T*  h^w^  =  Wo— i^f  ^'w^o+ TiiF^  A'«ro— . . . , 

and  then  take  <rh^ii\     =  (r'h^w^    -^a^h^w^ 

<r  h^u\ 


f^^H^j  =  <r*/t'w7„^i— <r'  h^w„  I 


(33) 
(34) 


But  in  most  cases  du/dx  can  be  expressed  in  terms  of  u  and  x,  so  that 
(du/dx)^,  (du/dx) n^  ...  can  be  calculated  fi'om  the  checking  values  of 
w^»  '««i  .-. .     We  have,  for  these  cases, 

ah'w^  =  h  ((iV^)o  +  i^*ito+(iVM^-7>3V/*«*+...)  h'w,,         (35) 

which  is  obtained  from  (20)  by  writing  K du/dx  for  u. 

16.  The  pix)ce88  of  checking  may  be  performed  by  first  tabulating 
trh?u\  with  any  necessary  alteititions  of  A'w,  and  then  making  any 
further  alterations  which  are  necessary  to  make  the  values  of 
a^h^io,,,  ...  agree  with  those  found  from  (33).  But  it  is  better  to 
consider  the  checking  values  of  <r  h*w  and  of  <r*  Vw  simultaneously. 
We  should  have,  if  the  values  of  h*w  were  exact, 

(rfi'w^^^  =  o"  hhc^  -h  h^w\  -h  hhc^  +  h*tv^  +  . . .  +  h*w„,  (36) 

o-'/tV.  =  <r^Vic^-^n(Th^w^-\-(7i-l)h^u\-\-(n'-2)h*w^-{'...-\-h^Wn.i.  (37) 

If  these  equations  are  satisfied  by  the  tabulated  values  of  h^w,  no 
correction  is  necessary ;  but,  if  they  are  not  satisfied,  one  or  more 
values  of  h^w  must  be  altered  accoi-dingly,  it  being  noted  that  an 
alteration  of  ±1  in  ^'wv  makes  a  difference  of  ±1  in  a-h^Wj,^^^  and  of 
±  (n  —  r)  in  a*  h*w^. 

To  illustrate  this  by  a  simple  example,  let  us  take 

u  =  e', 


which  gives 


w  =  d^uldx^  =  u. 
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Taking  h  =  '01,  and  starting  with  x  =  1*00,  we  have  the  following 
table  to  seven  places  of  decimals : — 


100 

2-7182818 

101 

2-7456010 

102 

2-7731948 

103 

2-8010658 

104 

2-8292170 

105 

2-8576511 

1-06 

2-8863710 

107 

2-9153795 

108 

2-9446796 

109 

2-9742741 

110 

3-0041660 

270473 
273192 
275938 
278710 
281512 
284:^1 
287199 
290085 
293001 
29.5945 
298919 
301924 


r- 


2719 
2746 
2772 
2802 
2829 
2858 
2886 
2916 
2944 
2974 
3005 


+ 

29 

I  27 

26 

30 

I  27 

i  29 

I  28 

30 

!  28 

30 

31 

29 


Tho  values  to  eleven  places  for  .v  =  1*00  and  x  =  1*10  are 


1(»0  I  2-7182818  2846 
11(»     30041660  2395 


Hence,  by  (35),  since  Irtv  =  Iru, 

o-Zr/rj     =  10  "{271828  1828  +  1359  1409 +  -,>5  of  54 3665-^15^, of  56} 

=  -0273189  5889, 

<r;/*?r„.  4  =-0301921  1889. 

The  diffei'ence  of  these  (omitting  decimal  point)  is  28731  6000,  and 
the  sum  of  the  corresponding  values  of  Jrir  comes  to  28731  5999  ;  one 
value  must  therefore  be  increased  by  1.     Again,  by  (33),  we  find 

erV/Vo  =  2-7182591  7622, 

(x2 A-/r,  =  3-00414^)9  8936, 

tlie  difference  of  the  two  being 

2858818  1314. 

If  with  the  above  value  of  trJi^w^  we  calculate 

10  a  /i'/rj  +  9//»/r,  -f  Shhr,  +  . . .  +  hhc^ 
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we  get  2858818  1303  ; 

so  that  the  sum  must  be  increased  by  11.  If  we  take  this  =  7-f  6— 2, 
so  that  two  values  of  hSc  are  increased  by  1,  and  one  is  diminished 
by  1,  we  get  the  result  shown  below.  The  odd  differences  of  hhv  are 
omitted,  and  the  last  column  starts  with  the  figure  in  the  sixth 
decimal  place  of  n.  The  altered  values  of  hhc  are  indicated  by 
asterisks. 


tr^hhc 


'  hhc 


hhv 


i  r-hhc 


100 

2-7182591  7622 

101 

2-7455781  3511 

102 

2-7731716  5410 

103 

2-8010424  9257 

104 

2-8291934  3763 

105 

2-8576273  0440 

106 

2-8863469  3628 

107 

2-9153552  0526 

108 

2-9446550  1219 

109 

2-9742492  8707 

110 

3-0041409  8936 

273189 
275935 

278708 
281509 
284338 
287196 
290082 
292998 
295942 
298917 
301921 


5889 
1899 
3847 
4506 
6677 
3188 
6898 
0693 
7488 
0229 
1889 


I  2718  2818  i 
2745  6010 
2773  1948  i 
2801  0659*1 
2829  2171*! 
2857  6511 
2886  3710  , 
2915  3795 
2944  6795*' 
2974  2741  ' 
3004  1660  ' 


2719 
2746 
2773 
2801 
2828 
2859 
2886 
2915 
2946 
2973 
3005 


..  18  2846 
..10  1501 
..47  6394 
..  58  3467 
..  70  1432 
..  11  1804 
..09  8925 
..9t9997 
..95  5106 
..40  7256 
..60  2395 


These  values  are  all  correct  within  3  (or  3|)  in  the  last  figure. 


17.  This  method  will  be  found  useful   for  constructing  a  table  of 
values  of 


"=f 


vflx. 


when  we  already  possess  a  table  of  values  of  v  at  the  required 
intervals,  but  not  of  sufficient  accui*acy  to  give  us  n  to  the  number 
of  places  we  desire.     If  we  have 

dvjdx  =  t^  (a*,  r), 

we  can  apply  (19)  to  determine  a  more  accurate  table  of  v ;  and  a 
second  application  of  (19)  will  give  u.  But,  if  we  have  no  particular 
use  for  the  more  accurate  table  of  r,  we  can  omit  the  calculations 
represented  by  the  formula 

V  =  (ff  +  jL8-5+i^8'+  ...)  h^  (x,  r), 

and  pix)ceed  at  once  to  the  calculation  of  n  by  the  fonnula 


446  Mr.  W.  F.  Sheppard  on  a  Method  for         [Dec.  14, 

Suppose,  for  instance,  that 

y/2ir 
and  thai  we  have  tabulated  v  to  seven  places  by  intervals  of  '01  in^  x. 
Then  we  have  dv/dx  =  —  a?t% 

and,  by  nsing  the  formula 

we  shall  get  u  piuctically  coiTect  to  eleven  places,  instead  of  merely 
to  nine  places. 

18.  If  the  values  of  x  in  the  original  table  of  u  (or,  in  the  case 
considered  in  the  last  section,  in  the  original  table  of  v)  are  halfway 
between  the  values  to  be  adopted  in  the  final  table,  we  must  use 
the  fomiula* 

This  formula,  written  in  the  form 

may  also  be  used  for  calculating  the  checking  values  n^h^w^, 
<T*  hhvny  ...,  when  the  values  of  u  in  the  checking  table  ai^e  Mj,  tt^^^,  ..., 
instead  of  Mq,  m,„  .... 

iV.  Generalizations, 

19.  Suppose  that  u  satisfies  a  difPerential  equation 

^M/r?ar^  -  0  (x,  ti)  dujdx  -  v^  [x,  u)  =  0,  (40) 

or,  more  generally, 

d*ujdx'  =  F  (jf,  w,  dujdx),  (41) 

and  that  we  have  a  table  of  n  by  intervals  h  in  x.  For  any  tabulated 
value,  as  .r^,  we  havef 

h  {du/dx\  =  (^8->8»+ 3V^8»-Ti7^8'  +  ...) «.,  (42) 

and  similarly  for  x  =  x^,  .Tj,  ...  .  If  by  substituting  from  (42)  in  (41) 
we  get  Wd^ujdx^  to  a  gi^ater  degi*ee  of  accui'acy  than  is  given  by  the 
onginal  table,  we  can  apply  (32)  to  obtain  a  more  accurate  table 
of  u. 

In   a  great  many  cases,  however,  the  coefficient  of  dujdx  in   the 


•  See  p.  4S4,  formula  (152).  t  See  p.  465,  formuUe  (74). 
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differential  equation  does  not  involve  u.     If,  then,  we  have 

d^u/dx^ -f  (a)  du/dx - i/r  (m)  =  0,  (43) 

it  is  simpler  to  write 

1/  =  e     J  M,  (44) 

and  we  have,  for  the  differential  equation  of  U, 

d'U/dx'  =  e"*  ^'"^'^'X^r,  e*  ^'^^'^'^  t^)"  [if'  («')-i  {/ W}']  I^-  (45) 

By  tabulating  U  instead  of  w,  we  are  able  to  proceed  at  once  to  the 
application  of  the  method  of  §§15  and  16. 

20.  For  example,  consider  Bessel's  function  of  order  1, 

u  =  J,  (a;), 
which  satisfies  the  equation 

aj*  ^w/ria!* + «  dtt/fij:  4- (ic*  —  1 )  t*  =  0. 
Writing  U  =  \/ic  .  t*, 

we  have  d^Ujda?-V  (l-3/4c*)  ?7  =  0, 

or  h^d^Ujd^  =  -  /t'  (1  -3/4c«)  U, 

so  that  we  can  apply  (32)  for  values  of  x  exceeding   \/3/8  =  '612  .... 

Thus,  taking  h  =  '1,  LommeFs  table*  of  .7,  {x)  gives  the  following 
values  of  TJ : — 


•8 
•9 
10 
11 
1-2 
1-3 
1-4 
1-5 


•368842 
•405950 
•440051 
•470902 
•498289 
•522023 
•541948 
•557937 


1 
V         \ 

1 

X 

16 

u 

u 

329902  1 

•569896 

•720868 

•385118  ; 

1^7 

•577765 

•753314 

440051  I 

18 

•581517 

•780187 

493886  1 

1-9 

•581157 

•801070 

•545848 

20 

•576725 

•815612 

•595198 

21 

•568292 

•823534 

■641243 

2-2 

•555963 

•824627 

•683331 

By  direct  calculation,  I  find 


dUJdx 


10  -44005  05857  -54517  23937 
20  -81561  20449   11272  63651 


*  E.  Lommel,  Studien  iibei'  die  BesneVsehe  Funetiotten  (Leipzig,  1868),  p.  127. 


The  appit>Jciniatioii  wan  Id  of  eijiii'He  be  muix*  vi 
iiitt^rvalH  of  'Olf  and  uulciilatad  ^Dtiie  of  tbe 
Tlu*  pn>eesw  (?aii  be  ref Hinted,  tlie  TnLUti|iliers  o1 
Ih?  calculated  owc^. 


21.   Moiv  geuci:all)%  i«uppuso  that  a  satfsfiefj  a 

Tben,  if  n  in  tiibuUtcd  by  intei  valt*  of  h  m  ,i\  ti 
h*tPii'di^,  ...  an^  ^iveii  by  (4*2)  and  similar  For] 
tbese  valut'N.  hk  found  fT^>ni  the  table  i>f  «,  in  t 
by  (-k]},  wtj  ^et  a  Benets  of  values  of  h* d'^njiLr'^  \  a 

the  |>i>weiis  of  ir  and  of  t  iu  the  expanded  senes 
aceoitlance  witli  tb©  isolation 
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Central-Difference  Formulce.     By  W.  F.  Sheppard,  M.A.,  LL.M. 
Received  and  read  December  14th,  1899. 

Part  I. — Introductory, 

1.  In  the  preceding  paper  I  have  found  it  necessary  to  make  use  of 
certain  formulae  involving  central  differences.  The  formulsB  are  not 
new,  but,  in  the  absence  of  any  complete  text-book*  on  finite  differ- 
ences, they  are  not  very  familiai\  The  value  of  the  method  in 
practical  work  is  well  established,  and  it  has  received  attention  in 
vai-ious  text-books  dealing  with  special  subjects.f  But  in  almost  all 
these  cases  the  investigation  of  the  formulse  is  limited  to  the  par- 
ticular purposes  for  which  they  are  required,  and  a  discussion  of 
their  general  relations  would  be  out  of  place.  The  formulae  are 
therefore  obtained,  usually  to  a  very  few  terms,  from  the  correspond- 
ing formulae  for  advancing  or  receding  differences  ; J  the  notation  of 
the  latter  is  adopted  without  appreciable  alteration  ;  and  very  little 
attention  is  given  to  the  meaning  of  the  operators  which  appear  in 
the  formulsB.  The  only  paper  I  have  seen  in  which  these  operators 
are  treated  independently  is  one  by  P.  A,  Han8en,§  published  in 
1865 ;  but  even  in  that  paper  there  is  no  clear  statement  as  to  the 
algebraical  identities  which  lead  up  to  the  formulae.  In  the  absence 
of  such  a  statement,  the  manipulation  of  symbols  of  operation  is  apt 
to  lead  to  distrust  of  the  results  obtained. 

The  object  of  the  present  paper  is  to  give  the  formulae  which  are 


♦  In  Boole  and  Moulton's  ChIcuIuh  of  Finite  Differences^  some  central-differenoe 
formulic  are  given  as  <<  examplefl,"  but  the  central-difference  notation  is  condemned 
(see  note  below).  In  A.  Markov's  Differenzen-Reehnung  (Leipzig,  1896),  which  I 
believe  to  be  the  latest  text-book,  central  differences  are  entirely  ignored. 

t  See,  <;.</.,  Text-BoQk  of  the  Ifutitute  of  Actuaries^  Part  n.,  p.  447  ;  Chauvenet, 
Spherical  and  Practical  Antronomy^  Vol.  I.,  ch.  ii.,  pp.  81-91  ;  Official  Text- Book  of 
Giinmry^  pp.  213  »cqq.  For  some  historical  references,  see  C.  W.  Merrifield,  **  On 
Quadratures  and  Interpolation,'*  British  Association  Report ^  1880,  pp.  352  seqq. 

X  Prof.  Everett,  in  a  recent  paper,  has  combined  advancing  and  receding  differ- 
ences in  such  a  way  as  to  give  formuhe  practically  identical  with  the  central- 
difference  formulsD  (Qtutrtn-hj  Journal  of  Mathematics^  No.  124,  1900,  p.  367).  I 
ought  to  add  that  I  am  indebted  to  Prof.  Everett  for  some  criticisms  and  sugges- 
tionrt  with  regard  to  this  and  the  preceding  paper. 

§  **•  Relationen  zwischen  Summenund  Differenzen,**  Abhandlungen  der  koti.  saehs, 
Gcselhchaft  (Leipzig),  Vol.  xi.,  1865,  pp.  505-583  (Vol.  vn.  of  Abhandlungen  der 
iMtK'phys.  Clastte).  The  paper  is  referred  to  in  Boole  and  Moulton's  treatise 
(2nd  edition,  1872,  p.  55),  but  the  notation  is  banned  as  **  unscientific." 
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of  the  most  use  for  practical  purposes,  treating  the  theoiy  of  central 
differences  as  a  distinct  subject  from  the  theorjr  of  advancing  differ- 
ences. The  foimulae  depend  on  ceHain  algebraical  expansions ;  for 
convenience  of  reference,  these  are  collected  in  the  following  sections 
of  Part  I.  Part  11.  of  the  paper  (pp.  458-473)  deals  with  central 
differences,  and  Part  III.  (pp.  47:^-488)  with  central  sums,  and 
their  relation  to  integi'ation. 

The  notation  adopted*  is  practically  identical  with  that  of  Hansen, 
except  that,  to  prevent  misunderstanding,  I  use  3  and  a  instead  of  A 
and  2,  the  latter  symbols  being  coniined  to  the  theory  of  advancing 
differences.     1  have  also  inti-oduced  a  new  operator,  denoted  by  ft. 


2.  Hyperbolic  Functions, — The  following  are  familiar  expansions : — 
cosh<^=  i(e»  +  e-*) 

=  l+^V2!  +  ^V4!-h^*/6!  +  ....  (1) 
sinh^  =  ^  (p*— c*) 

=  ^/l!-f^»8H-^7r,!  +  ^V7!-h...,  (-2) 

tanh^  =  Tj^/ll-r,^'  3!  +  T,^V5!-T,^V7!  +  ...,  (3) 

4>  coth  ^  =  1+  2-B,  4^:2 !  -  2*/^, <^V4 !  -h  ^f^B^if/e !-...,  (4) 

<^co8ech<^  =  l-Pi<^V2!+  F,<^*/4!-P5<^76!  +  ...,  (5) 

where  i?,,  i^„  B,,  ...  are  Bemoiilli's  numbei-s,  and 

T,  =  2^'^(2^'^-l)i^,2/%  (6) 

P,=  (2^'^-2)i;..  (7) 

The  series  (1)  and  (2)  are  absolutely  convergent.     The  radii  of  con- 
vergence of  (8),  (4),  and  (5)  are  ifl-,  t,  and  w  respectively. 

Multiplying  (4)  and  (5)  by  —1/^,  and  differentiating,  we  have 

cosech'^  =  ^  -'-2=»l?,/2!  +  2*i^,.;3<^V4!-2«i;,.5<^V6!-|-...,      (8) 

cosech^^  coth<^  =  <^-HP,/2!  — Pj.3<^74!+P,.5<^76!-... .     (9) 

The  mdius  of  convergence  of  each  of  these  senes  is  w. 

♦  The  notation  has  already  been  explained,  in  the  i)re>'ioii8  paper  (pp.  423-448)  ; 
but  the  explanationB  are  repeated,  in  order  to  make  the  present  paper  complete  in 
itself. 
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3.  Powers  of  Hyperbolic  Sine, — From  (2)  we  get  sinh"  ^  in  ascend- 
ing powers  of  ^,  n  being  a  positive  integer.     If  we  write 

8inh>=H^,.9''+,.l„^,^'»*V(w  +  l)(n  +  2) 

+  ,.^,..,^-V(n  +  l)...(n+4)  +  ...,     (10) 
where  n^n  =  1.  (11) 

we  have,  by  differentiation, 
sinh""*  0  cosh ^  =  „.4h0""*-+-,.^„4.2^"*V^*(»  +  1) 

+H-4„,49-*Vn...(n  +  3)-|-....     (12) 

Differentiating  again,  substituting  for  cosh'  <p  in  terms  of  sinh'  0,  and 
replacing  sinh""'^  by  the  series  given  by  (10),  we  find 


M-^M*2r  —  W  M-^u*2r-2"Hfi-f'^M  +  2 


(13) 


by  means  of  which  the  successive  coefficients  may  be  calculated. 

The  series  (10)  is  absolutely  convergent  for  all  values  of  n.     For 
we  have 

8inh-'"->=  {i(e*-e-*)}''""-' 

=  1 8inh(2m— 1)0— (2m- 1)  sinh  (2m,— 3)  0 


..+(_).o    (2».-l)!    j„h9|/2-- 
(7/1—1)1  m!  )  I 

sinh'^-^     =  {M^*-«"*)}"" 

=  ]  cosh  2wi0  — 2?/i  cosh  (2?/i  — 2)  0 
'Im  (2m  — 1) 


(14) 


+  --- 


2! 


cosli  (2»n,  —  4)  0  — . . . 


-(.  f  _ ^'"  - > .    _ (-^:?!*'_)J_    ...  cosh  2<i  +  r  —  V"  i  ^-^  \  L>2m.\ 

(15) 

so  that  sinh"  ^  consists  of  the  sum  of  a  finite  number  of  series,  each 
of  which  is  absolutely  convergent.  Similarly,  sinh""*  0  cosh  0  might 
be  expi-essed  in  terms  of  sinh  ?t0,  sinh  (n  — 2)0,  ...,  or  of  cosh  ?t0^ 
cosh  (w— 2)  0,  ...,  so  that  the  series  (12)  is  absolutely  convergent. 

2  o  2 
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From  (14)  and  (15),  by  comparison  with  (10),  we  have 

u..,.K.,  =  [  (2w-l)*-'-(2m-l)(2m-.3)*-> 

•••+<-^""'(^-r)ri^!i''"'}/^^""<^-^>'^'(^^> 

.^A,,  =  J  (2».)"-2m  (2m-2)''+  ?"'  ^^-"^  (2m-4)*-... 

••-^(->"-(^-i?r(l;^i)!^"?/^^'-'<^>'^  ("> 

both  of  which  may  be  included  in  the  formala 

.^,=  [U(^-^-')}7n!]0',  (18) 

w1i«re,  as  usual,  E*" /  (0)  =  /  (r).  (19) 

4.  Functioiis  of  Multiple  Argument. — By  expanding  cosh  7*0  and 
sinh  n0  (where  n  has  any  value,  integral  or  fi-actional)  in  powers  of 
w0,  by  (1)  or  (2),  and  then  taking  out  the  terms  coiTesponding  to  the 
successive  even  or  odd  powere  of  sinh  0,  as  given  by  (10),  we  obtain 
cosh  n<l>  and  sinh  7i<p  in  ascending  powers  of  sinh  0,  the  series  com- 
mencing with  1  and  n  sinh  ^  respectively.  To  find  the  general 
formula,  let  us  wnte 

coshn^  =a^-hrt,sinh*0/2!  +  rt4 sinh*  0/4!  +  ...,  (20) 

sinh7?0  =  n{iB,sinh0/l!-f iJ98  8inh»0/3!  +  ,^5sinh>/5!+...|,   (21) 

where  a^=l,     i^i  =  1.  (22) 

Differentiating  (20)  twice,  writing  l+sinh*0  for  cosh' 0,   and  com- 
paring >vith  (20),  we  find 

<«,,.»  ={n'-(2r)»}  a,,,  (23) 

and  similarly,  from  (21), 

,B..^,  =  {«'-  ( 2/- 1)'}  ,Bj,_,.  (24) 
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Hence  cosh  n^  =  1  + 1^  sinh'  if>  +  ^'  ^^^"^'^  sinh*  <^ -h . . . ,  <25) 

sinh  n<f>  =  ^-  sinh  ^  +     ^^  ~ — ^  sinh'  ^ 

^n(g^-r)(n'-y)^.^,.^^  (26) 

If  n  18  an  even  integer  the  series  (25)  terminates,  and  if  n  is  an 
odd  int.eger  the  series  (26)  tenninates.  In  other  cases  the  terms  in 
each  series  ultimately  become  alternately  positive  and  negative,  each 
coefficient  being  numencally  less  than  the  preceding.     The  series  are 

therefore  convergent  so  long  as  sinh*^  ^  1.* 
From  (25)  and  (26),  by  differentiation, 

sinh  TM^  =  J  ^  sinh  ^  +  "^  (^^P?^  sinh»  <^ 

^-(-^■y-^"')sinhV^...|cosh.^,       (.27) 

coshn^^  =  f  1  +  ^^  sinh*  if>  -f  ^'*'~  "^'^ "^'^  sinh^-f ...  }  C08h</^ 

(28) 
which,  like  (25)  and  (26),  are  convergent  so  long  as  sinh*^  ^  1. 

From  (26)  we  can  obtain  sinh"*n^  in  ascending  powers  of  sinh^^ 
where  m  is  an  integer.     Writing 

sinh*"  n<^/m !  =«"•  {^B^sinh'"<^/m!+«B^^,8inh'"*'^<^/(m  +  2)!+ ...}, 

:    (29) 
where  ^B^  =  I,  (80) 

we  have,  by  differentiation, 
sinh*  "*  n^  cosh  n^/(m— 1) ! 

=  n'"-»{«J?„sinh-»<^/(m-l)!  +  ,l?^.,sinh"**><^/(w+l)!  +  ...}cosh^. 

(31) 

Differentiating  again,  substituting  as  before,  and  equating  coefficients, 

n.B^.fr.2  =    {mV-(m-f2r)»}  «.B«+2r  +  «.-2B«.2r,  (32) 

which  gives  the  successive  values  of  ,„B^^2r- 

*  As  to  the  oorresponding  series  for  trigonometrical  functions,  see  Chrystal, 
Algebra,  Pt.  n.,  pp.  304,  305  ;  Hobson,  Triganofnetry,  p.  266. 
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Thus  we  have 


Binh'n^  =  f  2sinh«<^+  "^'z:!!)  2» sinh V 
2!  4: 


6! 


Z  l2SU 

.  n»(n'-l)(205n«-1706»'+3229) ^i^^.^. 
^  15120  -  '^    ••• 

^««(n»-l)(3n'-7)   .  .,  ,^ 
15 

Mnh»»»^  =  »t''sinli'^+  Sm'C'**^)  gin,,7^ 

o 

8inh«  n^  =  w*  sinh*  ^  +  n"  (n=*—  1)  sinh*  ^  + . . . 

sinh^i^  =  7*'8inh^^+  ^-'^",^-:il)8inhV+... 

6 

sinh*  n^  =  w'  sinh'  ^  + . . .  I 

sinh'  n^i^n^  sinh'  <^  + ...  I 

:  ;  J 

with  the  cori-esponding  series  obtained  by  differentiation  of  these 
with  regard  to  ^. 

All  the  above  series  are  convergent  so  long  as  sinh'^  ^  1. 


5.  Inverse  Expansions  {positive  poicers  of  argu^netU),  —  If  we  write 
n  =  m,  m  +  2,  w  +  4,  ...,  in  (10),  and  eliminate  ^"•*",  ^"***,  ...,  we 
obtain  4>'*  in  ascending  powei-s  of  sinh^.  Similarly,  from  (12), 
we  could  obtain  ^•"/cosh  <f>.  The  coefficients  in  these  expansions  are 
most  simply  found  from  foimulffi  (25)-(28),  by  expanding  coshn^ 
and  sinh  70^  in  powei-s  of  7i^,  and  equating  coefficients  of  powers  of  «. 


1*  1*  3* 

ip  =  8inh0—  :—  sinh'0-t-  -  .    — -sinh*^— ..., 
i2  .o  ^ .  o  .4.  o 
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TliQS  we  find,  for  the  firat  two  pairs  of  formulaB, 

1  =  1 1-  -~  smh'^+  __i_sinli*  tp-  ...  j  cosh^,         (84) 

(35f 

^  =  ]  sinh^—    "'    8mh'^4-         '      ,.  sinb*^— ...  [  cosh^,  (36) 
V,  ^.o  Z. 0.4.0  J 

0«  OJ    4,2 

^'  =  sinh' 9 -  ,~--  sinh*  0  +  ^^^-^  sinh*  9 — ...  .  (37) 

3.4  3 . 4 . 5 .  b 

For  the  genei*al  formula,  let  us  wnte 

9»"  =  „.ir..sinh'"9-„ff^,,sinh'"^»0/(m  +  l)(m+2) 

+  ^^^,,8iiih-^*9/(m+l)  ...  (m  +  4)-...  .     (38) 

Then  we  have  also,  by  differentiation, 

9'"-*  =  {.„H;„sinh''*-'9-«Er,„^2fiinh"»*»9/m(m  +  l) 

+  ,„-ff„.4  8mh'"*>/m...  (m +  3)-...} cosh 9.  (39) 

The  values  of  the  coefficients  ai*e  given  by 

.Mu.  =  1,  (40) 

2H-iH'i^^ir-}  =  sum  of  pi-oducts  of  l^  3^  ...  (2M+2r— 3)*, 

taken  r  at  a  time,     (41) 

i^HiH^ir  =  sum  of  pi-oducts  of  2',  4',  ...  (2n+2r— 2)', 

taken  r  at  a  time,     (42) 
all  of  which  ai-e  included  in  the  fonnula 


"^p  { ^  ^Zf - '" "  '«K  ^^ + ^ }  =  2  "•^'<^"'- 


(43) 


To  obtain  the  relation  between  the  successive  coefficients  in  (38), 
we  have 

and  [E'-'^-E^^"-}  logv/6*H-0*  =  log  (^  +  (p-2V}. 

Hence,  by  (43), 
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Equating  coefficients,  we  find 

^H,  =  (i>-2)Mr,.,+^.^^.„  (44) 

., which  gives  the  saccessive  values  of  ^JEf^. 

If  all  the  terms  in  the  series  (25)-(28)  are  taken  positively,  the 
resulting  series  are  convergent  so  long  as  sinh*f  <  1.  The  series 
(38)  and  (39)  are  therefore  also  convergent  for  this  range  of  values. 

6.  Inverse  Expansions  (negative  powers  of  argument). — From  (38) 
and  (39),  we  have 

sinh"*  ^  =  [{1  -,„F,,,,sinh«^/(m  +  l)(m-f2) 

+,.JT,,,,sinh*^/(m  +  l).,.(m-»-4)-...}-»]^-,  (45) 

Binh*"  ^  V>  =  [(l+sinh»^)-*  {1— ^fl;,„sinh»^/m(m-f  1) 

+  «.fl;«44  8inh*^/w...  (m  +  3)-...}-*]^"'co8h^.  (46) 

The  expressions  in  square  brackets  can  be  expanded  in  ascending 
powers  of  sinh'^,  but  there  is  no  simple  relation  between  the 
successive  coefficients  in  the  resulting  series.  The  most  important 
cases  are : — 

//I'  1*  3' 

sinh^  =  */(!-  2"3  ^^^^^*^+  234  5  ^^^^*^ 


27859 
1814400 


inh»0+...)^,     (47) 


sinh>  =.^^/(l-|^8inh>+^-^J-gSinh> 


3.4.5.6.7.8 
=  ( 1  +  ]  sinh*  0  -  --"  sinh*  ^  -h  ^}^  8inh«  0 


^''^''^'      sinhV+...) 


289 


14175 


sinh' 


>»^+...)^*,       (48) 
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sinh^  =  ^co8h0 /f  1+  —  sinh*^— .'-- sinh*9-h       '      sinh*^  — ..>j 
=  (l-  |8inli«^+y  sinh^-lgsinh*^ 

+  ^^^^^8mh»^-...)  cx)6li^.^  (49) 
sinh*  <^  =  ^*  cosh  ^  /f  1  +  -^  /  ^  -  i.  \  ginh*  ^ 

1  do  not  know  of  any  method  by  which  the  convergence  of  the 
general  series  given  by  (45)  and  (46)  may  be  established  ;  bnt  it  is 
not  difficult  to  show*  that  the  series  (47)-(50)  are  convergent  so 


*  Let  /(•'^)  =  1  +  tti^  +  tfjjt- +  .. 

be  a  series  in  which  every  coefficient  is  positive,  and  the  ratio  of  each  coefficient  to 
the  preceding  one  continually  increases,  but  is  always  less  than  unity.  Then  /{x) 
is  convergent  so  long  as  1  >  x  >  —  1.     Now,  let 

i//w  =  i-v-v=--.. 

Then,  if  we  write  \r  »  ar/ar-u 

it  is  easily  shown  that 

K  -  (An  -  Ai)  *»-!  +  «,  (A„- As)  *«-2  +  ff2(AM-Aj)*«-:i+...+«»-i(Ai»-A„-i)*i. 

Hence,  since  An  is  g^reater  than  any  of  the  preceding  ratios  Ai,  A*)  •-.*  A»_i,  and  b^ 
'  w  positive,  it  follows,  by  induction,  that  b^,  *3,  ...  are  all  positive.    Also  we  find 

aiX  +  a^-  +  a^+  ..,  «  (1 +  fl,x  +  a«d^+ ...)(V+ *j^  + V^+ •••) 

=  *,«  +  (A,  +  «i*i)  a?-+(*3+fl,*j  +  aj*i).r'i- ...  . 

The  series  on  the  left-hand  side  is  convergent  so  long  as  1  >  j;  >  0,  and  therefore, 
afortioriy  the  series  b^x -{■  b^"* -^  b^jfX^ ■¥  ...  is  convergent  within  the  same  limits.  It 
is  therefore  also  convergent  if  0  >  :r  >  —  1 . 

The  above  method  applies  to  formuhe  (47)  and  (48).     For  (49)  and  (50)  we  are 
dealing  with  a  series 

f{x)=  l+rij:— fo^s-ff,^— ..., 

in  which  the  coefficients  after  the  first  arc  alternately  positive  and  negative.  [  If 

"^^  "^"^^  \lf(x)  =  \-d^x-^d^^d^^„., 
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long  as  sinh*^  <  1.  The  question  of  the  convergence  of  the  Beries 
is  not,  however,  an  important  one  for  our  present  purpose.  They 
are  used  for  determining  finite-difference  formulae ;  and  the  validily 
of  these  formulee  depends  on  the  initial  convergence  of  the  numerical 
series  derived  from  them. 

Part  II. — Cenfral-Bifference  FormuUe. 
7.  D*'finitwn«. — We  consider  that  we  are  dealing  with  a  function 

whose  values  are  tabulated  by  equal  increments  h  in  x.  Taking  x^ 
to  denote  any  value  of  x  which  appears  in  the  table,  and  writing 

"o  =  f(^o)» 

tt,  =/(«»)» 
where  n  is  not  necessaiily  integi'al,  the  table  showing  the  values  of  u 
and  of  its  differences  will  take  this  form  :  — 


iHt  diff . 


t 


2nd  diff. 


3rddiif. 


;    M-i  — 2M-i+  M 
M_i  — «.2    I  Mq— 3M-1  +  3M-2— M-3 

j    Mo     -2m.i-H/«2 

Mo   — M-i    : 

i    "i     —  2«o     +  M-1 


W;     —  2W|      +«o 


Mj     -M, 


Ml-3Wo     +3f*.I  — M-2 

«2  — 3w,    +3mo   — ti-1 
Mj-Swj    +3mi    -Mo 


it  may  be  shown  that  ^i,  <^,  <^,  ...  are  all  positive.  The  coeffidents  in  the  latter 
Beries  [for  (49)  and  (50)]  are  connected  with  those  in  the  former  series  [for  (47)  and 
(48)]  by  a  relation  of  the  form 

l+f/ia;  +  rfjx«+...  =-  (l-V-*2*---)(l-J^)'* 

-i^(i-*.)-(5;H*'-*')"^-- 

1         11 
The  series  1  +  —  .c+  --    jr^+  ...  is  convergent  so  long  as  1  >a:  >0  ;  and  therefore, 

the  coefficients  d^jd^^ ...  having  been  shown  to  be  positive,  the  series  1  +  rfi«  +  d^  +  . . . 
is  convergent  within  the  same  limits.  It  is  therefore  also  convergent  ho  long  a» 
0  >x  >—  1. 
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The  quantities  shown  in  this  table  ai-e  supposed  to  be  the  exact 
values  of  u  and  its  differences,  not  the  appix)ximate  values  as  they 
would  appear  in  a  numerical  table.  Each  quantity  in  the  second 
column  is  a  definite  function  of  a  definite  value  of  a?,  these  values 
increasing  successively  by  h.  Each  quantity  in  the  third  column 
is  also  a  function  of  a  value  of  x,  the  functions  being  all  of  the 
same  form,  and  the  values  of  x  inci*easing  by  h ;  and  similarly  for 
the  fourth  and  other  columns.  But  in  any  one  column  the  form 
of  the  function  will  depend  on  the  successive  values  of  x  of  which 
the  successive  differences  are  taken  to  be  functions  ;  and  the  assign- 
ment of  these  is  quite  arbiti'siy.  We  might,  for  instance,  regard 
tt,  — «^  as  a  function  of  x.^y  but,  if  we  do  this,  m,— w,  will  be  the 
same  function  of  x  ,,  and  so  on. 

In  the  ordinary  advancing-difference  notation,  /(«  +  ^) —/(.*•)  is 
written  A/ (a*);  i.e.,  it  is  (until  the  A  is  separated  from  the  /(  ), 
and  treated  as  an  operator)  regarded  as  a  function  of  x.  But  this 
is  only  the  case  if  the  table  is  read  downwards ;  if  it  is  read  upwards, 
the  difference /(o^ -I- A) —/(a;)  is  written  —  A/(aj  +  A),  i.e.,  it  is  regarded 
as  a  function  of  x-\-h.  This  might  be  considered  as  justified  by  the 
change  of  sign.  But  the  second  difference  f{x'{-h)—2f{x)+f{x—h) 
has  the  same  sign  in  whichever  direction  we  read  the  table ;  it  is, 
however,  regarded  as  a  function  of  x—h  if  we  read  the  table  one 
way,  and  as  a  function  oi  x-^h  if  we  read  it  the  other. 

It  seems  more  natural  to  regard/(a;  +  A)-f/  (»)  as  a  function  of  the 
value  of  x  about  which  f{x)  and /(«  +  /*)  are  symmetrically  placed. 
We  therefore  write 

or,  for  the  definition  of  ^f{x), 

f{x+^h)^f{x-yi)  =  Sf{x;.  (51) 

Similarly  we  have 

Sif{x)  =  if{z  +  ih)-Sf{x-^h) 

=  f{x+h)-2f{x)+f{x-h),  (52) 

and  generally,  denoting  the  existence  of  n  successive  ^'s  by  ^'*, 

cy{x)  =/(a5-h^A»A)-n/(a;  +  iw/i-;0  +  ...  +  (-r/(^-|**^)»   (53) 

the  coefiicients  being  those  of  the  binomial  expansion.  Oui*  table  of 
differences  then  becomes 
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X 

u 

Istdiff. 

2iiddiffJ 

Srddiff. 

... 

«-2 

U.2 

3h.| 

«'«.. 

^•fi-l 

ar-1 

ti_i 

3ti.* 

«'«., 

3»ie  1 

^0 

«0 

auv 

^X 

a»tii 

^H 

«*1 

Su| 

?«, 

3*ttl 

^s 

tt, 

^M, 

1     : 
1 

: 

* 

J 

: 

whei*e  it  is  to  be  observed  that  S"w^  is  merely  an  abbreviation  for 
ii2  .,,  (n  times)/ (aj+rA). 
Again,  let  us  write 

Mf  (^)  =  H/  (•*•  +  e'O  +/  (•^-  i^)  }  •  (^^) 

Then  we  shall  have 

ff^f  («)  =  i  {m/  (*+ i'O  +m/  (a'-iA) } 

=  i{/(«+*)  +  2/W+/(«-A)},  (55) 

and  genei*ally,  denoting  the  existence  of  n  successive  /I's  by  fi", 

^y(x)  =  {/(a:  +  in^)  +  n/(aj  +  ^n/i-;i)-f  ...+/(J— in^)}/2*,(56) 
the  coefficients  inside  the  brackets  being  the  same  as  in  (53),  but  all 
positive. 

If  in  each  column  of  differences  of  n,  of  an  odd  order,  we  take  the 
mean  of  each  pair  of  consecutive  differences,  and  insert  it,  in  brackets, 
between  the  two,  we  get  a  table  of  this  fonn  : — 


X 

« 

l8t  diff. 

2nd  diff. 

3rd  diff. 

x-l 

1     : 

0-,.., 

(Z'c'u.,) 

... 

a?o 

'  **o 

?'«. 

as 

... 

^1 

^1 

1 

Otau.) 

o-«, 

(M^*".) 

... 

i 

*• 

• 

■• 
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where  ft  ^'w^  denotes  ^  (^"ttr+^-f  ^t^r-j).  The  quantities  following  any 
value  of  u,  in  a  horizontal  line,  are  its  central  differences. 

8.  fjL  and  ^  as  operators. — It  is  easily  shown  that  the  prefixes  fi  and 
8,  both  singly  and  in  combination,  follow  the  ordinary  laws  of  algebra. 
Thus,  if  we  have 

/(aj)=<^(aj)+^(a?), 

then  f^f  (x)  =      H/  (*  +  J^)  +/  (^-i^)  } 

=  /i<^(a;)4-/n/r(aj); 
and,  similarly, 

^f  (x)  =  i  {a/  (a!  +  iA)  +  Sf  (x- ifc)  ] 

=  i{f(x  +  h)-f(x-h)]  (57) 

=  i{/(*+A)+/(*)}-H/ («)+/(«-*)} 

=  W(*).  (58) 

The  pi'efixes  may  therefore  be  detached  from  the /(a;),  and  regarded 
as  operators,  following  algebi*aical  laws.     Also,  if 

D 
denotes,  as  usual,  the  process  of  differentiation,  so  that 

Dfix)=f'(x), 
or  Du  =  Uj 

then  it  may  be  shown  that  D  combines  with  powers  of  fi  and  of  B 
according  to  these  laws. 

We  shall  have  to  consider,  later  on,  the  effect  of  the  operators  /i 
and  B  when  the  intervals,  instead  of  being  h,  are  nh,  n  not  being 
necessarily  positive  or  an  integer.  The  operators  in  this  case  will  be 
wntten  „        s 

80  that  ^,J  (a)  =  \{f(x  +  -}nh)  +/  (x-^nh)  ] ,  (59) 

^../(*)  =/  («  +  i«'')-/  (a:-i»fe)'.  (60) 

If  we  take  n  =  —  1,  so  that  the  interval  is  —h,  the  effect  is  the  same 
as  if  we  read  the  table  upwards.  This  obviously  changes  the  sign  of 
r,  and  leaves  ft  unaltered,  so  that 


8 


-1  =  M     1 
-.=-8j 


(61) 
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9.  Relation  hehceen  it.  and  8. — Prom  (56)  and  (52), 

^y  W  =  i(/('  +  ^)  +  2/(.r)+/(.r-A)}, 

and  therefore  (/<* -  {8») /  (y)  =  /  (.t), 

or  A**-i8'  =  l-  (62) 

Tliis  gives  /ii->  =(1  +  }S-)-*, 

and  tliei*efore 

«j  =  M(l  +  i8')'„, 

=  (^-S/'8'+TiF/'8*-Tife*A'8'+sMT/'8"--) «.  (63) 

=  i  («,+«,)-t'«  (8'«.  +  8'«.)  +  TlTr(8*«.+8X) 

-Tif«  (8'«,+8»»,)  +  .r^, (S'«,+«««,)-...,     (63a) 
which  is  the  fomiula  for  interpolating  in  the  middle  of  an  intei'\'^al. 

10.  Relations  heticeen  /j,  8,  and  JiD. — By  Taylor's  theorem, 

and,  similarly,  / {x-^h)  =  £^-**^/(a;). 

Hence  ^if{x)  =  \  (fl**^  +  e-»*^)/(;r), 

or  fc  =  cosh  \hD,  ((54) 

c=28inhi/*D.  (65) 

These  i-elations  may   be    obtained  directly,  in  the  same  way  as 
Taylor's  tlieoi*em  was  first  obtained.     For  suppose  we  wnte 

0=l/(2m-fl), 
where  m  is  a  positive  integer.     Then,  by  (o3), 

c,  =  c. 


f, 


,        _(2..  +  l)!  ^ 
^      '  m\  (w  +  1)! 


(66) 
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Eliminating  ^3,,  ^5,,    ..,  ^(2^-1*7  we  have* 

/o«  l^^  i;;  -l"^'^  •••  (*^+l)  53  ,6.7  ...  (w  +  2)  «  . 
c.„,,.  =  (2m+l)  |o.+  __  _j^,_S2+  _^^_L^_ja,+  ... 

or,  if  we  write  2w-|- 1  =  «, 

then  «  =  ,^  +  ^'-1')  a»+  »('?!zil'K'^=3')  5*  + 


Now  increase  w  indefinitely.     Then  the  limit  of 

is  /I'D^w, 

1 
and  wo  get 

=  2  8inh^;iD. 

Similarly,  or  by  means  of  (62),  we  get  (64). 

This  latter  method  has  some  advantages,  as  it  shows  that  the 
I'elations  between  differencing  and  differentiation  on  the  one  hand, 


^=*^'+2'^3!^'^+2\5!''°-^+- 


*  It  irt  not  absolutely  necesHary  to  find  the  coefficientB  in  thiH  formula.  We  see 
that  (66)  gives  8  as  a  linear  function  of  8$,  8«,  ...,  so  that,  increasing  m  without 
Umit.  we  have  /(^+  JA) -/(;._  j A)  =  ^  (A,  rf/rf.r,/W. 

Heuee,  writing  |  =»  x/w, 

<p(h,  ndldx)f{x)  «  <p  {h,  dldi)f{HQ 

^<p{fih,dldx)f{x). 

The  powers  of  dj^dx  in  ^  (A,  djdx)  can  therefore  only  occur  in  connexion  with  like 
powers  of  /*,  and  we  may  write 

8/(ar)  =  4,(Ai>)/(:r). 

Diftereiitiating  twice  with  regard  to  A,  we  find  successively 

M/(-r)=f  (A2))/'(x), 
8rM  =  4f'(A2))/'W. 
Thih  give>  ^  {hD)  =  4f'  (hD), 

whence,  since  fx  ^  \  when  Ai>  =  0, 
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and  between  summing  and  integration  on  the  other,  are  really 
based  on  the  relations  between  various  sets  of  differences  obtained  by 
taking  various  intervals  in  x. 

11.  Differences  in  term*  of  Differential  Goeffieients. — ^From(65)and(10), 

!r  =  (2sinh|AI))" 

=  .4,A-I>'+K^.*./***'D"*7(«+l)(«+2)  +  ..M        (68) 

and,  from  (64)  and  (12), 

Ij2''  =  (2  sinhi^i))-'  cosh  ihD 

=  .^.fc— r-'+i«^«,,fc-'D-*Vn(«+l)+...,  (69) 

where  n-^,,  ,4,,i,  ...  have  the  values  given  by  (11)  and  (13). 
Thus  we  find 


,i3«,  =  {hD+ih*D'+ji^VD^+^i^lJD'+...)u, 

S\  =  ih'I?+^sh*D*+^y^h'>D'  +  ^^i^h»L^+...)  «. 
/«i\  =  (h'r^+lh'D^+ijh?D'+ ...)  «, 

ax  =  (A*D*+i7»«D'  +  5V^»i)»+ ...)  «, 
f.^u,=  (h'E^+\VD'+...)u„ 

ifu,=  {h*D^  +  \h*iy+...)n, 
nS>Ut=  (VD'+...)u^ 


(70) 


and 


/x«»  =  (1  +ih'iy+-shf^*D'+Td^r!h*D^+Tor^^oh*D^+  •••)  «j 
^u^  =  (7tD+^,fe'I>»+,.A-.,7t»D»+,-y»V„-BFi>'+...)«i 
ftaX  =  (VD'  +  J■^^h*D'+-,r,^h'Dfi+^^VT,h>D^+...)u^ 

c'«,  =  (A'D'+ife'D'+.Ti^^Fi)' +...)«., 
^,S\  =  (h*D'+^,h*ljfi+-,^^h'>DI>+...)  u^ 
a»w,  =  (7t»i)»+ JjA'-D'+ ...)  «, 
/ja*w,  =  (A''D»+5^»D»+ ...)  M, 
a'«j=  (A'D' +...)«, 


(71) 
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4()5 


(V4) 


12.  Differential    Coefficients  in  terms  of  Differences.  —  Prom   (38) 
and  (39), 

/."D-  =  .ff.i"_i„ff„,,3"»V("»+l)0«+2)  +  ...,         (72) 

Hence,  by  (40)  and  (44), 

hDii,  =  (^i-i^+.^sf,^-^^^^+ ...)  «, 
VD-u,  =  (a'_^,3*+^VJ«_^^3»+ ...)  „, 
h'D^u,  =  (^?-i^a»+Tl<7i^-...)  ". 

fc'i>'«.=  (a«-ia«+,-b^-...)«. 

A»2?»«,  =  (a«-ia'+...)«. 
A'iF«,  =  (^a'-...)«. 


hDu^  =  (a-^uj»+ j-^a»_^„a'+ ...) «, 

fe«D»«,  =  (a»-ta»+T.|iT5i'+-) «. 
A«D*«,  =  (^a«_.i^a'+-v5;aa»-...)«j 
A»D»«,  =  (a»-/ia'' +...)«, 

WD'ui=  {11-...)  Hi 

AWm,  =  (^»-...)«4 


(7S) 


13.  Accuracy  of  preceding  Results. — In  applying  the  foiTnulae  in  the 
last  section  to  any  actual  table  of  n,  it  must  be  borne  in  mind  that 
the  table  does  not  give  the  exact  value  of  n,  but  only  its  value  to  the 
nearest  multiple  of  some  particular  unit.  If  this  unit  is  p,  the  differ- 
ence between  the  tabulated  value  of  u  and  the  true  value  may  be  any 
quantity  between  —  |p  and  -\-\p.  Denote  this  difference,  or  "en-or,'' 
by  a,  so  that  the  tabulated  values  of  m^,  «i,  ...   are  u^-^-a^,  w,-f  o„  
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Then,  if  we  denote  the  greatest  possible  eiTor  in  5"tt  by 

it  is  easily  seen  that  $^  =  2*'^  p.  (76) 

By  substitution  fix)m  (53),  we  have 

(iy-9^+rc*-«a«-i-...)«o 

=  l'"o~(/  (t*i-2fto-ft*-i)-l-^(Mi— 4M,+6u^+4t*.i— «.,) 

—  «(n,--6w,  +  15t*i— 20fio+15i*.,  — 6n.i+«*.s)  +  ... 
=  (p  +  2g-h6r+20«+...)'*o 

-(g+4r+15«  +  ...)0*i+«-i) 
+  (r+  6«+...)(t*,+tt.,) 

-(*  +  ...)(«.+**-.) 

Hence,  if  p,  q,  r,  «,  ...  are  all  of  the  same  sign,  we  have 

greatest  possible  eiTor  in  (p—qP'\-rB*—s^-\-.,,)  u 
=  {p-^-2q-^(yr-^'10s-\-...)lp 
+  (7  +  4r  +  15^  +  ...)p 
+  (r  +  6/f-h...)f) 
+  (''+. -Op 

+  &C. 

=  p  1p  +  5  (1  +  2  +  1) -ip-Hr(l-h4  +  6  +  4-fl)|p 

-h«(l  +  6-Hl5  +  20+lo-f6  +  l)  Jp-f ... 

=  ^-Vp  +  32p  +  r2V4-."?2V+... 

=  H  +  7^2-+-^^4  +  *^o+...  .  (77) 

Similai'ly,  it  may  be  shown  that,  on  the  same  condition, 

ji^reatest  possible  error  in  ( ^-;r  —  qc^ -H rc^— t!C^-\- ...)  v 

=  pOi  +  qOi-\-re^  +  se.-\-...  .      (78) 

If,  for*  instance,  we  were  finilintr  JrD'u  by  the  second  formula  in 
(74),  and  differences  after  the  fifth  were  negligibk*,  the  greatest 
possible  eiTor  would  be 

/O    I       1        i>3\  ^  —    8-. 

^-  +  1  a  •  -  ;  P  —  -iiP- 
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If  we  were  finding  it  by  the  oi'dinaiy  method,  which  gives 
h^ffu  =  (A-.5A«-|-iA»-...)'u 

the  greatest  possible  error,  even  if  we  did  not  go  beyond  fifth 
differences,  would  be 

which  is  ten  times  as  great.  And,  as  a  matter  of  fact,  we  should 
usually  have  to  go  to  differences  of  a  higher  order  with  this  latter 
formula  than  with  the  central-difference  formula. 

Again,  let  us  denote  the  greatest  possible  error  in  fih**u  by 

±<^«. 

(2m)  I 


Then  we  have 

^%  =  u„    -2mu^., +  ...  +  (-) 


(m-1)!  (m-Hl)! 


«*i 


mi  m! 


■f-(-r^^ 


(2m)! 


7<o+...-fn.,,^„ 


(m-hl)!  (m-1)! 
whence,  by  addition, 
^^^"•m^  =  1  [tt„^i-.4it«„» -f^,tt«., —  ...-!-(— )'"^^«, 

where  -4„  -4„  ...,  A^  are  coefficients  whose  values  need  not  be  written 
down.     We  have  therefore 

h^.  =  J-  (l+A  +  ^-H  ...  4-^,H-»-^«+ ...  +^-1-^1  +  1)  ip. 
But,  obsei'ving  how  -4,,  -4,,  ...,  .4„  are  obtained,  we  see  that 

(2m)!  __  _     (2m)j _^ 

mi  ml  (m-hl)!  (m  — i)! 

(2m)!  (2m)! 


=  l-h2m  +  ...-l- 


-1    -.:. 

m  I  m  I 
and  therefoi'e 


(m-l)!(m-f  1)! 


-h 


+  ...  t  2m+l 


7n !  m ! ' 


(79) 


2  u  2 
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w!  (m  +  l)! 
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(80) 


and,  if  we  collect  coefficients,  we  shall  find  that,  as  before,  the  signs 
attached  to  each  /*  are  either  all  positive  or  all  negative.  Hence,  if 
p,  q,  r,  *,  ...  are  all  of  the  same  sign, 

greatest  possible  error  in  (p/i— gfi5*  +  r/i8*— */[48'4-...)  n 

and,  similarly, 

greatest  possible  eri'or  in  (jo/iS— 5/i8*-hr^8*— »M^+  ...)«* 


/  3'  5'  7^  \ 


(82) 
(82a) 


Thus,   in  finding  hDu^   by  the  first  formula  in  (74),  the  greatest 
possible  error,  if  we  do  not  go  bej^ond  sixtli  differences,  is 

(1  +  i. 3  +  ^V.  10)  ip  =  IJ-p. 

while,  if  we  used  the  oixiinary  formula 

hDu  =  (A-JA*-hAA»-iA*  +  iA*-JA«+...)M, 

the  greatest  possible  erix)r,  to  the  same  order  of  differences,  would  be 

(1  +  J  .  2  +  J .  2«  + 1  .  2'+i  .  2*+  i .  2«)  p  =  -VV-p, 

which  is  more  than  fifteen  times  as  great  as  the  former. 

14.  Sub-differences  in  ternis  of  Difffre^ices. — Suppose  that,  starting 
ill  both  directions  fix)m  x^,  we  take  j*  by  intervals  of 

nh 

instead  of  by  intervals  of  h  ;  where  n  lias  any  value,  integral  or  not. 
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Let  the  new  values  of  fi,  8,  be  denoted  by 

Then  we  have 


/Li„  =  cosh  \nhD    \ 
8H  =  28inhinfeDj  ' 


from  which  we  notice  that     /!*-„  = 

8 


8. 
From  (83),  by  (25)-(28), 


8„.±H  =  lA^h^:hfi,^hn 


=  1+  _!^8'+  «*  (!^-2')  «.+  »^'.-2')(«'^)8.+  . 


2.4 


"2.4.6.8 


2.4:6.8.10.12 


'-1' 


''-=/*+ X?^ '**'"*" 


(n'-l')(n'-3») 
2.4.6.8 


/iS* 


«..^^tL(^i!)..Mn^;Kw;^B»), 


«(n'-l')(n'-3')(«'-5')  «,  . 
■^  4.6.8.10.12.14  ■^•" 


».=  ^,.»J^^,»J4r|l^^,, 
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(83) 
(84) 
(86) 

(86) 


(n'-l')(n'-y)(n'-y)    «  .g„ 

+         2.4.6.8.10.12         '^^^•••'  ^^^' 


(88) 


n(n^-2')(«»'-4')(n'-60    y  g^. 

Also,  by  (29)  and  (31), 

«:  =  n-{,B«8-+«B«,,8~'7(27rt+2)(2m  +  4) 

+,B-m8-*V(2«»  +  2)  ...  (27»+8)  +  ..,},  (90) 

/«.8:->  =  n"-'{«B«/a8"-"+«B«,,/i8'"*V2m(2«  +  2) 

+  -B-.«/'8"*V 2m  ...(2m+6) +  .,.},         (91) 

where    «B„,  ^«.„  m/^..*,,    ...    have    the    valaes  given    by   (30) 
and  (32). 
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The  impoi*tant  ca«e  is  that  in  which 

n  =  l/N, 
w'hei*e  A'  is  an  integer.     If,  for  instance, 

A^=10,     n=l, 
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we  find 


•l(/iS-165^8»+0329175/i&*-0070459125/iS'  +  ...)tto^ 
•01  (8^-  •0825«*+-01097258«-00l7614781258"+  ...)u^ 
•001  (/x8»--2476/i8*+0675025/i8'-...)  Uo 
•0001  (S*--1658»-f028751258»-...)t/„ 
•00001  (/i8'*--33fiy  +  ...)  1*0 
•000001  (»»--24758«+...)t*o 
•0000001  (y-.-Otio 
•00000001  (S'»~...)«o 


(92) 

If  J^^=  l/n  is  an  odd  integer,  it  is  not  nsaally  necessary  to  make 

use  of  /u„8„  ?/q,  ft„8;;Mo Po^N  i^  we  suppose  a  table  to  be  const nicted 

by  intervals  of  jih,  this  table  will  show  the  following  differences  at 
the  middle  of  the  interval  between  Xo  and  ur^ : — 


J" 

u 

«« 

«;; 

1 

On         < 

1 

... 

H'kl-u) 

,         1 

8,.  t/ J 

8?.«4(»-n. 

•^4(U»: 

•         1 

: 

5JW4(14.„; 

I 


Any  pui'pose,  therefore,  for  which  we  might  requii*e  /ii„S„?to»  /'»8J?*oi  .--f 

can  be  quite  as  well  served  by  8„«j,  SJw,,  ...  .     Suppose,  for  instance, 

that 

.Y  =  5,     n=z'2. 
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and 


hlu^  =  •04(8'- 088*+ •010566«-00168968«+...)tto 
Slfio  =  0016  (8*-16&«-f  027528*-  ..)  t*o 

SStto  = -000064  («•- -248" +...)  «o 
Kuo  =  -00000256  (8»-  ...)n. 


(93) 


8„  u,  =  -2  (8  -  •048»  -f  -004488*-  00066568^  + . . . )  «*r 

^u^  = -008  (8»- -128*+ 018248^-. ..)n^ 

8itt,  =  00032  (8*--28'+ ...) «,  ^  •  (94) 

8;fi,=.  0000128  (y-...)«4 


15.  Interpolation  at  regular  intervals. —  We  have,  by  definition. 

\{f{x^nh)+f{x-nh)]=,i^f{x\ 

1  y{x^-nh)^f{x-nh)]  =  n^f{x)  ; 

and  therefore  f{x-\-nh)  =  {lHn-^\K.)f{x),  (95) 

Sappose  now  that,  the  values  of  u  being  tabulated  by  intervals  //, 
we  require  to  form  a  new  table  in  which  the  intervals  are 

where  N  is  an  integer.  We  can  do  this  either  by  interpolating  on 
each  side  of  the  given  values  a-^,  x^,  ar,,  ...,  or  by  interpolating  through 
the  intervals  x^  to  x^,  or,  to  a*,,  ...  .     For  the  firat  method  we  have 

t*»  =  /*i«tio4-R..tv  (96) 

where  n  =  :kp/N, 

and  p  has  values  ranging  from  0  to  |  (^+1)  or  ^N ;  and  for  the 
second  method  ^^^^  =  ,i^u,-\-  ^^^u,,  (97) 

where  n  =  ±  (2p -h  1) /2iV  or  ±p/N, 

according  as  N  is  odd  or  even,  and  p  has  values  ranging  from  0  to 
I  (iV— 1)  or  ^N.     By  (86) -(89),  these  give  respectively 

(98) 
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and 

+i^j:f^^^.^«.+....  (99) 

The  usual  subdivision  is  into  fifths  or  tenths.  For  snbdiyiBion 
into  fifths,  we  can  write  n  =  =F  ^  and  n  =  7  y^^  in  the  latter 
formula,  and  we  have 

"H  =  /utt4-08^8*fi4+0144/iSS«j-(X)29568Ai««u4+-00()642()4^ 

"^  =F  {•38uj-(X)88»u4+()00864yt«4--()()012672yM4+...} 


12/i8«tt4 + •0224Ai8*u4-.  •0046962iu5»u4  +  OOlOlSSeS/uffuj  - . . . 
=F{18u4-'0048»tt4  +  -000448yfi4--00006656ytt4+...}, 

(100) 


the  upper  sign  being  taken  for  wl  and  M|,  and  the  lower  for  u^ 
and  tt|.  For  subdivision  into  tenths  we  might  obtain  similar 
formulae,  but  it  is  simpler  to  bisect  the  intervals  by  means  of  (63), 
and  then  apply  (100). 

16.  Interpolation  generally, —  The  preceding  formulae  involve  the 
calculation  of  ftSwo,  ftS'ti^,,  ...,  or  of  fiuj,  f»8*«^,  ...,  and  therefore  they 
are  not  convenient  when  we  only  require  u  for  a  single  value  of  x. 
Let  x^  be  the  nearest  value  of  x  given  in  the  table.  Then  we  require 
a  formula  giving  u  in  terms  of 

and  either  8?«.|,  S'«_|,  S*w_|,  ... 

or  8t*4,  8*^1,  8^1*4,  ..., 

according  as  x  is  between  x^  —  ^h  and  aj^,  or  between  x^  and  0^0+2'*' 
Suppose  that  x  is  between  x^  and  x^-\-\h^  so  that  we  may  write 

whei-e  n  is  between  0  and  h     Then  we  require  to  express 

in  the  form  /,  (8^)  Wo+Zi  (^)  ^4  J 
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I'.e.,  we  require  to  express  ft-iH-h  2^ 

in  the  form  /,(S')+/2(8*   A*+J8)8. 

Now 

f^iii  +  i^H  =  cosh  n^D  +  sinh  nh  D 

=  {cmli(n-^)hD+8'mhnhD{coshlhD-\-ainhihD)]/co8hihD, 
and  therefore 

u^  =  cosh  (»— i)  AD/ cosh  ^/iD .  t*<,-hsinh  nJiD/coBh  \hD .  m^. 
Substituting  from  (28)  and  (27), 
"•  =  {1+  ^^^«'+  (n  +  l)«(»-_l).(«-2)  5.^      J  ^^ 

+  (  «  8+  Mll>»(»Tli)  8.+  C!L+2)l«  +  l)«(«-l)(n-2)  »         | 
(1!  3!  5!  o+.„j«4. 

(101) 
Similarly,  when  a*  is  between  Xf^—^h  and  aj^j,  we  have 

«--  =  ^+ -17- **+ ^-^^^^^^-If^^^'- «•+••}  «• 

C  «,     (n+l)n(«-l)y     (n+2)(»+l)n(«-l)(n-2)y         ) 
ll!  3!  5!  )    ■*■ 

(102) 

The  coefficients  in  (101)  or  (102)  are  appreciably  smaller  than  the 
coefficients  in  the  ordinary  interpolation  formula. 

Part  III. — Central-Sum  FarmuUe. 
Central' Sum  Notation. 

17.  The  justification  of  the  use  of  S  as  an  operator  lies  in  the  fact- 
that  we  can  regard  any  column  of  differences,  such  as  hu  or  S'u,  as  a 
series  of  quantities  which  are  the  same  function  of  successive  values 
of  x^  increasing  by  differences  fe,  and  that  we  can  then  regard 
the  following  columns  as  giving  the  first,  second,  ...  differences  of 
these  functions.  In  the  same  way  we  can  regard  the  values  of  u  as 
being  themselves   diffei*ences   of   some  other  function,   so  that  the 
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successive  values  of  this  function  are  found  by  succesBive  additions 
of  the  values  of  u.     Denoting  the  function  by 

au  =  <r/(ar), 

we  have,  for  our  definition  of  the  symbol  <r, 

cf(,»  +  ih)-,rf{x-\h)=f{x),  (103) 

which  may  also  be  written 

Saf(x)  =/(*).  (103a) 

Changing  x  in  (103)  into  x—h,  a;— 2^,  ...,  and  adding  the  results  so 
obtained,  we  have 

«r/(a-  +  ife)  =  . ..+/(«-*) +/(»•) 

and,  similarly, 

cr/(*  +  |;*)  =  ...+f(x^h)-hf{x)-\-f(x-^h)  (  .  (104) 

af(x+^h)  =  ...-f/(a— fe)+/(»)+/(ie-f  A)+/(aj+2;i) 


Since  the  differences  of  ^  (a?)  ai*e  the  same  a^  those  of  C+^  (x),  where 
C  is  any  quantity  independent  of  x,  the  solution  of  (103),  considered 
as  a  functional  equation  in  a-f^x),  contains  an  arbitrary  constant. 
But,  if  the  series  on  the  nght-hand  side  of  any  one  of  the  equa- 
tions (104)  is  made  to  start  from  any  particular  value  of /(j*),  and  has 
any  constant  added,  the  other  series  will  start  from  the  same  value, 
and  will  contain  the  same  constant. 

It  is  clear  from  (104)  that,  provided  the  constants  are  pi-operly 
chosen, 

(r{<p{x)  +  \lf{x)}  =<r^(d-)-l-oT/r(a;), 

so  that  (T,  regarded  as  an  operator,  follows  the  laws  of  algebi*a.  Also, 
replacing /(ar)  by  ?«,  we  have,  from  (103a), 

S<TU  =  w, 

while,  if  we  apply  (104)  to  Sf  (x)  instead  of  to  f  (x),  we  have,  if  the 
constants  are  pit)perly  chosen, 

(ra/(;r)=...+;^/(.r-;0+;^r(.r) 

=  /(^). 
or  a- hi  =  u. 
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Thus  <r  combines  with  B  according  to  the  laws  of  algebra,  in  the 

Rame  way  as  if 

<r  =  B-\  (10.5) 

The  process  represented  by  <r  may  be  repeated,  so  that  we  shall 
have 


(r*«,  = 


=  (r(...-f  tt_|  +  M-|) 


(106) 


and  so  on.  Each  repetition  of  the  operation  involves  the  introduc- 
tion of  an  arbitrary  constant,  so  that  (r*"u  will  contain  m  of  these 
constants. 

Again,  by  our  original  definition  of  /u. 

Hence,  if  the  arbiti*ary  constant  in  <rH  is  such  that 
<rw.j  =  C -{- 11  _.,-*- n  , 


(107) 

(108) 
(109) 


<r?*„+4=  (7+tt_j  +  M-i  +  tto+--.+w«. 
we  have  /i  au^  —  0 + m  .^  +  « - » +  « «^o- 

Also         (rnu^=  ...-*-i  ('r;i-l-M.2)  +  i  («-2  +  w.i)  +  i  (t*.i  +  t*o) 

If  therefore  the  arbitrary  constant  is  properly  chosen,  we  have 

Thus  the  operators  /i,  o,  o-  can  be  combined  according  to  the  ordinary 
laws  of  algebra,  provided  attention  is  given  to  the  arbiti'ary  constants 
introduced  by  o- ;  and  it  is  clear  that  the  same  applies  to  D,  since  the 
differential  coefficient  of  a  sum  is  the  same  as  the  sum  of  the  differ- 
ential coefficients. 
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It  should  be  noticed  that,  in  all  cases, 

=  «o-f-Wi+w,+  ...+«H-i  +  tti.,  (110) 

M^  (Wh— Wo)  ^fiou^—iLVU^ 

=  iM^  +  ti,  +  ft,-f...+«^.i+'^*».  (Ill) 

Integration-  mid  SummcUioti'Foi'mulsB  {Differential  GoeffieietUs). 
18.  By  (65),  and  (I), 

=  2  sinb  \hD .  m^ 

+  «iTeVT»^^'l>"+...)AI>«,,  (112) 
and,  by  (64)  and  (65),  and  (3), 

'*!  — '«o  =  f^-  ^/fi.  «! 

=  /A  .2  tanh  ^hD.ii^ 

=  ,t  (i-,i,;,*i>«+^^.^^*i)*-^,v.ij'**^ 

+  3«?J«Tr'*'l>"-..-)^^«**.  (113) 

Hence,  if  t «  =  I  viLc,  (114) 

we  have  frrf^r  =  (l  +  -,Vi«2)»+T-^i-„/i*i)*+...)  /^t^j,  (115) 

ft'clr  =  /*  (l-yV*'l>=+-ilo^'^'-...)''tv  (116) 

J'o 

By  means  of  either  of  these  formula  we  can  build  up  a  table  of 
values  of  /., 

I   vdx, 

pi'ovided  that  t'  and  its  diffei*ential  coeiHcients  can  be  calculated.  Of 
the  two  formulaet,  the  first  i*equires  the  values  of  r,  2)*r,  ...  for  the 
inteimediate  values  of  x,  while  the  second  i*equires  them  for  the 
values  ...  0"^,  ar„  ...  entered  in  the  table.     The  first  foi-mula  converges 
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more  rapidly  than  the  second,  bnt  either  of  them  is  much  better  than 
the  ordinary  formula 

19.  To  adapt  the  preceding  formulae  for  purposes  of  summation, 
the  portion  containing  differential  coefficients  must  in  each  case  be 
expressed  as  the  difference  of  functions  of  oJq  and  a?,.     Thus  we  have 

iu^  =  hDu^  +  (5— AD)  u^ 
=  ADtt^  +  a .  (S'-hD)/? .  u^ 
=  hDu^+B  (1— I^Dcosech  ^hD)  u^, 
and  Bu^^=  fA  hDu^  +  5 .  (^  — /i  hD)!^ ,  u^ 

=  fA  hDu^  +  ^  (1 — ihD  coth  ^hD)  u^. 
Hence,  by  (5)  and  (4), 

iiu^  =  hl>ti^  -haCTj,  (117) 

^u^  =  fAhDu^-^iUl  (118) 

where 

U  =  (^,-A2)-T,^fe'D'+„HFi.^'^-T«mnFij'''^+-..)  hDu,  (119) 

ir=  (-^hD+rhi>>''jy->i!hnih'U^+T»T!\»,nsh'iy-...)  hDu.      (120) 

Substituting  from  (114),  and  adding  for  n  consecutive  intervals, 

(121) 


I    t;<fe  =  A<r(i.»-f,)+A(F„-r.), 
{"vdx  =  hiic  (,v,-v,)  +h(V:-  Fi), 


(122) 


wLere  V  and  V  are  what  U  and  U*  become  by  writing  v  for  hDu. 
By  transposing  the  terms  in  (121)  and  (122),  we  have 

=  h-'  ['%da.-[(_i_/^Z)-^^;,»2)»  +  -,-3x^^;^*D»-..0t]:;^^^^     (123) 

=  /.-^  ('\'tfaj+ [(Ty^i>-^^A»D»+ 3^i^^/.^i)-'-  ...)t^]:;:;.  (124) 

^  Xa 
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The  second  of  these  is  the  Enler-Maclaorin  formula  for  the  Bmn  of 
n  consecutive  values  of  a  function,  and  first  is  an  alternative  form 
which  is  sometimes  useful. 


20.  The  pi'eceding  formubp  ma^'  be  expressed  in  other  ways.  If, 
for  instance,  it  is  more  convenient  to  use  the  even  than  the  odd 
difFei*ential  coefficients  of  r,  we  have 

=  hJDu^  +  8*  (^  cosech  ihD-ihD  coeech«  ihD)  wj, 
and,  similarly, 

8«4  =  fihDH^+^  (^  cosech  ^hD—^hD  cosech  i^Dcoth  ihD)  u^. 
Substituting  fi-om  (5),  (8),  and  (9), 

8i*4=    ADtij+PFF^,  (125) 

hn^  =  fihDn^-^{FW{,  (126) 

whex-e 

W  =  (     ,\-,\hh'I/'  +  jAhJ'*^'- rr*Mhooh*I^+-) hDu,  (127) 

W'=  (-Vi,+TV*o'*'^'-T.}iToA*^  +  TW,V«-«o'''^    -...)hDui  (128) 

and  therefore 

f"fj«=    A<r(r.-f.)+A(8X.-8Z,),  (129) 

I "  vdx  =  hy^  (r,-r,)  +fe  (SX:-8iO,  (130) 

where  X  and  X'  are  what  W  and  W  become  by  writing  r  for  hBu  in 
(127)  and  (128). 

21.  Again,  by  (65)  and  (15), 
h^ii  =  4  sinlr  rJiB.u 

==(l+-,>,;.*2>HTio'^*J^*+«-o^w./*'^i^'+THil*oo/^*V^^ 

\\.\\i\  tlierefore,  if  T  .*  =  '^N  (l*^^) 

so  tluit  n  =  j    I    ?<;  (r?.c)%  (182a) 
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we  have        u  =  ^*5*?« 

=  a^h*  (w'\-^'jh*I>'io-\-^h*mo-^ .„).  (133) 

The  arbitrary  constants  in  a^  must  be  adjusted  according  to  the  cir- 
cumstances of  the  case.  Thus,  if  we  know  the  values  of  u^  and  t^, 
the  expression  following  tr*  in  (133)  has  to  be  calculated  for  x  =  x^^ 
x^j  ...,  and  the  values  of  u^,  ii,,  ...  are  found  by  successive  additions. 

To  adapt  the  formula  for  summation,  we  have 

8*n  =  h'D'u-^-S'  (l-ih'D'  conech^hD)  u, 

and  therefore,  by  (8), 

S'u  =  h^LPu-^S'  (,i,-^.j../,«i)--  +  ^^i_^;^*Z>*-.-^,V^^;i«I?»+...)  h'D'u. 

(134) 

Substituting  from  (132a),  and  performing  the  successive  additions 
up  to  a?  =  Xp,  we  find 

where  A  and  B  are  constants,  and 

Z  =  (TV-7i»'i'^'+?-o'*TrA*i>*-TT?'.55't'-D'+  •••)««'•        (135) 

Taking  ^^  =  0  and  p  :^  1  in  the  above  i^elation,  we  find,  (7  being  an 
arbitrary  value  of  a*, 

f  J  £  w  id^y  =  p  ££  w{cuy+h'  f  (p_  1) «,,  4.(p_2),,,+ ... + ,,,.,>. 

+h'{Z,-pZ,  +  {p-l)Z,].  (136) 

The  above  methods  might  be  extended  to  any  number  of  successive 
summations.     But  the  resulting  formula;  ai*e  not  of  pi*actical  value. 

Intejjration-Fonnulae  {Differences). 
22.  In  order  to  apply  (115)  or  (116)  to  the  tabulation  of 

j    vdx 

by  intervals  of  h  in  or,  we  have  to  calculate  the  successive  values  not 
only  of  hv,  but  also  of  h^B^v,  h^D\\  ....     The  calculation  is  avoided  by 
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expi*e8Ring  the  differential  coefficients  in  terms  of  the  differences. 
We  have  then  only  to  calculate  the  values  of  hv. 

By  (47), 

=  {l-^iii^-TH^+^j'JjJif^—i^lHins^+-')hJ)fi,    (137) 

=  (H-^*^-(Tio+TV.T^T7)«'+-000  379  258  ...  » 

-000  059  978  ...«•  +  ...} /iDuj, 
and  similarly,  by  (49), 

««»  =  M(l-i*.-«'+y.^-«*Ui^+^AV«ViF«'-...)fcAt,       (138) 
=  ,i{l-^y+(,V-iV.«V)8*-003  158  069...«« 

+  000  688  106...8"-...}A2>U4. 

Hence  ^vcLt  =  (l+^«-^Ho8*+  •.)  K  (139) 

J'o 

r  vdx  =  fJL{l--,\S'-\-j\^^-..,)hv,.  (140) 

J'o 

By  taking  the  successive  intervals  x^  to  .r,,  .r,  to  .r^,  ...,  we  get  the 
differences  in  the  table  of 

u^      rdr, 
and  by  successive  additions  of  these  diffeitjuces  we  get  the  values 

of  If. 

If  the  values  of  hv  are  accurate  within  ±  Jp,  and  if  the  expression 
given  in  (139)  is  taken  to  the  same  number  of  places  as  hi\  a  farther 
error  of  dc^p  may  be  introduced  by  the  portion 

so  that  after  p  additions,  if  the  initial  value  of  u  is  correct  within  |p, 
there  may  be  a  total  eri-or  of  =t(p  +  ^)  p.  On  account  of  the  accumu- 
lation of  eiix)rs,  a  table  formed  by  the  above  method  must  always  be 
checked  at  intei'vals  by  direct  calculation  of  the  integi^al.  The 
amount  of  the  accumulated  eri'or  may  be  kept  clown  by  retaining  one 
or  two  extvB,  figures  in  the  differences  of  the  integral,  so  that  the 
error  in  u  after/?  additions  will  lie  within  the  limits  dc(/>4-2)ip. 
But  the  retention  of  these  extm  figures  is  avoided,  and  the  values  of 
u  at  intei'vals  are  more  easily  checked,  by  expressing  the  sums  of  the 
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differences  5*,  8*,  ...  in  (139)  in  terms  of  8,  S^,  ...  .     Thus  by  n  suc- 
fOKsive  additions  of  (139)  we  find* 

.    .  (141) 

and  similarly,  from  (140), 

n.  =  j  \(ir  =  /i  (^-i^+,Vc^»- ,-i*Jo5^+^,V/^y-...)^tv  (142) 

The  arbitrary  constant  in  ©■  or  m^  in  either  formula  depends  om 
the  lower  limit  of  integration ;  but,  if  we  take  trhv  to  be  such  that 

**o  =  (<'  +  «^4^— 5-HcF«'+..)K.  (14:^) 

ij'.,  if  we  tabulate  the  values  of  hv,  and  then  take  trhv  so  that 

trhv^  =  t*o-sV8K+ Tf Jo^'H-...,  (143a) 

then  we  shall  have  always 

n.  =  (^  +  ir\8- 5li^-H...)Ar«.  (143h) 

Similarly,  if  we  take  fiahv  so  that 

t^o  =  /'(*'-T\-S  +  7Ver«'--...)^t'o,  (144) 

/.^\,  if  we  take 

trhv^  =  i^o  +  i'^i^o-l-TV/'S''^«-fVo/'S»7iro+  ...,  (144a) 

then  we  shall  have  always 

t*n  =  A*  ('t  -  t\S  +  AV8'-  • . . )  ^n..  ( 144n) 

Suppose  that  (Tht\  is  fixed  by  (14i3A),  its  value  being  taken  to  the 
number  of  decimal  places  to  which  we  i^equire  «„.  Then  for  checking 
the  table  after  an  interval  jph ,  we  ought  to  have 

If   ahv^-\'hv^-\'hv^-\- ...-\-hVj,.^    does    not  agi*ee    with    this    value    of 
vhVf,^  one  or  more  of  the  values  of  hr  must   be  altered,  by  inspection 


*  ThiH  modification  of  the  formula  in  taken  from  Hansen.  I  do  not  know  W 
whom  the  original  formula  (137)  is  due,  but  it  was  used  by  Legondro  in  calculating 
his  table  of  eUiptic  functions. 
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of  th^  "f^ciaeTice  of  differenoee.  But  the  oocfficients  of  t&r,  VAr,  ... 
in  n4:{>  are  v/  small  that  it  i«  not  agnail j  neccssaiy  to  go  tknnigli 
the  ]st\ff^rir  of  makinf^  the  corresponding  alceratiofis  in  the  dilEereiioeB 
of  hr.     The  «arDe  remark  applies  to  the  ose  of  fonnnla  (1444). 


'S'f.  In  the  la^t  section  we  have  onlj  considered  the  tabnlmtion  of  ic 
at  ;nter\'al»  of  /•  in  x,  bj  means  either  of  [Ul]  or  of  [U^)  ;  the  Talaes 
of  f*K  }Hfij,^  caleo biter]  for  the  tabaUited  raines  of  r  in  the  case  of  the 
latter,  and  for  the  intermediate  valnes  of  jr  in  the  case  of  the  former. 
Frrmi  the  tahle  so  formed  we  con  Id  constmct  a  table  at  internals  of 
Ih  by  takini^  the  differences  of  n.  and  applying  !j6S).  Bat  it  should 
be  noticeii  that  the  arbitrary'  constants  in  (141^  and  (142)  are  the  same, 
hf}  that  by  taking  hr  at  intervals  of  A  we  get  ii  at  intervals  of  |A  with 
veiy  little  ti-c^uble.     For  '141,  may  be  written 

«.=  :i+?\-«'-THii«*+-:»*r.. 

Taking  this  with 

the  coiiHtaiit  in  a  being  unaltered,  by  ;108),  and  the  coefficients  in 
the  series  just  obtained  being  the  same  as  the  coefficients  in  (142), 
since  they  are  obtained  by  the  development  of 

/!-' .  2  sink  hhl>  =  2  tanh  JA2>. 

In  applying  this  method,  it  is  simplest  to  calculate  first  the 
values  of 

for  t  h«j  tabulated  values  of  x,  and  thence  write  down  the  values  of 
keeping  in  one  or  two  extra  figures.     The  intermediate  values  of  n 
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are    then    written  down  first,  by  taking  the  arithmetic  means    of 
saccessive  values  of  a ;  and  the  terms  in 

are  found  from  those  ah-eady  used,  by  the  relations 

jHo  =  H  of  r\\  =  -1931^  of  yVV, 
&c. 

24.  Again,  by  (48), 
B^H=  4  sinh-  ^hB .  u 

=  (l  +  ^«_,i^8*+_3_i^___j.||_^S»^...)  ^«j)»,,  (145) 

=  (l  +  _i_S5-_i^&*4..000  512  566...  S« 

-000  079  641  ...  8«+...) 7i'l>«M. 

Hence,  if  the  second  differential  coefficients  of  u  are  known,  we  can 
tabulate  the  values  of  u  by  a  double  summation.     Thus,  taking 


«  =  j    I    w  {dxY 


we  find 


(146) 

To  determine  the  two  arbitrary  constants  in  «r',  we  usually  know 
the  initial  values  u^  and  u^.  We  must  then  fix  the  value  of  tr  h*w^ 
so  that 

«.-„,  =  8«.  =  („+ J,-8-5-;-^'+ .npJ^jS'-...)  AH       (147) 

and  we  shall  have  always 

K.J  =  (<^+T'58-Ti-^'+W*Vo8'--)  *'»...•  (147a) 

Then,  choosing  ff'/i'if,,  so  that 

«.  =  (''  +  TV-3io8'  +  Tr«V?-o8*- ...)  ^H.  (148) 

we  shall  have  always 

«„  =  („«+^,—  ,i.^8«+^  L^8»- ...)  AH.  (148a) 

2  I  2 


iHniLT  tIi!> 


.-^i  j>-l] 


:  +  '/' 


-•J)  A 


wketici* 


To  cbeck  tb«  table  at  uitt^rvalKp^,  when  u^ 

aImo  either  «^,  u^^ or  i)**^,  Z>u^,  ...,  we  ca 

two  wayw.     We  niuy  firnt  check  the  tahle  of 
piindeatly,  alterinj^  vnliieH  ot  h^w  where  neo 
their  differ  en  i^§  ;   ntul  then  c^heck  the  table 
valtten  of  ffftV.     Or    wc    m»y  perform   the 
taneously,  by  altering  mtuei^  of  Vw ;  the  effee 
valnea  at  di^erent  points  bein^  given  by  (15. 
*»»!  ^jtr  Wtpt  .,o  we  can  of  tvjtii*&e  only  nse  (151). 

If  we  wish  to  uaa  the  table  of  ^Vw  to  consti 
of  u  by  intervals  of  kh  lu  ^u  we  liave,  by  (50), 

=  p{^-i^  +  (TJif  +  f^-rb)8'-001  81 

+  •000  419 


2&.  The  above  methodn  can  be  extended  to  ai 
tionx.     In  piTictioe,  if  we  wish  to  make  more 
gniierally  arranfiw  u*  t^^Vc^  «-  
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r,    (154) 

;»!)«  =  ^  (a>+0.o-+  ,i5«-^BV*7r8*+TTlS5JTnj«'--)  '''W 


(155) 


(156) 


In  using  these  fomiulie,  it  is  assumed  that  eacli  column  represent- 
ing summation  can  be  checked  by  its  own  gliding  values  ;  otherwise 
the  small  eiTors  in  the  values  of  h^IP*n  might  accumulate  very 
i-apidly.  The  fonnulaB  to  be  used  for  checking  the  several  columns 
are  different  according  as  the  initial  sums  are  determined  by  the 
accurate  calculation  of  a  few  successive  values  of  u^  or  by  calculation 
of  n^  and  its  differential  coefficients.  For  the  former  case  it  is  easily 
shown  that  the  effect  of  successive  summations  is  to  multiply  the 
initial  sums,  and  also  the  added  values  of  h^"I/^Uj  by  the  coefficients 
appeanng  in  the  expansion  of  different  powers  of 

(I-*)-'. 

Thus,  denoting  by  U  the  quantity  h^I^'u,  whose  values  for  successive 
values  of  x  are  calculated  and  tabulated,  and  supposing  that  we  per- 
form m  summations,  we  have 


«r"'rj„.,=  J<r"r, 


1! 


^(p  +  l)...(p+»»-2)    „] 

(p  ip+l)  ...  (p+m-2)  „      (p-l)p...  (p^m-S)  jr  , 
I  (m-1)!  '^  (m-1)!  '^" 


1.2...(j/i-l) 


f^.}. 


(157) 


(w-1)! 
the  second  tei-m  in  which  may  also  be  wintten 

(157a) 

The  coefficients  in  (157)  for  values  of  m  from  1  to  8,  and  for  values 
i)ip  from  1  to  20,  are  given  by  the  following  table,  the  coefficients 
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being  i-ead  honzontally  from  the  value  of  |),  and  then  upwards  to  the 

value  of  VI  : — 


I  {  2  I  3 


1   1 

21  1 
8  1 
4  1 
5,  1 
6!  1 


18 
19 


9  1 

10  1 

11  1 

12  I 

13  1 

14  1 

15  1 

16  1 

17  1 


I 


20  1 


1 
2 

:    3 

4 

I  5 

7 

I  8 
I  ^ 
I  1^ 

'  12 
I  13 

iit 

!  16 

!  17 

18 

19 

'20 


li 

3 

6  , 

10 

15 

21 

28 

3(> 

45 

55 

66 

78 

91 

105 

120  i 

136  j 

153  I 

171  . 

190  i 

210  ' 

I 


1 

4 

10 

20 

35 

56 

84 

120 

165 

220 

286 

364 

455 

560 

680 

H16 

969 

1140 

1330 

lo40' 


1 

5 

15 

35 

70 

126 

210 

330 

495 

715 

1001 

1365 

lft20 

2380 

3060 

3876 

4845 

5985 

7315 

8855 


6 
1 

6 
21 
56 
126 
252 
462 
792 
1287 
2002 
30a3 
4368 
6188 
8568 
11628  , 
15504  ' 
20349  I 
26334  I 
33649 
42504 


1! 

7 

28 

84 

210 

462 

924 

1716 

3003 

5005 

8008 

12376 

18564 

27132 

38760 

54264 

74613 

100947 

134596 

177100 


I 

8' 
36 
120 

i\m\ 

792: 
1716  1 
3432 
6435 
11440' 
19448 
31824 
50388: 
77520  ; 
116280 
170544. 
245157  I 
346104 
480700 
6578<X) 


(158) 


If  the  initial  sums,  instead  of  being  aU^,  a^TJ^,  o^TJ\^  ...,  are 
€rU^^  o^Uq,  o^U^,  ...,  these  being  determined  by  the  formulae  (153)— 
(156),  the  coefficients  ai-e  practically  given  by  (101),  and  are 
got  fix)m  the  table  (158)  by  going  alternately  horizontally  and 
diagonally  upwai»ds  until  we  arrive  at  the  coefficient  of  a-U^,  and  then 
going  vertically  upwawls. 

26.  The  vari<:)us  formula)  given  in  the  pi-eceding  sections  may  be 
applied  to  the  (jalculationof  integrals  involving  two  or  more  variables. 
The  only  important  cases,  in  practice,  are  those  of 


and 


^«  =  [    j    I  /O*'^  y,  z)  ilvdydz 


The  method  is  the  same  in  both  cases,  and  it  will   be  sufficient  to 
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consider  the  former.  Suppose  that  we  require  our  double  table, 
giving  u  for  different  values  of  x  and  y,  to  proceed  by  intervals  of  h 
in  Xj  and  of  k  in  y,  the  values  of  x  being 

...,  a*Q,  a*j,   ..., 

and  those  of  y  being  ...,  y^j,  y,,  .... 

In  order  to  use  (141)  we  should  calculate  the  values  of 

hkw^^,  =  hkf  (x^,  y,) 
for  each  of  the  intermediate  values 

...,  aj_j,  ari,  ar|,  ... 
of  rr,  taken  with  each  of  the  intermediate  values 

of  y,  and  aiTange  them  in  a  double  table,  thus  : — 


X 

y 

...    ,_.  1  .. 

^^ 

... 

y-i 

1   i   '   : 

...     1  hk^c-^,-^  ■    /i tit' J, -J 

Vi 

...     1  Afcw_i,i     1   M-wi,, 

AA:m;|,^ 

... 

yt 

1 

AA:tr|,  1 

i 

Applying  (141)  to  the  column  marked 
we  get  the  successive  values  of 


^  [  fi^h  y)dxdy. 


This  must  be  done  for  each   column,  and  the  results  arranged  in  a 
double  table  in  which  the  values  of  x  ai'e.  as  before, 


those  of  y  being 


..,  aj_|,  x\,  aj|,  ..., 
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Til  en.  repeatin((  the  process  on  each  row,  we  finally  get  the  yaliie  of 

for  each  of  the  values  ...,  r^^  or,,  ... 

of  j\  taken  with  each  of  the  valaes 

•••  'ji^  yp  — 

of  tj.     Or  we  can  une  (142)  in  hoth  cases,  or  (141)  in  one  case  and 
(142)  in  the  other,  with  the  necessary  modifications. 


APPENDIX  (a). 
(Skssiox  1899-1900.) 


It  should  have  iHfen  stated  on  p.  283  that  the  date  of  Mr.  S.  O. 
Roborth*  deatli  was  May  31st,  1899.  A  fuller  account  of  his  life- 
work  iH  given  in  '[%-  Taylorian.  Vol.  xxi.,  No.  (5,  July,  1899. 

Major-Genei-ai  Fi-edericrk  Close,  whose  death  took  place  on  November 
23rd,  1899,  at  liis  i-fsiilenee,  Ci*anleigh,  Shanklin,  Isle  of  Wight,  was 
son  of  the  late  Captain  Close,  of  the  Royal  Ai-tillery.  He  was  bom 
April  loth,  1830,  and  received  his  firat  commission  in  the  Royal 
Artillery  in  Decern bei*,  1847.  During  the  earlier  portion  of  his 
career  lie  was  employed  in  pni*ely  niilitary  work.  About  the  year 
18f)5  he  passed  the  "'  advance  class  "  ( aft  erwaitls  called  the  "Artillery 
College  '*),  and  subs(H[ucntIy  i*oceived  an  appointment  as  Assistant 
Superintendent  of  the  Ro^'al  Caii-iage  Depai-tment  of  the  Woolwich 
Ai*Henal.  Ho  then  held  the  jwst  of  Pi-ofessor  of  Artillery,  from 
November,  1873,  to  March,  1875,  at  the  Royal  Military  Academy ; 
fi-oni  that  date  until  the  end  of  March,  1S80,  he  was  Superintendent 
of  the  Royal  Snnill  Arms  Factory  at  Enfield.  Finally,  from  1881  to 
1886,  he  was  Supei'intendent  of  the  Royal  Carnage  Department 
at  Woolwich. 
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In  1880-1881  General  Close  was  a  member  of  the  Ordnance  Com- 
mittee. He  was  placed  on  half -pay  in  1888,  and  retired  from  the 
sei-vice  in  1890. 

His  mathematical  work  was  mainly  connected  with  artillery 
matters,  and  he  carried  out  many  experimentB  on  traction,  the 
strength  of  materials,  &c.,  the  results  of  which  appear  in  much  of 
the  service  equipment.  After  his  retii*ement  he  took  little  interest 
in  mathematics  and  wrote  nothing.  The  only  pamphlet  we  have 
come  across  is  one  on  "  The  Constrained  Motion  of  Conical  Wheels  " 
{Proceedings,  Royal  Artillery  Institution,  No.  7,  Vol.  viii.). 

He  was  elected  a  member  of  the  Society  April  13th,  1871.* 

The  following  lists  of  Corrigenda  have  been  received  : — 

VOL.  XXX. 

Page  81,  line  1 1,  for  2)*,  read dJ. 
,,     83,  bottom,  formula  {l)fforj'¥,  read  J +2. 
„     92,  line  9,  for  Aa^.,  read  KUj^ 

,,  94,  line  7,  for  /8J,  read  fi^. 

,,  98,  line  II,  for  S,  read  S.j. 

„  203,  line2,/or|j,  r«Kf|„. 

„  204,  line  15,  for  the  first  al       '"* ,  read  a^V^ 

,,  256,  line  8  from  foot, /or  C*,  read  (?. 

„  309,  line  1 5 ,  for  icj  K/i,  read  k  K/i. 

„     312,  equation  (18),/or  -^?*-,  read  -^-. 
2«  + 1  2ii  +  3 

„     317,  equation  (34), /or  ^,  read  — . 
3  5 

,,     317,  equation  (34),  omit  (1  +  /yic*i?^. 

„     317,  line  15,  omit  -^-f^i^K^, 

„     318,  equationu  (42)  and  (43),/or  |f ,  read  IJ. 

VOL.  XXXI. 
„     31,  line  27,  for  ^|,  read  |/. 
„     32,line21,nfai^*»  +  |f*\ 
„     32,  line  26,  fur  exponent  p,  read  p». 
„    33,  formula  for  5"\  for  |,  read  ^^, 
„     35,  formula  (5),  for  Or,  read  ajr. 


*  Greneral  Close  has  left  six  sons,  all  in  the  Engineers  or  Artillery.    We  are  in- 
debted for  personal  information  to  Lieut.  A.  J.  Qose,  R.E. 
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Page  '{6.  formula  {6),  for  a,,  read  aj,. 
37,  line  25,  read  a*-  |  At,  |  . 
3y,  line  9, /or  A,  re^d  A^. 
47,  line  3,  for  a,  rtod  os. 
50,  matrix  (23),  third  row,  for  7,.,  read  7*  . 


57,  line  12,  ii^/:r/«  *' (20)  becomes  S^"  of  case  (1)/*  and  inurt  *<the 
formed  of  (26)  by  Qi^  i,  1  will  have  an  :^  0.** 
The  theorem  at  the  top  of  p.  40  may  be  completed  to  include  the  case  m  odd. 
this  case,  it  can  be  shown  that  9  »  1. 
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XX.  (from  November  1888  to  November  1889)    25*. 

XXI.  (from  November  1 889  to  November  1890)    25*. 

XXII.  (from  November  1890  to  November  1891)    27*.  6d. 

XXIII.  (from  November  1 891  to  November  1892)    20*. 

XXIV.  (from  November  1 892  to  November  1893)    22*. 

XXV.  (from  November  1893  to  November  1 894)    22*. 

XXVI.  (from  November  1894  to  November  1896)    30*. 

XXVII.  (from  November  1895  to  November  1896)    35*. 

XXVIII.   (from  November  1896  to  November  1897)  32*.  6rf. 

XXIX.  (from  November  1897  to  November  1898).  .     5  ^*^  ^'  -^** 

(Part  II.  20*. 

XXX.  (from  November  1898  to  March  1899) 20*. 

XXXI.  (from  April  1899  to  December  1899)    20.v. 


